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Abstract: - In this paper the similarity solutions of the Prandtl boundary layer equations describing a non-
Newtonian power law fluid past an impermeable flat plate, driven by a power law velocity profile  

)0( >= BByU σ  have been investigated. It is shown that there are analytical solutions for any 

2,0 ≠> nn  and any 02/1 <≤− σ . We give a method for the determination of the power series solutions 
to the momentum equation and we estimate the convergence radius of the proposed solutions.  
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1 Introduction 
The problems of heat and mass transfer in two-
dimensional boundary layers on continuous 
stretching surfaces, moving in a fluid medium, have 
attracted considerable attention during the last few 
decades. There are numerous applications in 
industrial manufacturing processes, such as rolling, 
wire drawing, glass-fiber and paper production, 
drawing of plastic films, metal and polymer 
extrusion and metal spinning. 
       For Newtonian fluids, the laminar boundary 
layer to en exterior power law velocity profile of the 

form σByU =  was investigated by Weidman et al. 
[23] for a large range of the power law parameter  
σ . An analytical solution of the momentum 
equation in terms of Airy function was proposed for 
the case  2/1−=σ . The power law velocity profile 

form  σByU =   was proposed by Barenblatt [3] 
for the mean velocity to fully developed turbulent 
shear flows, and in [4] Barenblatt and Protokishin 
proved that  )2/(3 lnRe=σ . 
     Recently, Magyari et al. [21] have examined the 
effect of a lateral suction/injection of the fluid for 
the existence of similarity solutions in the 
Newtonian case. It was shown that while for  

3/2−=σ   the flow over an impermeable plate to 
power law shear is not possible, the presence of 
suction allows for a family of boundary layer 
solutions. In the case  ,2/1−=σ   the solutions 

were found both for suction and injection, and the 
skin friction parameter is independent of the 
suction/injection parameter. 
       For both Newtonian fluids [13] and non-
Newtonian fluids [14] Guedda has given a 
theoretical analysis of the existence of the boundary 
layer similarity flows for a range of exponents  σ   
and  B . 
        The study of non-Newtonian fluid flows has 
considerable interests, this is primarily because of 
the numerous applications in several engineering 
fields. One particular non-Newtonian model which 
has been widely studied is the Ostwald-de Waele 
power law model, which relies the shear stress to the 
strain rate by the expression 
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where  0µ   is a positive constant, and  0>n   is 

called the power law index. The case  1<n   is 
referred to pseudo-plastic or shear-thinning fluid, 
the case  1>n   is known as dilatant or shear-
thickening fluid. The Newtonian fluid is a special 
case where the power law index 1=n .  
For Newtonian fluid with  0=σ   the problem of 
laminar boundary layer problem is described by the 
famous Blasius equation [5]. 

Our interest has been motivated by the work of 
Cossali [11]. In this paper the similarity flow over 
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an impermeable flat plate driven by a power law 
velocity profile for Newtonian fluid has been 
considered, for which power series solutions were 
found for all the allowed range of the parameter  σ . 

The aim of the present paper is to present 
analysis for the steady-state laminar boundary layer 
flow, governed by the Ostwald-de Waele power law 
model of an incompressible non-Newtonian fluid 
driven by a power law velocity profile. A 
generalization of the usual Blasius similarity 
transformation is used to find similarity solutions. 
Using a shooting method, we establish the existence 
of analytic solutions, i.e., solutions are expandible in 
convergent power series to the momentum boundary 
layer equation under the general case of the power 
law velocity profile, thus extending the classical 
Blasius result for the shear driven case and Cossali's 
results for non-Newtonian fluid flow when  2≠n . 
Some properties of the solutions are discussed 
depending on the viscosity power law index. 
 
 

2 Derivation of the problem 
Consider a steady two-dimensional laminar flow of 
an incompressible fluid of density ρ , past a semi-

infinite flat plate. Let ),( yx  be the Cartesian 
coordinates of any point in the flow domain, where  
x  -axis is along the plate and  y  -axis is normal to 
it. The continuity and momentum equations can be 
simplified, within the boundary-layer 
approximation, into the following equations [2]: 
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where  u   and  v   represent the components of the 
fluid velocity in the direction of increasing  x   and  
y ,  xyτ   denotes the shear stress. Equations (2) and 

(3) are accompanied by the boundary conditions 
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where  σByU =   as  ∞→y . In term of the 
stream-function  ψ , which satisfies 
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equations (2) and ( 3) can be reduced to the equation 
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where  ,/0 ρµµ =c   with the boundary conditions 
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To look for similarity solutions we define the stream 
function  ψ   and similarity variable  η   as  

,),( yaxfbx βα ηηψ −− ==        (9) 

where  α,,ba   and  β   are constants to be 

determined, and  )(ηf   denotes the dimensionless 
stream function. Using (6) and (9) we find that the 
profile function  f   satisfies 
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Equation (10) is an ordinary differential equation if 
and only if  

( ) ( ) ,1212 =−+− βα nn             (11) 

 M=+ βα ; the scaling relation, i.e.,  
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and the parameters  a  and  b   satisfy  
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Moreover,  
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So, function f  satisfies the following boundary 
value problem 
 

,021
=+′′−





 ′′′′ ′−

′

Mfffff n
α      (15) 

 

,)(lim,0)0(,0)0( σ

η
ηη Afff =′=′=

∞→
   (16) 

 
where the prime denotes the differentiation with 
respect to the similarity variable  η  , and 
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With the choice  1=a   we get that  
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and the non-dimensional velocity components are 
obtained by  f   as follows: 
 

),(),( )2/(1 ηµ fxyxu Mn
c ′= −−           (19) 
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For 0=σ , equation (15) is referred to as 
generalized Blasius equation [8] and for the 
Newtonian case, equation (15) coincides with the 
well-known Blasius equation  
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2

1
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If  0=σ , then (16) is reduced to  

.)(lim,0)0(,0)0( Afff =′=′=
∞→

η
η

    (22) 

The case  2=n   is not considered in this paper. We 
note that for  0=σ  ,  ,2=n   numerical results 
were obtained in [18] and [20]. 
 
 

3 Analytic solutions 
The Blasius function is defined as the unique 
solution to the boundary value problem (21)-(22) 
with 1=A . Blasius [5] derived power series 
expansion which begins  

 

,
4257792

5
161280

11

240

1

2

1
)(

114

83522

K+−

+−≈

ηγ

ηγηγγηηf
 

(23) 

where γ  is the curvature of the function at the 
origin. A closed form for the coefficients is not 
known. However, the coefficients can be computed 
for  
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from the recurrence  
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with .110 == AA  Numerous papers were 

published on the numerical determination of γ . 

E.g., Howarth [16] has obtained .332057.0≈γ   
Abbasbandy [1] proposed an Adomians's 
decomposition method to the Blasius's problem and 
obtained 333329.0=γ  with a 0.383% relative 
error, and Tajvidi et al. [22] used a modified rational 
Legendre method, to show that  33209.0=γ   with 
a 0.009% relative error. By the fourth-order Runge--
Kutta method γ  is determined as  

15196303320573362.0≈γ  (see [9]). A fully 
analytical solution to the Blasius problem has been 
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found by Liao [19] using the homotopy analysis 
method. 

Our objective is to show the existence of analytic 
solutions to the boundary value problem (15)-(16) 
and to determine the approximate local solution  

)(ηf . We use the shooting method and replace the 

condition at infinity by one at 0=η . Therefore, 
(15)-(16) is converted into an initial value problem 
of (15) with initial conditions  

 
.)0(,0)0(,0)0( γ=′′=′= fff         (26) 

We suppose that  0>n ,  2≠n   and  f ′′   is 
positive in the neighborhood of zero. We consider 
(15) as a system of certain differential equations, 
namely, the special Briot-Bouquet differential 
equations. For this type of differential equations we 
refer to the book by Hille [15], and by Ince [17]. In 
order to establish the existence of a power series 
representation of  )(ηf   about  0=η   we apply 
the following theorem: 

Briot-Bouquet Theorem [10]: Let us assume that 
for the system of equations  
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where functions  1u   and  2u   are holomorphic 

functions of  ,ξ    ),(1 ξz   and  )(2 ξz   near the 
origin, moreover  

,0)0,0,0()0,0,0( 21 == uu           (28) 

then a holomorphic solution of (27) satisfying the 
initial conditions  ,0)0(1 =z    0)0(2 =z   exists if 
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is a positive integer. 
 The Briot-Bouquet theorem ensures the existence 
of formal solutions  
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to system (27), and also the convergence of formal 
solutions.  
This theorem and the method presented here have 
been successfully applied to the determination of 
local analytic solutions of different nonlinear initial 
value problems (see [6]-[8]). 

 Let us consider the initial value problem (15)-(26), 
and take its solution in the form  
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where function ),0(2
cCQ η∈  for some positive 

value  cη . Substituting (31) into (15) one can get  
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 Let us introduce the new variable  ξ   such as  

δηξ =   and function  Q   as follows  
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where  210 ,, aaa   are real constants, and  

),,0(2 δηcCz ∈   with  ,0)0( =z    ,0)0( =′z    

z′′0 = 0.   Then  Q   fulfills the following 
properties ,)0( 0aQ =  ,)0( 1aQ =′    

,2)0( 2aQ =′′    ).()( ξξ zQ ′′′=′′′   From the initial 

condition  γ==′′ )0(2)0( Qf   we have  

.
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We restate the third order differential equation in 
(32) as a system of three equations  
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We apply the Briot-Bouquet theorem for the system 
of three equations in (37). In order to satisfy 
conditions  
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















∂∂∂∂∂∂

∂∂∂∂∂∂

∂∂∂∂∂∂

332313

322212

312111

///

///

///

zuzuzu

zuzuzu

zuzuzu

      (45) 

at  )0,0,0(   are  0 . Since all three eigenvalues are 
non-positive, referring to the Briot-Bouquet theorem 
we obtain the existence of unique analytic solutions  

1z ,  2z   and  3z   near zero. Thus, there exists a 

formal solution  
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where the first three coefficients are known (see 
(34), (43), (44)). 

For the determination of coefficients  2, >kak , 

we shall use the J.C.P. Miller formula (see [16]):  
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where coefficients kk CA ,  can be expressed in 

terms of ka  ( K,1,0=k ) .   Substituting them into 

equation (15) we get  
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Applying the recursion formula (48) for the 
determination of  kA   and comparing the proper 

coefficients in (51) one can have the necessary 

values of  ak   for some given values of  ,n    ,M    

α . We note that the coefficients obtained by this 
method for  1=n ,  0≠σ   are the same as the 
coefficients of the power series approximation given 
by Cossali [11]. Moreover, if  1≠n   and  0=σ , 

coefficients  ak   are fully consistent with the result 

obtained in [8]. If  1=n ,  ,0=σ   the coefficients 
coincide with the Blasius results given in (43). 
 
 
 

4 Some special cases 
In this section we show some numerical results 
obtained for three different values of  n   ( 5.0 ,  1,  
3 ) and three different values of  σ   ( 2/1− ,  

3/1− ,  0 ). Fig. 1-3 represent the effect of power-

law index on σηη /)(′f   for  2/1−=σ ,  

3/1−=σ ,  .0=σ   Fig. 4-6 exhibit how the graph 

of  σηη /)(′f   changes for different values of n  

( 5.0=n , 1=n , 3=n ).  Figure   

The power series approximations can be determined 
as it was shown in Section 3.  Using formula (51) 
after the comparison of the proper coefficients one 

can determine ka  for  0>k .  Figure   

(i.) For  ,0=σ   we refer to the paper [8], when  γ   
is obtained by a method using Töpfer-like 
transformation from the initial value value problem 
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Solving problem (52) numerically, one gets  γ   as  
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(see Table 1.) Note, that for 1=n  we get  
332057.0=γ  as it is known [5]. The radius of 

convergence  cη   for the series solution can be 

found by applying the ratio test. The first 10 terms 
of the sequence were evaluated and the numerical 
results for  cη   are presented in Table 1.  

For  ,0=σ   coefficients  1a   and  2a   can be 
formulated as 1mm 
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and further coefficients can be obtained from (51).  
 

 n    γ    ηc   

 0.5    0. 33123    3. 579   

 1    0. 33206    5. 688   

 3    0. 46243    10. 225   

Table 1. Case  0=σ  
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can be applied can be to (15) for the determination 
of  γ   by solving  

|g ′′ |n−1g ′′
′

− αgg ′′ + Mg ′2 = 0,

g0 = 0, g ′0 = 0, g ′′0 = 1
     (54) 
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 Then one can find the similarity solution by  
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For  3/1−=σ   the numerical results are presented 
in Table 2 and  
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 n    γ    ηc   

 0.5    0. 3975    1011   

 1    0. 3817    109   

 3    0. 5087    13   
 

Table 2. Case  3/1−=σ  
 
 

(iii.) Case  2/1−=σ   is a special case, when  
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2=γ   (see [14]). Applying (43), (44) for the 

determination of the coefficients  ka   from (51) we 
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Figure 1. 2/1−=σ  
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Figure 2. 3/1−=σ  

 
 

 
Figure 3. 0=σ  

 
 

 n    γ    ηc   

 0.5    1. 7778    1. 439   

 1    0. 6667    4. 465   

 3    0. 6057    6. 951   
 

Table 3. Case  2/1−=σ  

For some special values of  n   with  2/1−=σ   the 
following series approximations are valid:  

n = 0. 5;     
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Figure 4. 5.0=n  
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Figure 5. 1=n  

 
 
 

 
Figure 6. 3=n  

 
 

 
4 Conclusion 
In this paper a generalization of the usual Blasius 
Transformation is applied to find similarity 
solutions to non-Newtonian fluid flow over an 
impermeable flat plate driven by a power law 
velocity profile. We have generalized the power 
series formulation of the similarity solution of the 
Newtonian flow obtained by G.E. Cossali [11] to 
non-Newtonian fluid flow with Ostwald de Waele 
power law nonlinearity when for the power law 

index the condition 2≠n  holds. The coefficients of 
the more general problem coincide with the 
coefficients obtained for problems related to special 
values of the parameters. The effect of parameters 
n  and σ   are exhibited by numerical results. 
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