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Abstract: - The peculiarities of a jet penetrating the liquid pool of different density were examined by means of
the non-linear and linear mathematical models derived including bending instability. Based on experimental
observations reported in the literature for a number of situations, the penetration behaviour was assumed to
govern the buoyancy-dominated regime. A new analytical solution of the one-dimensional non-linear model
was obtained for the jet penetration in this condition, as function of Froude number, jet/ambient fluid density
ratio and other parameters. The solution was analysed for a number of limit cases. Analytical solution of the
non-linear second-order equation obtained can be of interest for other researchers as the mathematical result.
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1 Introduction

The penetration dynamics of a liquid jet into the
other liquid (or solid) medium has been
investigated by a number of researchers [1-15].
Most of the earlier studies have been performed
in the metal and nuclear industries, e.g. [1, 4-7,
9-11]. But the problem still remains, especially
in the case of the thick jets when they are
penetrating a pool of other liquid without
disintegration and in case of dominated inertia,
drag and buoyancy forces.

For the thin jets it has been shown [16] that
the jet instability might be caused by the
bending perturbations of its axis. The objective
of present paper is determining the penetration
behaviours of a thick jet into a fluid pool and
deriving a penetration depth as a function of the
conditions and properties of a jet and a pool.

The jet penetration non-linear model is
developed and some analysis is made for a
number of limit cases, which maybe of interest
for some practical applications.

General scheme of the penetration process is
illustrated by experimental data borrowed from
[17] shown in Fig. 1. It is clearly observed that
the penetrating jet is going first with
approximately stable radius and then changing
its radius abruptly to another bigger one. This
bifurcation point is explained from the
analytical solution obtained below.
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Fig. 1. Experimental illustration of a jet penetrating
the pool of other liquid

General scheme of the penetration process is
illustrated by experimental data borrowed from
[17] shown in Fig. 1. It is clearly observed that
the penetrating jet is going first with
approximately stable radius and then changing
its radius abruptly to a bigger one. This is some
interesting bifurcation point, which has got
explanation from the analytical solution
obtained in this paper.

Some amount of air may also be entrained
into a pool together with a jet. As shown in a
number of papers [18-20], when liquid jet
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impacts a liquid pool, air is entrained in a pool
if jet’s velocity exceeds the threshold value.

Phenomenologically based correlations for
an air entrainment have been proposed in a few
papers, for example in [20]. Then it has been
considered [19] that instability responsible for
the air entrainment was caused by the gas
viscosity.

The analysis presented in [18] is based on
inviscid flow theory assuming that the air
entrainment was a result of a Helmholtz-Taylor
instability. This is an interesting complex
problem for a separate study, therefore an
influence of the air entrainment on a jet
penetration features is not considered here.

G. K. Batchelor [21] has also given the
equation to compute the momentum looses by a
shock of the jet on a liquid pool surface at the
initial moment of a jet penetration when moving
jet touches a pool having liquid with a zero
velocity. Using those equations one can
compute the abrupt change of a jet velocity at
the entrance to a pool. This phenomenon is not
taken into account here because it is easy to do
and it does not influence the solution considered
in this paper.

2 Problem Formulation

2.1 Physical model of a jet penetration
Consider a jet penetrating the pool of other
liquid as a body of a variable mass assuming
that the jet is moving under an inertia force
acting against the drag and buoyancy forces
(see Fig. 2). The surface forces are supposed to
be negligible comparing to those ones.

Then a jet radius is assumed approximately
constant during the jet penetration or at least
during some part of the depth of penetration,
which allows considering the jet being partly of
a nearly constant radius. It allows calculating
the jet penetration step by step in general case
approximately taking the first constant jet
radius, then next constant jet radius, and so on.

Strictly saying, such assumptions are always
satisfied in case of a solid rod penetration into
the liquid pool. But mainly it is also attainable
assumption in case of a thick jet penetration
into the pool because all the forces taken in a
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consideration are of an order of a jet cross-
section and a surface tension is of an order of a
jet circular.

l Penetrating jet

L iy wid pool

Liguid pool

Fig. 2. Scheme of a jet penetration into the pool of
other liquid: phases by penetration

2.2 Non-linear mathematical model of a jet
penetration

Based on the above physical description of the
problem, the equation of a jet momentum
conservation (considering a jet as a body of a
variable mass) is the following:

d(hv 1
p M=h(/01 —p,)g — = PoVi,

bodt 2 O

where / is a depth of a jet penetration into the pool,
P1» P, are densities of the jet and fluid in the pool,

respectively, v, is the jet velocity. Obviously here
is v,=dh/dt.

For the thick jets one can neglect surface forces
retaining the only drag force together with the
buoyancy and inertia forces. To estimate this
simplification, consider when the ratio of the surface

force (0v,/0z) taken by the entire jet surface to
the drag force acting on a jet’s head is negligibly
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small. Here u is the dynamic viscosity coefficient,
z is the coordinate perpendicular to a jet axis. Thus,
it yields to the following condition:

w1, (0, 10z) 2mrh << pvizry 12,

where from estimating the velocity gradient as

(Ov,/0z),=v, /¥y, one can finally get
Re >>4(h/r)p,, -
Here p,,,=p//p,, Re=vrp /y is the

Reynolds number. For example, from the condition
obtained follows that by h/r, =10,p,,=0.1

surface force is negligible comparing to the drag
force by Re >>4.

2.3 Singularity of the initial conditions

The initial conditions for the jet’s momentum
equation (1) should be stated as follows:

t=0, h=0, dhldt=u,, @)

where u, 1is the initial jet velocity (before
penetration into the pool).
In case of p, = p, one can obtain from equation

(1) the following simple equation:

2 2
830

- 3
dar* 2\ dt ®)

which is integrated through the next transformation:

an\' d (dh) 3 dh
an) apdan, 2 9y,
dt) dt\dt) 2h ar

where from yields

E;?_hS/Z =:cla
so that
EYLL =ct+c,. 4)

As one can see we have here some singularity with
the initial conditions (2) because at the initial
moment of time (+=0) the jet has velocity u,, and the
fluid pool at the jet/pool contact area (h=0) changes
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abruptly its velocity from 0 to u, (actually less than
uy, if energy dissipation is taken into account).

To avoid this singularity, let consider further the
following initial conditions instead of the above-
mentioned conditions:

t=0, h=h,,

dhldi=u,, (5)

where hyand u, are the initial depth and velocity of a
jet penetration (after a first contact of a jet with a
pool), which should be calculated later on. For some
limit cases they could be taken from the studies of a
high-speed jet penetration [1, 5, 6, 13], e.g.

u_/l
1+ A

Uy,

(6)

where 4 =,/ p,,, . Taking into account (5), (6), one

can obtain for p,,, =1:

5 2/5
Mp:O.S, h:ho —+1 ’

4h,

(7
-3/5

dh 1( 5t
L e
dt 2\ 4h,

Thus, in case of the same densities of a jet and a
pool, the jet velocity tends to zero asymptotically.
Then the jet velocity decreases twice at the depth

h=h,.

Here and further the penetration depth is
dimensionless value, and the scale is the jet’s radius
Ty .

It is also interesting to calculate the characteristic

distance where the jet loses its velocity of a given
value. This is easily determined from the equation

(4):

vi=u,(hy [ h)"?, (®)
where u, =05. As one can see from the equation (),

the velocity of a jet penetration into a pool is
decreasing by the jet penetration depth as 1/4°'*. So
far in a case of the same densities, the jet looses a

half of its velocity at the depth /,, then a half of

that velocity at the depth 4, =2*°h, ~1,6h,, and then

ten times velocity decrease happens at the depth
hyy =10°"hy ~4,5h, .
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In a general case of the different densities of a jet
and a pool ( p;,, #1) one needs to solve the non-

linear equation (1), which has the following
dimensionless form:

2
hﬂ+(1+ p“)(dh) +
2 dt

P —1 h
dt’
where u is the velocity scale and 7, /u, is the time

=0,
Fr

©)

scale, Fr= u,*/(gro) is the Froude number, which
characterizes the inertia and buoyancy forces' ratio.

As one can see from the above, the Froude
number and the density ratio totally predetermine
the process of a thick jet penetration into a pool of
other liquid.

2.4 The initial depth and corrected initial
velocity of a jet penetration into a pool

The equation (9) is solved with the initial conditions
(5), where h, and u ,are determined using the

equation of a jet momentum and the Bernoulli
equation in the form:

pHuy = piHu, + p,hu,,
(10)
1 5, 1 5 _ 2 I
2,01”0 —2p1”p+(p1 P2)ghy 1 uy zpzupa

where H is the initial length for the finite length jet
falling into the pool. In case of a jet spreading out
from a nozzle (not of a finite length), this value is
determined by the pressure at the outlet.

Now an analytical solution to the equation array
(10) is presented in the following dimensionless
form:

VI+ P02

H
hy =
Pan {\/1+2(l—p2/1)h0 / Fr

\/1+2h0(1—p2/1)/Fr
u_ = .
g 1+ py)

-1/,

an

Then, by a small density difference or by a small
initial depth of a jet penetration (comparing to the
Froude number) when #,(1- p,, ) << Fr, the simpler

approximations follow from (11):
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(12)

H 1
hy=——F——, U,=———.
1+ 1+ p,, ’ VI+ P

The last formula above corresponds to (6),
which was taken from the literature for the high-
speed jet/solid rod penetration into the liquid pools
and solid plates [1, 5, 6, 13]. Now (6) is rewritten as

Uy

u = .
Pan

P

(13)

1+

The correspondence of (12) and (13) by u, is

clearly observed from the Table 1 below.

Table 1. The initial velocity and the depth of a jet

penetration
u, by u, by h, by (12)
(12) (13)
P2 =0 1 1 0
P =1 142 172 (\/5 - I)H
Pon 22\ VN pyy | VN Py | o HA = py),

2.5 The analytical solution of the second-
order non-linear differential equation

The equation (9) can be solved using the following
special coupled transformations for the both

dependent and independent variables, which were
found by the method described in [22]:

2
h_(2A+1j2A 1X2A+l’
2

(14)

1
1 Yeaa
dt = X dr,
24+1

where are: p,,=p/p, A=1+p,, /2.
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Implementation of (14) and a few further simple
transformations lead to the following linear second-
order equation in the new variables:

dzy P22/1 -1
— +—==—=0. 15
dr? 2Fr? (1)

Here y is the new variable given by X =e¢’. The

solution of (15) is y =c,e"” +c,e™", where ¢, c,

are the constants computed using the initial
conditions (5). The eigen value £ is
k:\/(1_P2/1)[1+0-5(1+P2/1)]/F”- (16)

In case of p,,>1 (a pool is denser than a jet),
the eigen values are imaginary, and the solution is

¢, coskr +c,sinkr.

(17)

2.5.1 Dimensionless time
The dimensionless time ¢ is determined through the
variable 7 by (14), which gives

Pan <1,
(18)
1 kt —kt
— e +eye
A T L A T
3+ 0, >
Pan>1,
(19)

1

3+pa
tz[ ! jp Ie
3+,

where the constants ¢, are calculated later on. For

¢ coskT+c, sinkr
P21 +3

dr +c,,

7<<1, the following linear approximations by k7

are satisfied: ¢** ~1+kr, coskr =1, sinkr ~kr.
Thus, the equations (18), (19) yield:

P <1,

1
, :( 1 j3+p2/1 3+ P e%—;”[(cﬁczpk(cﬁcz)r]
3+, k(e,—¢,)

+c.

Pan>1,
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1
tz[ 1 ]3+p2" 3+IP2/1 e
3+ 0,5, ¢,k

From these equations requiring ¢ = 0, which leads

ci +c'2kr
3+p2/1

+cy.

to 7 =0, the constants ¢, are got.

Consequently, the real dimensionless time ¢ is
expressed through the artificial variable 7 :

Pan<l,

1

t—( 1 jM 3+ P
3+, k(c, —c,)

(20)
ey +es k(ey-e)e]) ez
. {e 3+pan _ e3+p2/1 } ‘
p2/1 >1’
1
t_[ 1 ]3+P2/1 3+p2/1
3+ P e,k
1)
Ak 4
31 341
(e —e

Strictly saying, these equations are satisfied in a
small ¢ -surrounding of 7 = 0. In general case one
needs to compute integrals in (18), (19) numerically.
But for p,,, ~1 and Fr>>1, the multiplayer of 7
has to be small value, which is possible using
approximations (20), (21) in a wider region of 7,
and even if 7 is not small but the condition k7 <<l
is satisfied.

And further the expression (20) is presented in
the form:

1

3+72/1 clek7+cze””
‘= [ 1 j P 34 Py e Ty, (22)
3+ o, k(c,—c,)
o .
3405, ate
ty = [ 1 j e e (23)
34 oy k(c,—c,)

For p,,,>1 the corresponding expressions are
obtained from (21) similarly.
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2.5.2 Caclulation of the constants
Now using the initial condition (5) and correlations
(11), one can substitute (14) into (5) and calculate

constants. Thus, for p,, <I (a jet is denser than a
pool) the equations for constants are:

2 3P
¢, +c,=1In hy 2 |
3+,
1 1

o = u, Fr ( 2 j“ﬂz/l 2
’ \/E 1=py 3+ Py

I
"B+ pyyy) T

where from yields:

24

3421
nr |- u, Fr
0

\/E 1-p,, '

1 2
¢, =—|In| ——
2 3+p,,

1

3+pan 2 S—
. 2 (3+p2/1) 3+pan
3+,

For p,,,>1 (a pool is denser than a jet), from (14),

(5), accounting (17), yield the constants ¢/, :

3+po
¢ = 2 ho% ,
3+,

1o
— |
u, Fr [ 2 JMPM 2( T
—_r 3+p,,) P,
’ \/ho 1=p,,\ 3+ 0, .

=(G-6,)/2.

(25)

so that ¢, =(¢, +¢,)/2, ¢,
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Then from the equations (23), (24) follows
ty = 1021+ py Dby, 1y =2k Iu,. By /p,, <<1,

there is ¢, =h,, and by ./ p,, >>1 there is

ty = Al Pl -

2.5.3 Explicit form of the solution obtained

The solution (14) can be transformed to an explicit
form as the function of ¢ (exclude the artificial time
7). For this purpose, from (23), (24) yields

1
3+pn 3+
3+ 0,5, k(c, —c,)

[(01 %) )*k(cl —C )T]

2

3+
e P21

and further it goes to

= [(t+t0)k(cl _Cz)'

1 i 3+p51
e
3+,
or
kt up -
e = (1) 27)
2h,
With account of (16) yields:
P+l
dl p2/1 [ 2(3+p5/1)
Fri\3+ ,o2 I (28)
+1
3 2/1
(3 +,02/1) e
. e e e e ce T
Accounting that e & =e" e’ , and

using the equations (27), (28), (22)-(23), one can
come to a solution (14) for the penetration depth 4
as a function of the real temporal variable ¢ (for
kt <<1):

(1-chk ) 2
3+ 051 . —shkt
h_[3+;2/1j Lt h(;hk‘[ea , (29)
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where ch, sh denote the hyperbolic cosine and sine,

respectively, e*” is expressed through ¢ by (27). The
velocity of a jet penetration into a pool is
determined from (14) or (29) using the equations

v, =dh/dt=(dh/dr)dr/dt. In the cases of p,, <l

and p,, >1, it results in

2
dh (3+p, Ve 1
n :(Tx] (34 py, 51 -

(30)
'k(cle/” _cze—.kr)e 340,/
2 X
ah _ (MJW“ (3+ py, ) -
dt 2 (31)

¢, coskr+c, sinkt

, L ;
k(c, coskr —c¢ sinkr)e 7

correspondingly.

2.5.4 Parameters of a jet penetrating a pool

The equations obtained, e.g. (29)-(31), allow
computing the parameters of the jet penetrating the
pool. For example, the penetration depth 4. is
determined by condition dh/dt=0, therefore /- and

the correspondent penetration time ¢+, for p,, <l

and p,, >1 are computed as

2

_z
3+ 3P 3 e
Pn<l, h. :( = e )

2
(32)
1 24c¢c
1- 1€2
_ (3+p2/1) 3H+pan e3+ﬂz/1 t
* T - 0°
k(c,—c,)
2 et
p2/1>1’ h = 3+p2/] 3+pan 62 3t o0 ,
2
(33)
1 2
1- at(e) /e
t, = (3+p2/1) 3P e 3+pun _tO‘
ke,
Thus, here we have two different cases

correspondingly for the pool, which is denser than a
jet and for the inverse situation. Peculiarities of a jet
penetration to the pool are different for these two
cases.

ISSN: 1790-5087

77

lvan V. Kazachkov

3 Analysis of the solution obtained for
some limit cases
Further analysis of the analytical solution obtained
is easier performed for the limit cases when the
solution is substantially simplified.

If p,,<<1, (1- p,,; Yhy<<Fr, then (12), (23),

(26), (28) result in the following solution:

H /
hy~—, ty~H, «a=~2385 i,
2 Fr
ek’z(iJrlJ ,
H

which can be easily analysed. Here should be noted
that this approximation satisfies a wide range of
parameters because many practical situations
correspond to the large Froude numbers.
Accounting (16), (24), from (29), (30) yields the
following approximate solution for the depth of a jet
penetration, as well as for its velocity and
acceleration:

2/3(1-chkr) chkr 1 Bg .
(3 Y™
2 2 ’
-1
b= _ygs /H(tﬂ) :
dt H\Fr\H

(34)

2/3
{m{g(ij }chkﬁlim/zshkr})

or, with explicit expression for dh/dt, (35) is
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chkt

VO H(2YP | e 285 [H (¢
v=l=| | == e’ ===+
2) 1203 7 \FrH
2/3
il 2 2] e+ — [ ek
23 B\ H

where are:

285 H/ Fr 285/ H/ Fr
(¢t t
—+1 + —+1 ,
H H

1)'1 .

chkr ~—
2

(36)

shk’rz1
2

i ; 285/H/ Fr y 285VH/Fr
—+1 —|—=+1 .
) Ha)

3.1 Influence of the Froude number and the
initial length of a jet

Analysis of the expressions (35), (36) shows the
solution dependence on parameters \/m, t/H. A
key feature of a jet penetration is determined by the

Froude number and initial jet length, e.g. for
H/Fr<<1:

2.85 i
L \Ezuz.ss,/iln L,
H Froo\H
shkr =~ 2.851/ﬁ ln(t-i-l) R chkr ~1,
Fr H

up to a limit ¢/ H~1 and even higher. For example,
10 ~1,23, 1000*' ~ 2, therefore the
approximations used here satisfy a wide range of the
varying parameters. By such assumptions,

linearization of the solution (35) by the parameter
H/ Fryields

2/3
h 06 L 2] il L ]an L),
di Fro|2\3 H H

37
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With an order of the term
In[H/2(2/3)**|in@/ H+1) restricted by 1, a further
simplification is as follows

dn_ 1
dt

H
a1 2 |HM2V (r V1
O T P i ) B LIPS I PO
a: H Fr | 2\3 H H

Here H~1 or H>>1 were considered because by
H<<1 there is actually no jet (a length of a jet
supposed to be at least larger than its diameter). But
this case might be also considered using the solution
obtained.

2

3.2 The case of a long finite jet or a jet
coming from a nozzle

The case of H>>1 is considered separately due to its
most practicality. It corresponds to a long jet or to a
jet coming from the nozzle. For this case, the
equation (11) yields

(hopyy / H+1) =1/u’,
(38)
(1+p2”)u§ =1+2h,(1- p,,)/ Fr,

where u,~1, and the last equation (38) gives the

approximate initial depth of a jet penetration:

Pan

ho=—121 39
*2(1-py) 39)

But the formula (39) according to (38) is justified
only for p, h,<<l, therefore H>>p; Fr/2 is
required. For example, if p,,, =0.1, and Fr=107
then /7>>0.5 has to be, and 4, =5, u,~ 1. By Fr=10"

there are H>>50, and 4~500, respectively. Thus, the
assumption made is reasonable.

It should be noted that this case is absolutely
different from the case considered in [1, 5, 6, 13].
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3.3 Parameters of the jet’s penetration into
the pool

The formula (39) expresses /4, through two
parameters, the density ratio and the Froude
number, e.g. 4, does not depend on H. Substitution

of (39) into (23), (26)-(29) results for p,,, <<1I in
the following:

2/3 2/3 chkr 1 e
h~ E 2 @Fr VP hk’
2 3 2

.
L ( d +1] [2]3’02/% ke + L
dt | Py Fr\ Po Fr 3) 2 VP

S

5 -2
d°h 4h t

R > +1] -
- py Fro py,Fr

(40)
2\" chkr ’
. ln{(—j mFr]shkTJr } +
3 2 N P2
2
+1In (2)3@Fr chkt + shkz +
3 2 \ Pan
2
. In (2]3 Pt . shkr + chkz
2P 2 \ P2
where are:
ty=2h, = py,Fr. hy~L22F
0 = <My = Popt’r, 0~ ) r,
(41)

. 2
ek’ z[ +1J .
P Fr

The equations (41) yield for t<<p,,fr the
following approximations:

shir =2t (37 | Fr?), chkr =1,

therefore solution of the problem in a form (40)
goes to the following simplified expressions:
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t 1
v, R .
Pankr

h=h,+ (42)

panFr’

Analysis of the simple partial limit solution (42)
shows that at the beginning of the jet penetration,
the depth of penetration is a linear function of time,
and the velocity of penetration is nearly constant
being inversely proportional to the density ratio and
to the Froude number.

3.4 The approximate solution for the
extended time interval

Similar approximation for the extended time
t>>p,, Fr is the following:

1( ‘ sz

2/3 2/3 B .
w3V 1(2) Pup |
2 3 2

1 t
NP2 [pZ/lFrJZ\/Pz,I

(43)

‘e

with the depth of a jet penetration growing in time.

Analysis of the solution (40) reveals an
interesting feature with a jet velocity, which can be
decreased if and only if

2/3 2/3
2 2,62
In (Ej Pt gl c0,= Fr< (ij ~ 252
3 2 P \2 P2

(44)

The condition (44) is necessary but not
satisfactory. Actually one needs to know when the
jet acceleration is negative. A full penetration is

determined by the condition of v, =0, where from

2/3
shiz. lnl(gj Pai Fr}z_chkr*

2 VP21 ,

with a time and a depth of penetration, 7.k,

respectively.
Solving this equation with (41) yields

chie.

2/3[ , \2/3 chiz: 23 P21
() {(z) mer] S ]

2 3 2
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2/3
y=—yp, In" 2| Pup,
2/1 3 2

(45)
P 2 Pa P 2P
ook Pk
P 2P ‘ 2\ P21
= ( - +lj +[ - +1j
ok o Fr
and further goes for the penetration time:
1+ 0.25// Py
Y
* = [_J —lpyFr,
I-y
(46)
2y pan 0.5
.
Pankr 1=y
i r 2/3 1 ,7%
P, In| (2/3)70.5p,,Fr |1
= = +
Py In| (2/3)70.5p,,Fr |+1
1L L 4
chkr, :E - ~ s
P, In| (2/3)70.5p,,Fr |1
oo In[ (2/3Y7 0.5, Fr|+1
If

(2/3] 20,5, Fr<<1=> —In|(2/3) 0.5, Fr[>>1,
chkt, =1, then from (45) yields:

P12

he ~0.5Frp, e "I 05pur]

(47)

4 Peculiarities of the jet penetration by
different parameters

4.1 Accelerating jet (a, > 0)
By ¢>>p,,Fr, a simple condition for a, >0

(positive acceleration of a jet, velocity is growing)
follows from (40). Due to the correlations

chkt ~ shkr ~ 0.5¢", the condition a, <0 results
as:
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1n2ﬂ+(1+1.5/ pz/l)lnﬂ+
, (48)
#1/\p, (14057 {fp,, ) <0

where S =(2/3)"70.5p,, Fr. The solution of the
equation (48) is the following:

—1-05/\{p,,, <Inp<-1/{p,,,, =
(49)

231213 py e VP < Fr<2(3/2F ) e T

For the density ratio p,,, =0.1, from the inequalities
(49) yields approximately:

Fre(1.07; 1.95).

By t>>p,, Fr there is a narrow range of the

Froude numbers where a jet velocity may decrease.
Normally velocity is growing in time if the density
ratio is small because the gravity force exceeds the
drag force.

4.1.1 Condition for the jet’s velocity decrease

In general, the condition of velocity decrease
follows from (40):

L (0)=(2=1/[p,,, )¢ A(r) +

, (50)
~4(1/Jp,, ~n B)e'" <0
Ay =(In B+1/p,, )e™ +
. (5

H(2=11Jpy e +1/p,, - g

Solving the quadratic inequality (50) for the
function A(7) results in

A7) < A(r) < 4,(1), (52)
where the limits of the interval are:
4, =(1-0.5/fp,, )e" +
(53)

1\/(1—0.5/ pur) +4(1/ s, ~In )"
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Required 4,,(r) be the real functions, with

account of (53) and (49), after some simple
transformations, one can get the following condition
for the Froude number:

FI"S2(3/2)2/360'25(1+3/m+0'25/p2”)/,02/1. (54)

Thus, for p,,=0.1, the condition (54) gives
Fr <785. Then, putting (51), (53) into (52) yields:

(lnﬂ+1/,/,02/1 )ezkr +(7/1 +7/2)e'” +

+1/\p,, —-In 20

(55)
(1n,6’+1/«/,02/l )ezl" +(;/1 —}/z)e'” +
+1/\/p,; —In <0
where are:
71 =1=05/ypy,
(56)
2
V5 =\/(1—0.5/ ,02/1) +4(1/ Pa1 —lnﬁ).
Both conditions (55) must be satisfied

simultaneously (not separately!). The first one in
case of

Ing+1/ypy, >0, (57)

which corresponds to the left side of (49), gives the
following two solutions:

" <B e >B,,

1°

(58)

(71 +72)¢\/(71 +72)2 +4(1n2ﬂ_:01/2)

2n g ++/p,, ) '

As far as in (58) B, <0 is, only the second

solution supposed to be real. Similarly, the other
inequality in (55) has the following solution:

Bl,z =
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D, <e" <D,,
(39)

_ (72 _71)1\/(72 _7/1)2 +4(1n2ﬂ_/01/2)
2B+ pis)

Dl,Z

4.1.2 Conditions for the Froude number
When |1n,8|> Py, > both B, and D,, are the

real values. And this is the sufficient but not the
necessary condition. It is satisfied by small, as well
as by large values of the Froude number:

Fr>203/2"e"V" 0 1p, ) o
(60)
Fr<203/20 e o,

For p,, <<l considered here, y, <0, therefore

it goes to (71 +7/2)2 <(}/2 —7/1)2. When D, is real
value, B, is always real. That is why more simple
condition than (60) is considered when D, is real

value: (]/1 +7, )2 +4(In" f—p,,,) =0. Then it goes to
the simpler condition than (60):

2(In* B—~In f+0.5/p,, —0.875p,, +0.5)>

> (057, ~1)|(1-0571. ) +4(p1, )

For p,, 24 the right side of the inequality is
positive. The left side is positive if

I B—InB+05p,, —0.8753,, +0.5>0,

where from

Ing>(np),,

Inpg<(npg), or

following

(n),, =057,/087%,,-0.5{ A, 025,

which is real by p,,, =4. Therefore, taking into

account the previous condition InfB>-/p,,, one

can come to the requirements:
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In 8 <0.5-,/0.875p,,, —0.5/p, , 025

2

or

InB>0.5+,/0.875p,,, —0.5p, , —0.25,

where from:

(7/36)* =0,04< p,, <0,25,

(61)
Fr<2,01/2(1 5)2/3 0.5- J0875/’1/2—05 P12 025’
or
Fr>2p,,(1 5)2/ 36045#0-87%2—0‘5@ 025
172\ .
For  p,, =0.1, from (61) yields solution

Fr<~312, or Fr>~600. Comparing the last

condition with the request of real values 4,,, one

1,22
can get: 600< Fr<785. It is very narrow gap by
the Froude numbers (except the low Froude
numbers) when the velocity decreases with time.

When (58) is not satisfied, the case is not
interesting because it requires too small Froude
numbers determined by the last condition (61), e.g.,
for p,,; =0.1 thereis Fr<~1.

Due to D, <0, the solution (60) changes to the
following one:0 < ¢' < D,, where the left side is
always satisfied. Therefore the common solution
(56) yields: B, <e'* < D,, where from with account
of (57)-(60) and the last correlation of (41), as well
as the expressions for B from above, one can
the
corresponding to the case of a jet velocity decrease

compute temporal  interval 7 <7<y,

(a, <0, decelerating jet flow):

t,=p,, Fri-1+
2 5 0.54/p1/2
N (72_71)+\/(72_71) +4(ln ,B_puz) ’
2(lnﬂ+\/p1/2)
(62)
tzzpz/lFr{_H‘
0.5yp1/2

—(72+71)+\/(}/2+}/1)2+4(1n2,5'—p1/2)
2(n g+l )
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4.2 The bifurcation points of the jet

The non-linear solution thus obtained is an exact
analytical solution for a solid rod penetration into
the pool and for some initial part of a jet penetration
before remarkable growing of its radius. It might be
used as approximate step-by-step solution for a jet
penetration into a pool for small temporal intervals
correcting the jet radius from one to another one.
Therefore it is crucial to estimate an evolution of the
jet’s radius to get an idea how to correct solution
aiming at good correspondence with the
experimental data. With this purpose, the Bernoulli
equation and the mass conservation equation are
considered for the jet in the following form:

S [(/01 —p, g + 075:01"12]: 0,501y
pviS, = piuy S,

where S is the area of the jet’s cross section. Index 0
denotes the initial state while the index 1 denotes
some current state afterwards.

4.2.1 dimensionless conservation equations
In a dimensionless form, retaining the same
symbols:

8\ 2n(=p,, )1 Frav?]=1,

(63)

The equation array (63) has the following
solution:

[1+\/1—8h1—p2/1)/Fr]

(64)

g =— -
1 4h(1 - P2/1

v, =1/8,.
4.2.2 Bifurcation point
There are two possible solutions for the jet radius

with the point of bifurcation:

Fr
8(1—p,,1)

After this point the solution (64) does not exist
anymore in real numbers, therefore the jet can
change its solution abruptly between these two
available solutions.
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The jet starts penetration into the pool with initial
cross-sections, thus, S, =1. Analysing the equation
(64) one can note that for a small penetration depth
or, more common, 8x(1— p,,) << Fr, it goes to:

Fr

| R S — A T
2h(1 = p,0)

SlzlorS

There is no reason for a jet to become abruptly
from the section area 1 to the bigger one because the
jet momentum directs mainly along its axis. But
further on, due to instability causing by the free
surface perturbations and due to a loss of
momentum, the jet area may change at any moment.

Strictly saying, it requires complete instability
and bifurcation analysis, therefore it is a subject of a
separate paper. Here only some estimation has been
done for the moment.

4.2.3 Parameters of a jet with bifurcation
From S, =1 the jet should become to S, =2 at the
point

h = Fr _L
' 8(1-p,,) S8Ri

when further existence of the two possible jet’s
radiuses is impossible. Here Ri is the Richardson
number (the ratio between the momentum and
buoyancy forces of a jet).

Substituting S, = 2 into the last expression (63)
gives v; =0,5. The jet is going from /s =h, to
1
"SR
from 1 to r, = \/5 , when the jet velocity becomes

and during this time its radius is growing

v, =0,5, e.g. for the density ratio 0.1 the total
depth of a jet penetration into a pool up to this point

is computed as

hy+h ~55+139~194.

From the equation (64) a jet cross-section at the
depth of penetration of / = A, is as follows:

S, =05p,,0%£1-4p,,,),

where from for the density ratio 0.1 follows

(65)

S, =Ll5, r=107, v, =087,

ISSN: 1790-5087

83

lvan V. Kazachkov

or
(66)
S, ~8.87,

r~298, v ~0,l1,

so that the first set of parameters (66) is close to the
assumptions made above, while the other set of
parameters is a possible solution, which may occur
abruptly at the point of bifurcation /2 = A, due to an

instability of the jet when any regular solution, as it
is shown by (64), does not exist.

4.2.4 Basic features of a jet penetration into a
pool

The phenomenon of a jet penetration in a pool
accounting the results obtained and the experimental
data presented in Fig. 1 seems to be as follows. First

a jet penetrates into a pool at the distance &,

determined by the initial length of a jet, the Froude
number and the density ratio. In case of a long jet
(as well as the jet permanently spreading out of the
nozzle) the initial penetration length is determined
by the Froude number and the density ratio.

Then jet is going with a slight increase of its

radius till /,, which represents the bifurcation

point.. After this bifurcation point, the jet is sharply
enlarged and goes further with a nearly constant
radius. Applying the solution obtained to those parts
with their own initial data, the whole jet might be
computed based on the analytical solution got here.

5 Correspondence of the model to

experimental data

To validate the model developed and the analytical
solution obtained, the computed penetration depth
of a jet had been compared to experimental data
from the literature.

The maximum penetration depth / from the non-
linear analytical model for a continuous jet and for a
finite jet of the length H compared to the
experimental data [8, 17] are given in Fig. 3 and
Fig. 4, correspondingly.

The dark bands (trust regions) in the Figs 3, 4
include the region between the wupper line
corresponding to the experimental data [8] and the
bottom line corresponding to the experimental data
of the work [17].

5.1 The results by the model without account

of bifurcation point
The data obtained by model for the continuous jet
are presented in Fig. 3, while the data by the finite
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jet are drawn in Fig. 4. First of all Fig. 3 illustrates
that the penetration depth increases with a decrease
of the pool-to-jet density ratio.

[ Continuous Jet

10° . .
10°

Fig. 3. Maximum penetration depth / by the
non- linear analytical model vs experimental
data [8, 17] for continuous jet

Finite Jet
Pp/Pj=9.4 pp/Pj=l.9
H=25; —a— .
pHSS0; e —0—
LT
1 = :B:BB:B: :g;@ H—0-0-0
10 E OQ—==0—0—0 j EAAA/A E
L oiidieees
T A A A-A AAAA_A_A_A'AA;".:I—A.A
0 /l/l—l’.’.. I
10° Lt - J
10 ” J
Fr

Fig. 4. Maximum penetration depth / by the
non- linear analytical model vs experimental
data [8, 17] for finite jet

Although the idealistic assumptions were
employed in the analytical model, for the continuous
jet, the solution showed reasonable match with the
experimental data until the Froude numbers up to
300, in the wide range of the density ratio (up to ten
times).

However, the solution strongly overpredicted the
penetration depth after the Froude numbers over 300
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(approximately), the higher density ratio was, the
more inconsistency with experimental data was
observed. For instance for the density ratio p,,, =1.9

the results by the model obtained were out of the
trust region approximately at Fr=100 while for the
Py, =9.4 the results by the model leaved the trust

region approximately at Fr=300.

The correspondence of the presented results and
experimental data was good despite of the model
that was not accounted for the jet radius evolution
with a penetration depth, which would decrease the
penetration depth due to increase of the drag force.
Then increase of the velocity (correspondingly
increase of the Froude number) caused the air
entrainment after the velocity threshold, which also
was not taken into account (and might be an
additional reason for the jet expansion and
consequently for the growing drag force). This
caused an additional shortening of a penetration
depth. Therefore an account of the above-mentioned
additional factors would improve the model.
Presently analytical solution showed good results
important for the model validation.

For the finite jet, the Fig. 4 shows the jet
penetration depths estimated from the analytical
solution in the terms of a jet length H and of a
density ratio. As expected, the solutions
demonstrated the increase of a penetration depth
with a jet length A

For p,,= 9.4, the estimated penetration depth

remained nearly constant at a longer jet. However,
the Fr-term dominated at higher Fr. As expected, a
jet penetrated deeper into a liquid pool for the lower
pool/jet density ratio o1 ( oo/ pj).

The asymptotic solution shown in Fig. 4 took
over the prediction by the Fr-dominant penetration
when #.>>H'". It was noted that for the low Fr, the
estimated penetration depths was longer than those
estimated by the continuous jets (Fig. 3). It was
resulted from the definition of the continuous jet,
i.e., H=Fr/2. Therefore for low Fr the actual jet
penetration depth for the continuous jet was smaller
than those for =25 and 50.

A dimensionless mean jet penetration depth
scaled with the jet radius can be expressed in terms

of the Richardson number Ri: h=C/Ri", where
C,b are the constants. The correlation is normally

used in the form A=C /\/R7i , where C=4
corresponds to the closest fit with the Turner’s
results [3].

Fig. 5 shows the comparison of the experimental
results [3, 23] with analytical solution represented
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as a curve 1 for the p,,=9.4 and 2 — for p,,=1.9,
respectively. Evidently analytical solution 1 the best
fitted the Turner’s data [3] and two groups of the
data [23] for the range of the Richardson numbers
approximately Ri ~0.03—-1.0.

For Ri <0.03 the analytical solution went far
away from the data. Another solution 2 ( p,,=1.9)
fitted well both experimental results [3, 23] only in
a narrow region by Richardson number around
Ri=0.004.

For smaller Ri it overpredicted the experimental
data — the less Ri, the higher overprediction. In the
range Ri=0.004-0.01 the analytical solution
differed from the experimental data [3, 23] mostly
less than 30% (only close to Ri =0.01 it is about
70%) while the maximal measurement errors of the
experimental data exceeded 100% in some points.

h =40Ri®S
Turner exp
8 mm 2D
8 mm 40D
8 mm 20D
16 mm 2D
16mm 10D
16 mm 20D
50mm 20D
50mm 40D
100mm 10D
100mm 20D

=

100 f

@OCO0ERXEOe<00C

001 M A 1 10
Ri

Fig. 5. Maximum penetration depth / against the
Richardson number by analytical model
against experimental data [3, 23].

5.2 The results by the model with account of
bifurcation point

As it was discussed before and shown in Fig. 1, real
jet is penetrating a pool similar to the peculiarities
got by the model with account of the bifurcation
point.

The results of computations by the model
described are presented in Fig. 6, where from may
be clearly observed that after Fr=100 the calculation
with account of bifurcation point give much shorter
length of a jet penetration into a pool, so that by
Fr=300 the difference is nearly 50%.
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hir

30 i
) /

20 without account of bifurcation /
15 \V/

10

with account of bifurcation
D T T T T T T T T T T T 1
10 20 30 40 50 60 70 80 90 100 200 300 Fr

Fig. 6. Comparison of the model calculations with
account of bifurcation

Another illustration of these peculiarities is given in
Fig. 7 and Fig. 8, Fig. 9 presenting the numerical
solution of the full Navier-Stokes equation array for
the jet penetrating pool and experimental data
borrowed from [17]:

Fig. 7. Jet penetration with initial velocity 4m/s:
experimental and numerical data

Numerical simulation was performed with the
computer code Casper [17]. Both data, experimental
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and numerical, are presented in Figs 7-9 for the
corresponding moments of time (in ms).

ie’-&\“‘wr «wl-ltvﬁdxmwxm-lt-‘:&l?&ﬁ‘l M J

Fig. 8. Experimental data by the jet penetration into
the pool: with initial velocity 4m/s, 6m/s, 9m/s,
respectively, from the top to the bottom picture

Presented data have evidently shown that the jet
penetration is really going according to the model
developed here, with one critical bifurcation point.
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“oms 10ms 20ms 0ms 40ms 50ms

Fig. 9. Numerical simulation by computer code
Casper [17].

Further investigations are needed for a
clarification of the diverse factors influencing the
features of a jet penetration into a pool in the
different flow regimes in a wide range of
parameters.

A general conclusion is that all experimental data
of different authors and analytical solution suffer on
restricted ranges of parameters where they are valid,
therefore presently the results cannot be generalized.

6 Bending instability and breakup
length of the thin jets

Special case of a jet penetration into a pool, namely
bending instability and breakup phenomenon of a
thin liquid jet penetrating into another fluid has been
studied in [16, 24].

Although remarkable progress has been made in
explaining the effects of surface tension (Weber
number) and viscosity (Reynolds number) on jet
breakup behaviour, little attention has been given to
the thin jets (i.e. the ratio of the characteristic
transverse size to the longitudinal is small)
penetrating into pool of fluid. Especially, in the case
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when inertia, drag and buoyancy are the dominating
fluid forces [25].

Several analytical and experimental studies have
been conducted in the past to obtain the breakup
length of buoyant jet penetrating into another fluid.
Most of these studies were related to the injection of
gas jet into another fluid as in fluidized bed, e.g.
Yang and Kearins [26] and Blake et al [27].

The mechanism associated with the interaction of
jet and ambient fluid is predominant for high-
velocity laminar jets, which breakup as a result of
growing bending disturbances on the jet axis.

Theoretical studies on the dynamics of bending
disturbances of liquid jets were initiated by Weber
[28] and continued further by other investigators
(see for example [14], where is also bibliography on
the subject).

Quasi-one-dimensional equations were obtained
by Entov and Yarin [29] for an arbitrary
parameterisation of a jet and successfully applied to
predict breakup length of a buckling jet.

The objectives of the works [16, 24] were to
determine the penetration behaviours and breakup
length of a thin jet penetrating into a fluid pool.
There are evidences that the buoyant jet bending
mechanism seem to occur and eventually dominate
the breakup behaviour. The jet breakup behaviour
and the jet breakup length was obtained and
compared to the experimental data available in the
literature.

6.1 Mathematical model’s formulation

Study of the bending jet decay during its penetration
into a pool was performed according to the scheme
shown in Fig. 10:

>
1
pool *

Fig. 10. Scheme of a bending jet in a pool

g
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The flow of fluid jet into another fluid can be
characterized by a set of dimensionless numbers.

The density ratio ( p,;, = p,/ p,) is important as it

determines the penetration rate of the jet head and
plays an important role in the jet instability (here

P,, P, is the density of the fluid pool and the jet,

respectively).

In the case of large Reynolds and Weber
numbers, the inertia force is dominating compared
to viscosity and capillary forces. For a jet
discharging vertically under the influence of gravity
into a fluid pool, the density ratio and Froude
number may be dominant parameters, which
determine the jet instability. In such condition the
moment and moment of momentum equations for
the jet can be written on the following form [28,
291:

plf;)al/n/at = aQn/a‘sv_’(Qb +qn +(p1 _p2)gn’

P10V, /0t =00, /0s + KO, +q, +(p, = P,)g,

p,10/0t(0V, /05 +KV,)=—0M, | Os +

(67)
+kM), + O, +k(p, = p)g. 1,

p,10/0t(V, /05 —«V,) =M, | ds +
+kM, + 0, +k(p, = p)g,l,

where the hydrodynamic (¢;) and buoyancy (g;)
forces are:

q,=—p,Us fox* ag exp(yt)-

1
[A* cos®(ys/a,)+ B> sin’(ys/a,)]?,

g, = Jogx/ a,exp(yt)-
1 (68)
[A%sin’(ys/a,)+ B* cos’(ys/a,)]?,
g =q9,=0, y=2m,ll.
Here, a, and U, are the initial radius and velocity
of the jet, respectively, f, = 7zao2 is the area and

I =1/47na; is the moment of inertia of the jet.

The variables Q, M and y represent the
shearing force, the moment of stresses in the jet
cross-section and the jet perturbation length,
respectively. The variable £ is the curvature and « is
the torsion of the jet. The position of a point (or a
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liquid particle) in the jet is determined by three
parameters: y, z, and s, which serve as the
coordinates in a moving frame of curvilinear (non-
orthogonal in the case x # 0) coordinate system.
6.2 Modelling of
perturbations

The distributed forces ¢; and g; are calculated and
applied to the axis in a similar way as given in
references [28, 29]. The jet’s axes are parametrized
and the equations along the axes are written in the
following form

n=H(st), ¢=Z(st),

the bending jet’s

(69)

where H and Z are the displacements of the axis in

the directions 0,7 and O, , respectively at & =5 .

Only projection of the momentum and the
moment-of-momentum equations to the normal and
binormal axis are retained from equation (67), i.e.
only the bending perturbations are considered.
Those equations describe small bending
perturbations of the liquid jet penetrating into the
fluid pool, neglecting the change in jet radius. These
disturbances have a growth rate y .

A projection of equation (67) to the tangent of
the axis describes the growth of small axially
symmetric disturbances of the jet [28, 29]. The
perturbations on the jet axis are considered to have
following form [28]:

H = Aexp(p)cos(ys/a,),
(70)
Z = Bexp(p)sin(ys/a,),

where the curvature and torsion are respectively:
k=y"/a;exp(yt)[A4* cos’(ys/a,)+
+B’sin’(ys/a,)]

1

K = y/a,AB[ A’ cos’(ys/a,)+ B’ sinz(;(s/ao)]g

The bending jet perturbation and the moment M,
can be written as:

NH?+27%,

M, :I[szozk+(p2 _pl)g\/Hsz +Zsz]=
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where are:

H, =—-Ay/a,exp(p)sin(ys/a,),

Z = By/a,exp(pt)cos(ys/a,).

The velocity normal and binormal to the jet axis
can be obtained by differentiating (70) with respect
to a time:

V,=\H!+Z} =—yexp(yt)- )
1

{4 cos®(ys/a,)+ B*sin*(ys/a,)]?
V=0

Substituting (68)-(72) into the equation array
(67), leads to the following set of equations for
small perturbations on the thin jet:

Q, = plo°V,/dsot — oM, / bs
0, = plo(xV,)/ ot —kV,,

aQb /aS = _Kgn H (73)

plf;)al/n/at = aQn/aS_KQb +Qn +gn(p1 _p2)

Here in this case the momentum normal to the
axis, M, is assumed to be negligible. Inserting Q,
and @, from the first two equations of (73) into the
third and fourth, makes third equation an identity
and the forth equation for the moment of momentum
in the normal direction becomes

p 10> (kV,) | 850t — (kM) / b +
(74)

+pxl0°V, | 050t — koM, / Bs = 0.

6.3 Bending instability analysis

Stability of the fluid jet due to linear perturbations
on the jet’s axis was examined and a jet breakup
length was derived that relates the jet coherent
length with dimensionless parameters.

Substituting equation (71), (72) and M, into (74)
and retaining only terms of first order in y, the
following equation for the perturbation growth rate
is obtained:
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7/2 =(p, —Dg(x/a,)(B/A). (75)

Equation (75) shows that bending jet instability is
observed if and only if the density of the pool is

larger than density of the jet ( p,,>1).

Assuming that the bending jet perturbations are
of the order of few diameters of the jet:

NZP+H? = Aa,, for long wave perturbations
cos(ys/ay) =1 we obtain p.t =1In(Aa,/A),
t. =1/y.In(Aa,/ A). The jet breakup length is
then,

Aa, ) U,

L/ay,=Ugt. =1n ,
! ' (A ao\/B/A(pzl_l)gZ*/ao

which can be written as

L./a,=S~NFri5,(p,—1). (76)

Here Fr =U; /(ga,) is the Froude

0, =1In(Aa,/ A) is a constant, which depends on

number,

the initial perturbation level, o, = y.B/A is a

constant with regard to the wavelength and initial
perturbation level of the two coordinates in the
plane perpendicular to the jet curvilinear axis.

Now, taking into account the terms of second
order in ) in equation (75), the growth rate y of

the bending jet perturbations is got as follows:

4oy B p, -1

—_— p + ,
am/4+;(2\/ "4 xFr

where positive growth rate 7 corresponds to a jet
stable

y== (77)

instability mode
perturbation mode.

From the equation (77) the optimal bending
perturbation length can be found, which determines
the jet’s decay on the fragments. Differentiating the
expression (77) as a function of the jet’s
perturbation length y yields to the extreme point at

A4, 1
+J(%) 1+

and negative to a

Fr B

xe=4 (78)

1-p, 4

where p,, =1/p, (y. is the most unstable
perturbation length). Equation (78) was obtained by

making the following assumptions:
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p21_1£¢0

U,#0, y.#0, +
0 x P Y Fr A

Investigation of the equations (77) and (78)
showed that bending jet’s decay is possible in all
cases for p, >1. When p, <1, the bending jet
perturbations are growing in time if and only if

-1B

x> ’01;7——. The other ones do not have to grow
r

with time (oscillations but not jet decay). Here it

should be marked that ) is considered small.

Taking into account the above, the jet breakup
length can be obtained on the following form:

L, 0, N Fr
== . (79)
ay 2y \[purFr+(p,-1)B/ 4

In case of p,, =1 (equal densities of the jet and
pool) a perturbation length does not exist by this
model. In this case solution of the higher order
terms in y should be considered.

Using equations (77) and (78) for the most
unstable bending jet perturbations the jet breakup
length was obtained as

L _ o A+l (80)
ay 4 Jlpyx+ Bl A(py — D)/ Frly.

6.4 Discussion of the results by bending jet’s
instability analysis

A few limiting cases of the equations (79) and (80)
were considered and analyzed for the governing
parameters, density ratio and Froude number.

In a case of a small Froude number Fr <<l
(small jet velocity or large jet diameter) the
following estimation for an optimal perturbation
length was obtained from the equation (79),

%+ = 2. In this case the jet breakup length is

L. _ o NFr @1)
ay 2 /(py—1)B/A+2p, Fr’

L,
and it follows for p, >>1: — =35,/ p,Fr

a,

o, |A
where 0, =?1 s The other limiting case,
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(o5 —1)~1 gives L./a, =0, Fr/(p, —1). The
length of bending jet decay is predominantly
determined by the square root of the Froude
number. This is in good agreement with Blake et al.
[27] and Yang and Keairns [26] and some other
studies analyzed in [16, 24] who obtained the
following experimental correlation for the breakup
length of jet penetrating into a fluidized bed:

L*z916 Fr :9.16

ay ' l_pzl \/E’

(82)

~ Pa

Fr
Comparing the equations (81) and (82) one can
obtain the constant in the theoretical solution (81) as
shown in Figs 11, 12. In case (82) the jet decay
depends only on the Richardson number.

where Ri = is the Richardson number.

|
s

10 Fr

Fig. 11. The results of computation by (81) against
experimental data [26]

= 10
10' ,
7m0,
10(} f/' e i 8! = 1'(]51*
S
i 0—2 lUn 1 Ug Fr

Fig. 12. The results of computation by (81) against
experimental data [27]
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It is important to note that well-known
experimental Saito correlation [8] is got here as one
limit case from the analytical solution obtained by
mathematical model.

7 Conclusion

Analyses on the penetration phenomena of a jet into
another liquid with various densities at isothermal
condition were performed and compared with the
data from literature.

The non-linear analytical models for the
continuous and finite jets to predict the maximum
penetration of the plunging jet were developed and
reasonably described the characteristics of the
penetration behaviours.

The general behaviours of a jet consisted of a
surface cavity of a pool liquid by the initial
mechanical impact of the jet, air pocket formation
during the penetration, radial bottom spreading of
the jet and entrained air and interfacial instability
between the pool liquid and entrained air must be
taken into account to further improvement of the
model.

Presently, an analytical solution obtained was
accurate for the solid rod penetration into a liquid
pool and is approximate for the jet penetration into a
pool of other liquid.
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