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Abstract: - In this article, we establish a blow-up solution and the blow-up set of such a solution of the
degenerate parabolic problem with a localized nonlinear term: k(x)u, —(p(x)u,), = k(x) f (u(x,,t)) where

k,p and f are given functions and x, is a fixed point in the domain of x. In order to ensure the

occurrence for blow-up in finite time, the sufficient condition to blow-up in finite time is shown. We
furthermore study the particular problem of the previous problem: x%, +(x’u ), =x*f (u(x,,t)) Where

gand g are specified constants. Under suitable assumptions on f, we obtain the same results as

before.
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1 Introduction

Without loss of generality and for simplicity, we
take the interval of x to [0,  Let
1 =(0,1), Q; =1x(0,T), IandQ; be the closure of
I and Q, , respectively. We here study the following
degenerate semilinear parabolic problem with a
localized nonlinear term:

k(¥)u, =(p(x)u, ), =k(X) f (u(x;,1)) for (x,t) € Q;,

u(0,t)=0=u(t) fort (0, T),
u(x,0) = u,(x) forx e,

(1.1)
where u, denotes partial differentiation of u with
respect to tand k, p, f andu,are given functions.
.In 2010 P. Sawangtong, B. Novaprateep and W.
Jumpen [14] studied the degenerate parabolic
problem (1.1). In this article we continuous to study
the degenerate parabolic problem (1.1) and the
purpose of this paper is to prove that before blow-up
occurs, there exists a T,(>0) such that problem (1.1)

has a unique nonnegative continuous solution u on
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the time interval [0,T,] for any xeI. In addition to

prove the existence and uniqueness of solution, the
sufficient condition to blow up in finite and the
blow-up set of such a solution u are given. A
solution u of problem (1.1) is said to blows up at x
= bin finite time t, if there exists a sequence (x,,t,)

with t, <t, such that (x,,t,)—> (b,t,) as n—« and
limu(x,,t,)=c. The set of all blow-up points of
solution u is called the blow-up set. In order to

obtain our results, throughout this paper, we need
following assumptions.

(A) peCi(l), p(0)=0, pis positive on (0,1] and p’
is nonnegative on 1.

(B) k eC(l), k(0) =0, k is positive on (0,1].
(C) f eC?[0,)is f(0)=0
f(s)>0 for
(D) u, eC2(1), u,(0)=0=u,(1), u, is nonnegative on
and u, satisfies for any

convex with and

s>0.
I, uy(%) >0, xel,

di[ p(X)Mj+ KOO (U, () = k(U () (1.2)
X dx
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for some positive constant ¢. By separation of

variables, we obtain the corresponding singular
eigenvalue problem to (1.1) defined by

( p(X) d¢(x)j+/ik(x)(p(x) —0onl,

¢(0) =0 = (D).
We note that conditions (A) and (B) implies that the
point x=0 is a singular point of problem (1.3). By
proposition 2.1 [12], condition (C) yields that f is
increasing and locally Lipschitz on [0,«). By
equation (1.3), we have

1oy P (9 k()
+A—=

P"(X)+ o(x )¢( )+ o()

Multiplying both sides of above equation by x*, we

can rewrite equation (1.3) in a new form:

(1.3)

p(x)=0forxel.

20" p'(x) k(x)
(x)+x[x p()} "(X) + [ ()} (x)=0onl,
?(0) =0=gp().
(1.4)
We have to add some conditions on

functions pandk to make the point x=0 to be
regular singular point, that is,

xp'(X) and X2k (X)

(E) The limit of are finite as
p(x) p(x)
' 2
x—0 and 2P (x) and 2 k(9 are analytic at x=0.
p(x) p(x)

We note that theorem 5.7.1 [2] vyields that
eigenfunctions ¢, and eigenvalues 4, of a

corresponding singular eigenvalue problem (1.4)
exist. Completeness of eigenfunctions ¢, of

problem (1.4) follows from next assumption.
11

(E) [[H(x&K(k(©)dedx s finite where H is the
00

corresponding Green’s function to problem (1.4).
Previously there are mathematicians who
studied blow-up problems of parabolic type with a
localized nonlinear term. In 1992, J. M. Chadam, A.
Peirce and H. M. Yin [3] investigated the blow-up
behaviour of solutions to heat equation with a
localized reaction term: let O be a bounded domain
in R" and x, afixed pointinQ,
u, —V2u = f(u(x,,1)) for (x,t) e Qx(0,T),
u(x,t) =0 for (x,t) e 0Qx(0,T),
u(x,0) = u,(x) for x eQ,

(15)

where f and u, are given functions and aQ and Q
denote boundary and closure of €, respectively.
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They showed that under some conditions the
solution u of problem (1.5) exhibits global blow-up
and the blow-up set is Q. In 2000, C.Y. Chan and J.
Yang [6] studied the degenerate semilinear
parabolic problem with a localized nonlinear term:
let g be a nonnegative constant:

xu, —u,, = f(u(x,,t)) for (x,t) € Q;,
u(0,t) =0=u(Lt) fort € (0,T),

u(x,0) =u,(x) forx e 1,

(1.6)

where f and u,are given functions. They proved

that under certain hypotheses a nonnegative
classical solution u of problem (1.6) blows up at all
points xel in finite time. Moreover they gave a
sufficient condition for solution a u of problem
(1.6) to blow-up in finite time. In 2004, Y.P. Chen
and C.H. Xie [8] discussed the degenerate parabolic
equation with the nonlocal term:

u —(x’u,), = Jl' f (u(x,t))dx for (x,t) € Q;,

u(0,t)=0=u(L,t) forte(0,T),
u(x,0) = u,(x) forx e .

(1.7)

They consider the local existence and uniqueness of
a classical solution. Under appropriate hypotheses,
the obtained some sufficient conditions for the
global existence and blow-up of a positive solution
of problem (1.7). In 2004, Y.P. Chen, Q. Liu and
C.H. Xie [7] studied the degenerate nonlinear
reaction-diffusion equation with nonlocal source:

1
X, —(x"u,), = Iup(x,t)dx for (x,t) e Q;,
0

u(0,t)=0=u(Lt) fort € (0,T),
u(x,0) = u,(x) forx e .

(1.8)

They established the local existence and uniqueness
of a classical solution of problem (1.8). Under
appropriate  hypotheses, they also get some
sufficient conditions for a global existence and
blow-up of a positive solution. Furthermore, under
certain conditions, it is proved that the blow-up set
of the solution of problem (1.8) is the whole
domain. In 2010, P. Sawangtong and W. Jumpen
[13] showed, under certain condition, the existence
of a blow-up solution of the following degenerate
parabolic problem:
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X, —(xu,), = xf(u(xt), (x,t)eqQ,,
u(0,t) =0=u(Lt), te(0,T),
u(x,0) =uy(x), xe 1,
where g and g are given constants and f and u,

are suitable functions. Furthermore the sufficient
condition to blow-up in finite time and the blow-up
of such a solution of problem (1.9) are shown.

This paper is organized as follows. In section 2,
we find corresponding Green’s function to the
degenerate parabolic problem (1.1). In order to
obtain the existence and uniqueness of a solution of
the degenerate parabolic problem (1.1), we
transform problem (1.1) into the equivalent integral
equation (2.2). Before blow-up occurs, we prove the
existence and uniqueness of a solution of the
equivalent integral problem (2.2) by using the
Banach fixed point theorem. Furthermore we show
that the solution of the equivalent integral problem
(2.2) blows up at the point x, if blow-up occurs. To

guarantee occurrence for blow-up in finite time, we
give the sufficient condition to blow-up in finite
time in section 3. In section 4, we establish the
blow-up set of such a blow-up solution of the
degenerate parabolic problem (1.1). Finally we
study the particular problem of (1.1) in the last
section.

(1.9)

2 Local existenec and uniqueness

This section deal with the local existence and
uniqueness of a nonnegative continuous solution u
of problem (1.1). Referred to [15], we have well-
know properties of eigenvalues 4, and

n

eigenfunctions ¢, of problem (1.4) as the following
lemma.

Lemma 2.1.
211j'k(x) (00 (dx =) - form=m.
e LR |0 form=n.

2.1.2. All eigenvalues are real and positive.

2.1.3. Eigenfunctions are complete with the weight
function k.

21424 <A <A <...and limA, =

n—ow

! A
2.15. [ p()e; (x)wr;(xmx:{

0 forn=m.
2.1.6. ForanyneN, ¢ eC*(l).
Let us construct Green’s function G(x,t,¢&,7)

corresponding to problem (1.1). It is determined by
the following system: for x,£e 1 and t,z € (0,T),

forn=m,
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1

G, —@(D(X)Gx)x =0(x=8)o(t-1),
G(0,t,&,7)=0=G(Lt,&,7), (2.1)
G(xt, & r)=0fort >,
where ¢ is the Dirac delta function. Let
G(xt.£,) = 2,09, () 22)

Substituting equation (2.2) into equation (2.1), we
obtain

Z , - d d
Zk(X)an(t)cvn(X)—Zan(t)&( p(x)
n=1 n=1

Dy
dx

j: S(x—E)S(t—7).

Multiplying both sides by ¢, and then integrating

both sides with respect to x over its domain, we
have

.([k(x)ﬁl’n (X)g, a, (t)g, (x)dx —_([% (x)g a, (t)%( p(x)%ﬂj dx

[, (90(x- 25t - )dx

By the orthonormal property of eigenfunctions ¢,
and the property of Dirac delta function, we get

a, () +4,a,(t) =¢,(5)o(t-7)

or

L ea,0) =, (- )e.

Integrating both sides from t to t with t <z, we
obtain

ji(e‘*a s)) =j¢ (E)S(t—r)e™*ds

; ds " ! "

or

e"'a, (t) —e"a, (t) = g, (5)e™"

Since G(x,t,&,7)=0fort<z, a,(t)=0 for all n.
We therefore obtain that a_(t) =g, (&)e ™" for all

n. By equation (2.2), the Green’s function is
defined by

G LED) =Y 0, (00, () " for t>1,

where ¢, and 4, are eigenfunctions and eigenvalues
of the singular eigenvalue problem (2.1),
respectively.

By using Green’s second identity, we get the
integral equation equivalent to problem (1.1) given
by

u(x,t) = [k()G(x,,&,0)u (£)dé

(2.3)
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+”k(§)G(x,t,e§,r)f(u(xo,r))dgdr. (2.4)

The following lemma is due to properties of G.

Lemma 2.2. Let 4, =O(n®) for some s >1asn — .
2.2.1.Gis continuous forx,£ el and0<z<t<T.
2.2.2.Gis positive forx,& el and0<z<t <T.
2.2.3.lIMk(0)G(x.t,£,7) = 5(x~¢)

2.2.4. Forany (x,t,7)elx(0,T)x(0,T),
Jl'k(g)G(x,t,g, r)dé <C, for some C, >0.

Proof. By modifying proof of lemma 4.a and 4.c
[5], we obtain the proof of 2.2.1 and 2.2.2,
respectively. For proof of 2.2.3, let us consider the
following problem:
kOQw, —(p(xw, ), =0forx,eland 0 <z <t<T,
w(0,t,&,7)=0=w(Lt,&,7)forO<z <t <T,
IIirr] kK(X)w(x,t,&,7) =0(x=£&).

By equation (2.4), we have that for any t > r,

w(x,t,&,7) =jk(§)c3(x,t,<;,r) k(lg)

Hence, we obtain the proof of 2.2.3. We next prove
2.2.4.
Case 1. Forany t<r.

1
Definition for G yields that [k(£)G(x.t,&,7)d& =0.
0

Case 2. t=r1.
It follows lemma 2.2.3 and a property of Dirac delta
function ) that

[k@G(x & nds = [o(x-&dé =1

Case 3. For any t>r.
Let us consider the series

3 [0, (), (9e ™ dz,

n=1o

Since

k&)@, (e, (e > de

2
< (max , (x)) g ()
xel

and the  series D ekt converges,
n=1

ijk(é)qon(§)¢n(x)e‘ﬂ““"’d§ converges uniformly

n=1 o
for any (x,t,z)e1x(0,T)x(0,T). Hence we get the

proof of 2.2.4. Therefore, the proof of lemma 2.2 is
complete.
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Next theorem says to local existence of a solution u
of the equivalent integral equation (2.4).

Theorem 2.1. There exists a T, with 0<T, <T such
that the equivalent integral equation (2.4) has a
unigue continuous solution u for any (X,t)eaTl.

Proof. We will use the fixed point theorem to prove
existence of a solution u of the equivalent integral
equation (2.4). Let M= nggx|u0(x)|+1. Locally
Lipschitz property of f implies that there exists a
positive constant L(M) depending on M such that
00— F (Y] <LM)[x-y]
Ix<M and |y|<M. We then

for any x,yeR with
choose

. 1 1
T, <min , .
{Cof(M) L(M)Co}
Define a set E by
E= {u e C(Q;,) such that max lu(x,t)| < M }
Then E is a Banach space equipped with the norm

|ul. = Mnax lu(x,1). Let

Au(x,1) = [K(&G(xt,£,0)u, (£)d&

+j.j‘k(§)G(x,t,§, 7) f(u(x,,7))dédz.  (2.5)

for any ueE. We next show that the operator A
defined by (2.5) maps E into itself and that A is
contractive. Let u,v e E. We then have that

|Au(x,t)| <

[ k(f)G(X,t,f,O)uo(f)df‘

+

. (2.6)

jjk(f)G(X,t,f,r) f (u(x,,7))d&dr

Let us consider the following auxiliary problem:
k()u, =(p(x)u,), =0 for (x,1) e Q;,
u(0,t) =0=u(t) fort (0, T,), 2.7
u(x,0) =u,(x) forx e 1.
It follows from (2.4) that a solution u of problem
(2.7) is given by
u(x,t) = j k(E)G(x,t,&,0)u,(£)de for (x,1) €Q, .
0

Moreover, maximum principle for parabolic type
implies  that  O<u(xt)<max|u,(x)) for any
xel

(x1)eQ;. Thus, we obtain that
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jk(g)G(x,t,e;,O)dg <1 From (2.6) and lemma 2.2.4.,

|Au(x,t)| < ma|7x|u0 )|+ f(m )j.j.k(f)G(x,t, £, r)dédr.

<max |uy (x)|+ f(M)C,T,.
xel
By definition of T,, Au e E foranyueE. Since
|Au(x,t) = Av(x,t)|

<|[[k@©G(xt£,7) f 0k, 7)) =~ f (v, 7))d .
sjjk(g)e(x,t,eg,r)h(u(xo,r))— f (v(x,,7))|déd7

< L(M)Hk(g’)@(x,t,é, r)dédr|u-v|,

<CyT,L(M)|u-v|., (2.8)
definition of T,and (2.8) yield that A is contractive.

The fixed point theorem then implies that there
exists a unique u in E satisfying the integral
equation (2.4). Therefore, the proof is complete.

Lemma 2.3. Letvbe a classical solution of the
following problem:

kO)V, —(p(X)v, ), = B(X, ))V(X,,t) for (x,t) € Q;,
v(0,t) =0=v(Lt) fort (0, T),
v(x,0)=u,(x) =0 forxel,
where B(x,t) is a nonnegative and bounded function

on Q,. Then v(x,t) >0 forany (x,t) e Q;.
Proof. In order to prove this lemma we have to add
a nonnegative continuous function z(x,t)on Q, to

right-hand side of equation (2.9) and then we have
that

KOOV, =(P()V, ), = B, t)v(xy,1) +2(x,t) on Q;,
v(0,t) =0 =v(Lt) for t € (0, T),

v(x,0) =u,(x) >0 for x el.

(2.9)

(2.10)
From equation (2.4), we obtain that for (x,t) € Q;,

v(x1) = [K(£)G(x1,£,0)uy(£)dé

+

K(E)G (X1, &, 7)B(E, )V(X,, 7)dEd

+ (2.11)

k(£)G(x.t,&,7)z(£,r)dSdr.
From (2.11), we have

V(%) = [K(£)G (%1, £,0)U, (£)dé

Ot 2 O ey

!
I
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+

k()G (X1, &, 7)B(E T)V(x, )dEd 7

+

k(S)G(%,:t,6,7)2(5, r)dgdz.

O e O Gy

I
!

Let hy(t) = [K(&)G(%,,t, £,0)u, (£)d&

+[ [K(&6 4.t &,7)2(8,r)dEdr.

Since functions k,z,G and u, are nonnegative, h, is
nonnegative. Let u(x,,t) =h(t) fort €[0,T]. Define an
operator ® mapping from C[0,T] to C[0,T] by

®h(t) = ”k(f)G(xO,t,f,r)B(f,r)h(r)dfdr.

By corollary 5.2.1. [10], there exists a T,(<T) such
that

V(. 1) =h(t) = 3 0™, (1)

where @©h, (t) =hy(t) and @™ hy(t) = D[ D™hy(t) ]
for meN. Mathematical induction vyields that
®™h, (t)>0 for meN. Thus, from equation (2.12),
we obtain that v(x,,t)>0 for any te[0,T,]. It
follows from equation (2.11) that v(x,t)>0 on

(2.12)

6T2. Finally, we can repeat the previous procedure to

obtain the desired result for (x,t) Q;.

Next lemma gives additional properties of a solution
u of problem (1.1).

Lemma 2.4. Let u be a continuous solution of
problem (1.1). Then u(x,t)>u,(x) and u,(x,t) >0 for

any (x,t)eQ;.

Proof. Let z(xt)=u(xt)-uy(x)onQ;. Let us
consider that for any (x,t) e Q;,
K()z, ~(P(Z,), = k() F (U(x, t))+—(p( x) L) (X)j

Equation (1.2) yields
(IO( ) Uy (X)] > —k(x) f (U, (x,)) on I and then we

obtain that for any (x,t) € Q; ,

k()z, —(p(X)z, ), = k) T (U(X,1)) =k (X) T (U (%))
2 k(x) f'(m)2(%,,1)
where , is between u(x,,t) and u,(x,). Moreover, for

any  (x,t)e{0,1}x(0,T)Ulx{0}, z(x,t)=0. Lemma
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2.3 implies that z>00nQ, or u>u,onQ,. Leth
be any positive constant less that T and
w(x,t) =u(x,t+h)-u(x,t) on Q. Then we have that
onQ,

KW, = (p(w, ), = Kk(x) f u(x,t+h)) =k (x) f (u(x,,1))

= k() '(m,)w(x;, 1),
for n, between u(x,,t+h)and u(x,,t). Furthermore,

w=0 on {0,3x(0,T,)and w=>0on Ix{0}. It then
follows from lemma 23 that w>0o0nQ,. This

shows that u, >0 on Q, .

We note that before blow-up occurs, there exists a
positive constant M such that |u(x,t)j<M for

all (x,t)e@l. Locally Lipschitz continuity of f
yields that there exists a positive constant L(M)

depending on M such that
| (u(x, )] < L(M)]u(x,,t)| forany te[0,T,].
Lemma 25. If f'(uy (%)) = L(M), then

u, (x,t) = L(M)u(x,t) on Q.
Proof. Letz(x,t)=u,(x,t)-L(M)u(x,tyon Q.. We
then have thatfor (x,t) € Q; ,
k()z, = (p(¥)z, ), =k(x) F'(u(%, )y, (%, 1)
—K(X)L(M) f (u(x,,1))

Locally Lipschitz continuity of f implies
for(x,t) e Q;,
k(x)z, ~(p(x)z,),

> k() F (U0, DU, (%, 8) =KL (M)u(x,, 1)

> KOO F/(Us (%)), (%, 1) = L (MU (%, 1) |

> k(x)L(M)z(x,.t).
From lemma 24, z(0,t)=uy/(0,t)>0 and
z@Lt)=u,(Lt)>0 for te(0,T)). If weset ¢=L(M),
then equation (1.2) implies that for any x e I,
2(x,0) = Iﬂg u, (X, t) = L(M)uy(x)

that

1 du, (x) B
—k(x)(p(x) o j+f(u(x0» L(M)u, ()

> 0.
Therefore, by lemma 2.3, the proof is complete.

Lemma 2.6. If u,(x,)>u,(x) for any xel,then
u(x,,t) > u(x,t)on 63-

ISSN: 1790-5044

183

P. Sawangtong, B. Novaprateep, W. Jumpen

Proof. Letz(x,t)=u(x,t)—u(xt) on 6T1. We then
have that on Q; , lemma 2.5 yields that
k(92— (P(¥)Z, ), = k() [u, (%, 1) = f U, 1))]

= K(X)[u, (%, 1) = L(M)u(%,,1)]

>0.
Since
z(0,t) =u(X,,t) 2 Uy (x) 20, z(Lt) =u(x,,t) > u,(x)=0
forte(0,T,), and  z(x,0)=u,(x,)—U,(x)=0 for

any xe |, by lemma 2.3, the proof of this lemma is
complete.

Theorem 2.2. Let T, be the supremum of all T,

such that the continuous solution u of an equivalent
integral equation (2.4) exists. If T, is finite, then
u(x,,t) isunbounded as t tendsto T,,.

Proof. Suppose that u(x,,T,,) is finite. Let
N =u(x,, T )+1. By theorem 2.1 and a fact that
uis non-decreasing in t, there exists a finite time
T(>T,,) dependingon N such that the equivalent
integral equation (2.4) has a unique continuous
solution on the time interval [0,T] for any xeI. By

the definition of T, we get a contradiction.

max !

A proof similar to that of theorem 3 of Chan and
Tian [4] gives the following result.

Theorem 2.3 Such a continuous solution u of the
equivalent integral equation (2.4) is a classical
solution.

3 A sufficient condition to blow-up in
finite time
Let ¢ be the first eigenfunction of a singular

eigenvalue problem (1.3) and let 4 be its
corresponding  eigenvalue. Without loss of
generality we assume

1

Ik(x)¢1(x)dx:l. (3.1)
0

We then define a function H by

H(t) = Jl.k(x)gol(x)u(x,t)dx.

Theorem 3.1. Assume that
3.1.1.u, attains its maximum at point x,.

3.1.2. (&) =b&P withb>0and p > 1.
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1

3.1.3.H(0) > (%j‘”

Then a solution uof problem (1.1) blows up in
finite time.
Proof. Multiplying equation (1.1) by ¢ and

integrating equation (1.1) with respect to x over its
domain yield

det(t) =—AH(t) +jk(X) f(u(x;, 1) (x)dx .

By lemma 2.6 and assumptlon 3.1.2, we have

dH (t) > ﬂiH(t)+J. KOO f (X, D), ()

>-A H(t)+b j K()U® (X, 1), (X)dx. (3.2)

Holder inequality implies that

jk(x)¢l(x)u(x,t)dx

< (Jl'k(x)gol(x)dx) ' Uk(x)gol(x)up(x,t)dxjp .
From (3.1), we get
jk(x)wl(x)u“(x,t)dx > Uk(x)g)l(x)u(x,t)dxj =HP(t).

(3.3)
Form equation (3.2) and (3.3), we obtain
H'(t) > —A,H (t) +bH " (t)
or
1

z+|:Hlp(o)_ﬂbl:|e)q(lp)!

It then follows from assumption 3.1.3 that there
exists @ T(>0) such that H tends to infinity as t

HP () >

converges to T. By the definition of H , we find
that

H(t) < U k(x)@(x)dx]u(xo,t) =u(X,,t).

Therefore, a solution u of problem (1.1) blows up at
point x, as t tendsto T.

3 The blow-up set

In this section, we establish the blow-up set of the
degenerate parabolic problem (1.1).

Theorem 4.1. The blow-up set of a solution u of
problem (1.1) is 1.
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Proof. From equation (2.4), we have that for
te(0,T

max)i

U(%) = [K(E)G (%, 1,&,0), (£)dE
+Hk(§)e(x0,t,§, 7) f (u(%,, 7))d&d T

t
< mafx|u0(x)| +C, j f (u(x,, 7))dr. (4.1)
Xe 0
By theorem 2.2, we obtain thatas t tendsto T,_,,

T

max

j f (U(x,,7))d7 =00

0

4.2)

On the other hand, by positivity of k, G, and u,, we
get that for any (x,t)e Q; ,

u(x,t) > jjk(f)G(x,t,f, ) f (X, 7))d&dr.

Since there exists a positive constant C, such that

1
k@Gt g nde=C,
0
we obtain that

t
u(x,t)zClj f(u(x,0))dz forall (xt)eQ, .

0
Hence, the solution utends to infinity for all xe |
as t approaches to T,. Furthermore, for x €{0,1},
we can find a sequence {(x,.t,)} such that
limu(x,,t

n—ow

solution of a degenerate parabolic problem (1.1) is
1. Therefore the proof of this theorem is complete.

) > . Hence, the blow-up set of a

n’ n

4 The particular problem
In this section, we consider the particular problem
of the degenerate parabolic problem (1.1): let q and

B be some constants with >0, 0<fB<1 and
q+p#0,

xu, —(xu,), = x*f (u(x,,t)) for (x,t) e Q;,
u(0,t)=0=u(dt) fort e (0,T),
u(x,0) = u, (x) forx e .

By using separation of variables as [9] and [11] on

the homogenous problem corresponding to problem
(5.1), we obtain the singular eigenvalue problem,

(5.1)

dfwde +x%p(x) =0 forx e,
dx dx

¢(0)=0=p(1).

(5.2)
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~ -5
Let o(x) =x 2 y(x). Then

o -5 _ L
7 0=x? y'(x)+[1 o j y(x) (5.3)
and
15 -p-1
(X)—X 2y'(x)+(1-p)x 2 y'(x)
1-p\(-p-1) 2
J{Tj[ 5 jx y(X). (5.4)

Substituting equations (5.3) and (5.4) into equation
(5.2), we obtain

1-8 p-1

xﬂ{x Sy )+ A= AX 7 y(x>+[ 4 ][

_ﬁ_lj =3
2

-5

s 1-p) 22 Ty 2
+ﬂx“{x 2 Y'(x)+(TJX 2 Y(X)}rﬂqu 2y()=0

or

Lp A
2y ()+x?

(5.5)

1+
Dividing both sides of equation (5.5) by x 2, we

get
y”(x)+§y’(x)+{71x” [1 ﬁj }y(x) 0. (5.6)

Multiplying both side of equation (5.6) by x*, the
singular eigenvalue problem (5.2) becomes

Xy"(x)+ Xy (x){zx‘* p2 [#j }y(x) -0,

y(0) is bounded and y(1) = 0.

(5.7)

2
Again, we set x=z9%*?, Then

9
V() = ["‘—f*zj 207y (2)
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and

" - +2 ? Z(—ckf) ”
y (x)=(%j 2972 y(2)

9-p-2
+[q_ﬂj[q_ﬂ+2} q-p+2 r(Z)
2 2
It follows from equation (5.7) that we have

4 2 2(9-p)
Zq—ﬂ+2 |:(q _§+2j Zq—qﬂ+2 y"(Z)

2 '(Z)}
+(q_—'g+2j 2y'(2) +{/~122 —(%j } y(z)=0

or

42 (1-p)
@-4+2° (q-p+2)
z(0) is bounded and z(1) = 0.

2°y"(2) +zy’ (Z){ 2])/(2)=0,

(5.8)

Thus, we see that equation (5.8) is a Bessel
equation. Its general solution of a Bessel equation
(5.8) is given by

y(z) = Al (w2)+BJ_, (®07)

1

_ 2
where u= 1= , 0= 24 ,
q-p+2 q-p+2
arbitrary constants and J, denotes the Bessel
function of the first kind of order x(>0). Turning to

the boundary condition, at z=0 leads to B=0 and
then we obtain

A and B are

y(2) = Al (w2). (5.9

The boundary condition at z =1 gives the following
equation,

J,(@)=0. (5.10)
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Then, by equation (5.9), the appropriate
eigenfunctions ¢, of the singular eigenvalue
problem (5.2) are

- -4 -2

P,(X)=Ax2J (o,x 2 ) (5.11)

where o, is the n"root of equation (5.10). In order

to obtain the orthonormal property of
eigenfunctions ¢, with the weight function x¢,
1 ifn=m
we use the

gxq(pn(xwm(x)dx:{o o

orthogonality of Bessel functions, that is,

1 1., e
ij#(wnx)Jﬂ(a)mx)dx{2‘]’”1(@”) Ifn_m’
0

0 ifnzm

to determine the value of constant A. To do so, we
consider

T, 1 q-p+2
[X @, ()dx = A* [ X732 (,x 2
0

0

)dx. (5.12)

q-p+2

9-p+2 _ a-f
Let y=x 2 . Then dy:(q—gﬂjx 2 dx. Let us

consider the right-hand side of equation (5.12)

P a-p+2 G
A [XTPH92 (2 )dx=q_22+2 [ 35 (@,y)dy
0 0
A2
:q_ﬂ+2\]i+l(a)n). (5.13)

It follows from (5.12) and (5.13) that

2

1 ~2 A )
[ X0, ()dx = ; 3ia(@,):
0

-fB+2

Since the right-hand side of equation (5.12) must
equal to 1, the value of constant A is determined by

1
Azw. Hence, the appropriate
|J/1+l(a)n)
eigenfunctions ¢, of the singular eigenvalue
problem (5.2) are defined by
1p q-p+2
~ _ 2)2x 2 ] 2
7.0 =9 X ), (X 7 ) (5.14)
|‘Jy+l(wn)
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The properties of eigenfunctions ¢, and eigenvalues
A, of the singular eigenvalue problem (5.2)
associating to the degenerate parabolic problem
(5.1) is given in the following lemma.

Lemma 5.1.

L - 1 forn=m
51.1 |x° dx = ’
!X @0 (X (X}l {0 forn=m.
5.1.2 All eigenvalues 4. are real and positive.

5.1.3 Eigenfunctions ¢, are complete with respect
to the weight function x*.

5.1.4 1, =0O(n?) asn — oo

o~ Ao forn=m,
5.1.5 [p(0)¢ ()¢ , (x)dx =
0 0 forn=m.
- 1p 1
5.16 For any xel, |p,()[<C,x2 4t for some

positive constant C,.

As previous discussion, we establish the Green’s
function corresponding to the degenerate parabolic
problem (5.1) by the following system: for x,& el

and t,z €(0,T),

XIG(X,t,E,7) + (X? G (X1, £,7)), = S(Xx—E)S(t—7),
G(O,t,&7)=0=G(Lt,& 1),
é(x,t,g, r)=0fort<r,

where & is the Dirac delta function and then by the

eigenfunction expansion the Green’s function G is
given by

B0 tE7) =Y o (0on(E)e 0 fort> .

n=1

The proofs of next lemma is similar to that of
lemma 2.2 and then we obtain the following.

Lemma5.2.

5.2.1 Gis continuous for x,éel and 0<z<t<T.

5.2.2 Gis positive for x,éel and 0<r<t<T.
5.2.3 limx'G(x,t,&,7) =0(x-¢&)
t—>r*
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1
B.2.4. [£°G(xt,¢,71)dé <C, for some C, >0 for any
0

(x,t,7) e I x(0,T)x(0,T),

It follows from Green’s second identity that the
equivalent integral equation to the degenerate
parabolic problem (5.1) is defined by

() = [XG (2.0, ()0

+ﬁxqé(x,t,§, ) f(u(x,,7))d&d . (5.15)

It is not necessary to go through much detail since
the proofs are almost identical. For the proofs of
local existence and uniqueness of a blow-up
solution of the equivalent integral equation (5.15)
and the blow-up set of such a solution, we can
demonstrate in exactly the same way as before.

Theorem 5.3. There exists a T, with 0<T, <T such
that the equivalent integral equation (5.15) has a
unique continuous solution u for any (x,t)e@z.
Let Tms be the supremum of all T, such that the
continuous solution uof the equivalent integral
equation (5.15) exists. If Tma is finite, then u(x,,t)
is unbounded as t tends to T max.

Theorem 5.4. If the solution u of the degenerate
parabolic problem (5.1) blows up, then the blow-up
setof u is I.

In order to ensure occurrence of blow-up in finite
time, we give the sufficient condition for the
degenerate parabolic problem (5.1) to blow up in
finite time.

1
Theorem 5.5. Let ﬁ(t):jx“u(x,t)g}l(x)dx where
0
o, is the first eigenfunction of the singular
eigenvalue problem (5.2), 4 is its corresponding
1
eigenvalue and [ x“gp, (x)dx =1. Suppose that
0

5.5.1.u, attains its maximum at point x,.
5.5.2. f(£) >b&P withb>0and p >1.

5.5.3. F (0) > [%}“

Then a solution u of the degenerate parabolic
problem (5.1) blows up in finite time.
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