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Abstract — After long and intense rains in a mountainous region, large quantities of water flow in the torrents.
For some reason, this flow can be obstructed by cross-linked branches and debris (natural dam). When the
hydrostatic pressure exerted by the fluid exceeds a given yield value, the dam collapses and the fluid is released
inside and outside the torrent bed, as well. Such scenario which is known as a dam-break flow can describe the
initiation of certain geological flows, (debris flows, mudflows, etc.). As for any gravity current, the flow
description depends on the time scale. Immediately after the dam collapse, the inertial forces are the dominant
ones and this configuration can model a flah flood. Flash floods develop at time and space scales that
conventional observation systems are not able to monitor, so reliable modelling remains a crucial step. At larger
time scale, a viscous regime takes place where the viscous forces become the dominant ones and this
configuration can model a classical debris flow. Debris floods develop in a long domain, i.e. a domain of space
that is much longer than it is wide. They generally erode their bed and transport much energy and can move
rocks and boulders upon very long distances. Both, the flash flows and the debris floods constitute dangerous
phenomena for public safety and quality of life. The originality of the present approach is to consider these two
flood waves as special cases of a single global model of a dam-break flow of a muddy fluid, depending on the
time scale. The study was experimental, analytical and numerical, as well. The experimental study performed in
previous work consisted in designing model fluids to be used in the laboratory experiments, characterizing these
synthetic muds and monitoring the corresponding dam-break flows in the laboratory. The corresponding results
agreed with the theoretical study presented here and which consists in stating the equations of motion governing
the different flows studied, and solving them in their non dimensional form, both analytically and numerically.

Key-Words - Dam failure, Finite difference method, Herschel-Bulkley fluid, Inertial regime,
Numerical models, One dimensional flow, Shallow water approximation, Similar solution, Viscous
regime.

warning is performed, the more efficiently
the public safety is ensured.

In the nature, such scenario can describe
the initiation of flash floods (e.g.
Queensland event, Australia, 2001). After
short but very intense rains over a small
but sloping basin, a catastrophic quantity
of water accumulates in the dales, invading
the torrents and increasing the stage. If the
draining network is unsufficiently sized, a
flash flood may result, with a travelling
fast wave front causing severe damage in
the downstream valley. While, in
mountainous regions, after long and
intense rains, debris flows can start in
upper torrential catchments. They consist

1 Background

Flood waves resulting from dam breaks
have been responsible for the destruction
of numerous structures and goods and for
numerous losses of life. Such a flood wave
may result from a dam failure caused by
exceptional rainfall (e.g. Malpasset, France
in 1959) or by an act of war (e.g.
Dnieproghes, Ukraine in 1941). In order to
appropriately size the dam and its associate
structures, it is vital for the designers to
accurately predict the development of the
flow generated by the sudden water release
after some gate malfunction or the failure
of an upstream reservoir. Also, although
the wave front travels fast, the spillway

operators need to accurately estimate its
arrival time in the downstream valley.
Indeed, as shown in Table 1, the earlier the
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of water, clay and grains. They transport
much energy and can even move rocks and
boulders upon very long distances. These
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violent phenomena can cause significant
damage, especially when they spread on
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the torrent alluvial fan.

Dam name, place Number of Number | Elapsed time (hours)
and year of event inhabitants of Between event and
exposed totherisk | lifelosses alert
Vega de Tera, Spain 500 150 0
(1959)
Malpasset, France 6000 421 0
(1959)
Buffalo Creek, Virginie W 4000 125 1
(1972)
Black Hills, Dakota S 17000 245 1
(1972)
Big Thompson, Colorado 2500 139 1
(1976)
Laurel Run, Pensylvanie 150 40 0
(1977)
Denver, Colorado 3000 1 3
(1965)
Prospect Dam, Colorado 100 0 5
1980
Bushy Hill Pond, Connecticut 400 0 2-3
(1982)
Baldwin Hills, California 16500 5 15
(1983)
DMAD, Utah 500 1 1-12
(1983)
Northern New Jersey, New Jersgy 25000 2 2
(1984)

Table 1: Dam-break events with life losses, [1].

In the laboratory, the study of a dam-break
flow consists in considering a gate (located

at X=0), obstructing a horizontal smooth
channel, dry downstream and with a given

quantity of fluid upstream (with heichv),
contained between a fix plate and a dam.
At initial time, the dam collapses and the
fluid is released downstream (positive
wave), while a negative wave propagates
upstream (negative wave). De Saint
Venant [2] presented the equations
governing the one-dimensional flow in a
horizontal infinitely broad channel with
vertical walls, assuming the shallow water
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approximation. Ritter [3] gives the inviscid
solution, stating that the wave front
advances with a constant speed of

2,/gh | while the negative wave moves

back with constant spee+/gh . Between

these two extremes, the average spﬁad
and the hydrograph are respectively given

by
a=2%+oh |, Jah=12/on-%) (1)

Important characteristics of the flow can be
derived from these relations. At dam site,
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height, average velocity and flow rate are
constant and respectively given by

h=gh,  G=2Jgh 2
o=t =3gh @3)

To take viscous effects into account,
Dressler [4] introduced a friction term
dependent on the Chezy coefficient in
these equations. This system was solved by
Dressler [5], Whitham [6] and others. The
Saint Venant equations are a hyperbolic
system expressing the mass and the
momentum conservation for a unit volume

of water. They can also be solved
numerically using the method of
characteristics [7]. By recognizing

relationships between total differentials of
velocity and height with their partial
derivatives, together with the Saint Venant
equations, Faure and Nahas [8] used the
finite difference method to numerically
solve the dam-break problem for a viscous
fluid, following Whitham’s scheme in the
front vicinity. Later, the equations
governing the flow in the wave front
vicinity. Later, the equations governing the
flow in the frony vicinity were treated
either in their global form [9]) or in a
undersimplified form [10]. While Hunt
[11] built asymptotic solutions to the
viscous dam-break problem.

Nsom carried out experiments with highly
viscous Newtonian fluids, e.g., glucose
syrup-water solutions using a horizontal
[12] and a sloping channel [13]. He
showed that both the inviscid (Ritter, [3])
and the similarity type of solution existed
in each of the flow configurations
considered. The inviscid type of solution
was obtained immediately after the sudden
collapse of the gate while the similarity
type of solution governed the following
times. He concluded that the dam-break
problem consisted in two main classes of
flow: the inertial flow, where the viscous
terms in the momentum balance equation
can be neglected (inviscid solution) and the
viscous flow, where the inertial terms can
be neglected (similar solution). In fact,
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retuning to the basic description of a dam-
break flow, we can observe that it belongs
to the large class of gravity currents. As
such, its solution depends on time scale
[14]. First of all, the inertial regime,
characterized by a fixed height given by
eq.7 at the dam-site (Ritter, [3]), holds
immediately after the dam collapse. Then,
this results in a solution dominated by
viscous effects. The transition occurs when
the negative wave touches the rear wall. A
short time regime takes place until the
wave reflected by the fixed plate overakes
the front. This short time regime tends to
an asymptotic form (long time solution). In
the present model, the flash flood is
governed by the inertial and the short time
viscous solution, and the debris flow by the
long time viscous solution.

Hunt [11] states that the Newtonian fluid
can be used to model avalanches and
debris flows. The inertial regime being
governed by Ritter's solution, in the
second section of this paper, both the short
time and the long time solutions will be
given for the Newtonian model of debris
flows.

As noted previously, a muddy flash flood
or debris flow is constituted of a complex
mixture of water, clay and grains which is
described as a continuum. In this aim, a
general model for the open-channel flow of
muddy fluids in a long space domain is
presented in the third section. The
conservation of mass and momentum
equations are written in a non dimensional
form with a shallow-water approximation.
Herschel-Bulkley rheological behavior is
assumed without neglecting any of the
components of the stress tensor. In
addition, noa priori value is assigned to
the rheological parameters. A strongly non
linear partial differential equation is
obtained in a non dimensional form. The
special cases of Newtonian and power law
fluid are recovered by using appropriate
corresponding values of the rheological
parameters.

The solution for the muddy flash flood is
provided in the fourth section while the
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muddy debris flow is considered in the
fifth section.

2 Newtonian model of debris

flows
2.1 Problem statement
a. Equation of motion

Let ho denote the height of fluid at negative
time in a smooth horizontal rectangular

channel,g the gravity,p and # the fluid
density and viscosity, respectively. Using a
cartesian system of coordinates with the origin
at the dam sitex-axis lying on the channel-
length and the z-axis in the increasing vertical
direction (fig. 1).

The fluid is assumed to flow mainly in the
direction of x-axis with heighh at the given
control section of the abscisgaat timet. So,
the vertical velocities are negligibly small, and
therefore the pressure is hydrostatic, the
pressure in the flow is given by

= p+odh-2) (4)

where [ denotes the (constant) pressure at the
free surface.

Wall

S~

h,

Dam

/

-L 0 X

Fluid

Fig 1: Configuration of horizontal dam-break
flow at negative time

The balance between the pressure gradient
and the viscous forces is thus expressed by

10p_,0h_,,0U
00X ~Yox Yoz ©)

where the horizontal derivatives have been
neglected in comparison with the vertical

derivatives on the right-hand side of equ. (5)
because the length of the current is very much
greater than its thickness. At the base of the
fluid layer the non slip condition writes
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ux,0)=0 (6)
Considering that the shear stress at the top of

the current is very much less than its value
within the current, it can be approximated as

W(xht)=0 @)
the solution of equs. (5)-(7) is
Uxzt)=-3390 £21-7) ®)

A complete determlnatlon of the unknowns

Uand h requires the equation of continuity
which can be written here as

oh, 0 —
s Uudz) 0

9)
Substituting (8) into (9) we obtain
ah_ pg 9%(")
ot 2y o O (10)

If | denotes the reservoir length, we can
assume the following set of non dimensional
variables:

(H,XT)=(" X el

where subscripf denotes the wave-front, the

equation of motion (10) then becomes, in the

non dimensional form:

04HY) on
X2 oT

Equ. (12) is similar to the equation of motion
obtained by Schwarz [15] and Barthes-Biesel
[16], describing the evolution of a thin liquid

layer flowing down a horizontal plane when
surface tension effects can be neglected.

=0 (12)

b. Initial and boundary conditions
Using fig. 1, the fluid height at initial time is
given by:

1 for —Xx<0
H(%,(T)T) |

0 otherwise
Furthermore, a complementary boundary
condition should be imposed upstream,

assuming that a short time or an asymptotic
solution is sought. These boundary conditions
are suggested by experimental observation. For
the short time case, it is written as:

H(X=—LT)=1 with Lzlg (14)
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which means that only a given fluid quantity in
the upper part of the reservoir is released
downstream the very few moments following
the dam collapse.

While for the long time case, it is written as:

g—>H<(X=-LT )=0 (15)

which means that there is no flow at the fixed

wall; so at that site, the free surface is
horizontal.

2.2 Solution

Dam-break flow belongs to the general class of
gravity currents; so the solution depends on the
time scale [14]. First of all, the inertial regime,
characterized by a fixed height at the dam-site
holds immediately after the dam collapse [3].
Then, a solution dominated by

viscous effects appears and tends to an
asymptotic form. The solution sought here will
give the analytical expression for a short time
(T<<1) and a long time T >>1) viscous
solutions, as well as the different dynamic
characteristics.

Sedov [17] describes the method of
investigating similar solutions of equ. (12) by
means of a phase plane formalism. In fact, this
equation of motioncan be tackled by
assuming a solution of the form

HXT)=Q(T)}+() Where/‘_—x,;%-rr) (16)

Let X(T)denote the front of the back
wave and X:(T) the front of the positive

wave. If Tc denotes the time where the
back wave front reaches the rear wall, the
short time regime corresponds to a viscous

solution such thaT<Tc . While, for larger

time, H is everywhere less than 1. So, a
solution should be sought such that
1 if T<T
H(Xb(T)’T): .
H(-1T) if T,
) X(T) if T<m
XlT = 18
i 4 i o Y

Two regimes can now be identified, which
correspond to two different physical
mechanisms of reservoir emptying. The
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short time solution is such that far
downstream from the dam, the fluid seems

to be at rest at a depifb, so that the
reservoir's Iength|o has no effect on this
flow regime, while for the long time
solution, the flow only retains the initial
(non dimensional) volume of the reservoir

V=1L and not the details of its initial
geometry.

a. Short time solution
The information affects the fluid contained

between Xi(T) and X%,(T), this suggests
to take

RD=X(THX(T) , dT=X(T)  (29)
Introducing equs. (13)-(15) in the equation
of motion (9), we get

_d |9 Doy dW Ly o dW
d_)\{ d)\ }PP}\ I +Xde)\ 0 (20)

Next, a condition of no flow rate must be
imposed at the rear wall and at the front of
positive wave

d2 L|J4
d()\z ):0 for A=0 and A=1 (21)
Applying then the principle of

conservation of the mass on the fluid
flowing in the channel

(22)

we can easily verify that a self-similar
solution to equs. (20)-(22) can be written

X, (T)=-yd2y. ) 7 (23)
X, (T)={-vo[2v. ] 17 (24)
provided that the following functions:
(_ X%j , PP™ and X, Pm(zbge) constant
respectively notedVo, Vi, (_yz) with

Y2 =Vo¥i and which will be determined
later. In equ. (24), the subsqgﬁ)refers to

the short time regime. Critical tir Tc is

obtained for X, =1 in equ. (23), there
comes
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-1
v @y)
While, using equ. (24), we see that at
critical time, the abscissa of the front of the
positive wave is
)zl_yo

Yo
Moreover, at dam position X =0) we
have 41 =V, so the stage is constant in
time with value

Ha=W(yo)

X, (T,

(26)

(27)

b. Long time solution
At T=T.  the front of the negative wave

reaches the rear wa X, =~1) | so for the
long time solution, we can take

@(T)=-1 and P(M=X,+1 (28

Then, introducing equ. (28) in the equation

of motion (12), we get

_d | d¥* 1 QP2 ppydw_
d)\[ ar }L Ve a0

Then, a condition of no flow rate must be

imposed at the front of positive wave

g{_ﬂ}

dA| dA

A=l

Applying then the principle of
conservation of the mass on the fluid
flowing in the channel

Xf

dex =1
-1

(29)

=0 (30)

(31)

we can easily verify that a self-similar
solution to equs. (29)-(30) can be written

X, (T){(T M #ﬂy "

provided that the following functions:

PP Q'P?
%p, %)3 and| = /04| be constant

respectively noteVs, V., and Vs and
which will be determined later. In equ.

(32), the subscrig! refers to the long time
regime. Then, equ. (29) becomes

ISSN: 1790-5087 319

B. Nsom, B. Ravelo, W. Ndong, N. Latrache

g [ dlw) dw_

ﬁ |: d)\ +y4l'P+y4)\ﬁ_ (33)
which can take the form
_d 4%t dAw)_

oN }’V“ a0 (34)
After a  straightforward  analytical

calculation, a solution of eq. (34) is found
with the form

W)y e

The constants of integratiol/; 'S are
determined using the boundary and initial
conditions. We find:

Yo=Ys=a with a:j[l_)\zl}éd)\ and V4:EJ
0

d dﬂl"@]%]

d\ dA

(35)

(36)

A=a

2.3 Results

All the results shown here were obtained
either by computing the analytical solution
or numerically [12]. Both methods
provided quite identical values for all
investigated flow characteristics.

a. Freesurfaceprofile

The free surface profile is presented in
fig.2. A large time after dam collapse, it
completely differs from Ritter's solution,
i.e. when the fluid is water, computed
using equs.(1)-(2) which is concave. This
shows that the convex shape of free surface
profile for viscous dam-break flow is
intrinsic to the equations of motion
governing the problem.

Furthermore, a complete description of the
flow should include surface tension,
introducing a complementary term in the
eqguation of motion, say

OH 4 0 | ys0H _10°H
0T 0dX 0X BoXs3

(37)
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where B denotes the Bond number, defined

2

as B—'Og =
g

and 9 the fluid surface

tension. Computation of equ. (37) was
carried out using the procedure described
in previous section for assigned glucose
syrup concentration in water. Fluid
physical properties (density, viscosity and
surface tension) were taken in [21]. For
similar flow configuration, results were
quite identical to those obtained from equ.
(38), i.e. when surface tension is neglected.
In fact, surface tension would affect
viscous dam-break flow, only in film
lubrication conditions [15].

1.2

1.0 T=0

~T=0.01
0.8 [NT=0.03

H 0.6

0.2

0.4 =r——
0

0.0%

1
X

Figure 2: Time variation of free surface
profile

b. Fluid height

Fig.2 also shows that during a very short
while after dam collapse (short time
solution), the flow height remains constant
at dam site, with

Hy, =0T 0684 (38)

The viscous solution is characterized by a
decreasing of the fluid height at dam site.
At a given location inside the reservorr,
time variation of the fluid height is shown
in fig. 3 which indicates that the fluid
height collapses for stations close to dam
site followed by a smoother decrease for
all upstream stations. While at given
downstream station, flow height increases
abruptly at first stage, then smoothly to a
maximum value and finally decreases as
shown in fig. 4
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0.40

0.35
H

0.30

0.25

Figure 3: Typical time variation of fluid
height at upstream stations

0.35

0.30F _x=03 y-04

=0.7
X=0.9
0.10

0 10 20 30 40
T

0.25

0.20

0.15

Figure 4: Typical time variation of fluid
height at downstream stations

c. Maximum heights

To localize the maximum height at given
down scenario described in Fig. 4 shows
that

oH(X,T)
— Y 7 7=0
aT (39)
While in the long time regime, we have
oH (Xf "'1) ,
=- 7 (W+AW) (40

oT  |a,(x, +1)
So

Y+ A9'=0 (41)
which gives

_ 3)y2
)\—% (42)

Introducing this solution in equ. (35), the
maximum height at given downstream
station X is then found as
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(43)

B 2
H”‘“(X)% 5/ o (X+1
The corresponding graph (hyperbola) is
shown on Fig. 5

50
40|

30
Hmax
20

10+

0

0 0.5 1 15

X

Figure 5: Variation of the maximum height
at given station, vs the corresponding
abscissa

and it occurs at tim Trax such that

Tmax(x):%e)%(Xﬂ)ﬂTc —(V%T (44)

whose graph is shown on Fig. 6

20

max

I I I I
1 12 14 16 18 2

X
Figure 6: Variation of the time of
occurrence of maximum height for given
abscissa

d. Front wave position

Time evolution of the front of the positive
wave is presented in fig.7. It can be
obtained either numerically [12] or
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analytically using equ. (20). This graph
agrees with the experimental result
obtained by Nsom [13] who found the
following scaling law in this regime

X T2 (45)
0.4
0.3
X 02
0.1
0 ‘ ‘ ‘ ‘
0 002 004 006 008 0.1
T

Figure 7. Evolution of the front of the
positive wave front in short time viscous
regime

In the same flow regime, the front of the
negative wave, obtained numerically or
analytically using equ. (23) is shown on
fig. 8. It can be observed th: Xo(T)
decreases vs time with a slope itself
decreasing in the time.

0

0.04 0.06 0.08 0.1

T

Figure 8: Evolution of the front of the
negative wave front in long time viscous
regime

0 0.02

While for long time flow regime, the graph
of the equation of motion of the front wave
is shown on fig. 9. It can be obtained
numerically [12] or analytically using equ.
(32) and this result agrees with the
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experimental result obtained by Nsom [13]
who found the following scaling law in this
regime

X OTvs (46)

In these experiments, the author performed

dam-break tests using well characterized
water-glucose syrup solutions.

25

0 5 iO iS 20
T
Figure 8: Evolution of the front of the

positive wave front in long time viscous
regime

Generally, in the literature, theoretical
studies focus on the long time solution also
called asymptotic solution and the scaling
law obtained is of the form of equ.(44).
The originality of the present paper is to
have pointed out, analytically and
numerically the previous two viscous flow
regimes and to characterize them.

e. Front wave velocity
The wave front velocity is obtained from

the time derivation o X¢(T). It can be
calculated analytically by a straightforward
use of the corresponding equation of
motion, obtained in section 2. While the
numerical method consists in the following
centred second order scheme

U (r AT\- X"’(T"'AT O(ATZ)

where Uf denotes the front velocity and

subscripW is used folb, fs and fl when
referring to the front of back wave or
positive wave in the short time regime and
in the long time regime, respectively. The
results obtained using both methods are
concordant.
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These graphs clearly show that for each
wave, the velocity is time decreasing and
tends to an asymptotic value which for the
positive wave characterizes a 1D film
lubrication.

-40

0.06 0.08 0.1

T

Figure 9: Time variation of the velocity of
the back wave

0 0.02 0.04

25

20

15

10

Figure 10: Time variation of the velocity of
the positive wave in the short time regime

1
0.8
0.6
Uf

0.4

0.2

0 ‘ ‘ ‘ ‘
0 2 4 6 8 10

T
Figure 11: Time variation of the velocity of

the positive wave in the long time regime
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3 The dam-break flow of clayous
mud

3.1 Rheology
Muddy flash floods and debris flows are
mass movements mobilizing large

guantities of coarse grains suspended in a
colloidal dispersion (clay-water mixture).
They can be modelled by means of
Rheology. Constitutive equations are
needed which relate the various
mathematical relationships with respect to
stresses in the flowing unloaded mud to the
rate of deformation, as well as with respect
to the other relevant microscopic or
macroscopic parameters. For the last 50
years, such equations have been suggested
for equivalent monophasic media by:
Herschel and Bulkley [22], Bagnold [23],
Takahashi [24], Savage and Hutter [25],
among others. Nevertheless, Nevertheless,
the Reiner-Rivlin form of stress proves to
be useful as a monophasic model for a
complex fluid mixture, as noticed in the
ASCE 1997 Conference on Debris Flow
Hazards Mitigation. Herschel-Bulkley
constitutive  equations as initially
developed by Bingham [26] have been
worked on for some time, with application
to rheometry data fitting [27], and to
hydraulics flow modelling [28]and they
have been shown to accurately describe the
rheological behaviour of natural unloaded
mud (e.g. [29]). The Herschel-Bulkley
model is characterized by two main
properties: plasticity (described by the
yield stress) and shear-thinning (described
by fluid consistency and power-law index).
The rheological modelling consists in
considering the studied two-phase fluid as
a single phase complex material gifted
with a stress-rate of strain equation and
which obeys the equations of conservation
of mass and momentum.

Since the flow is isochoric, it is governed
by the conservation of mass and
momentum equations, respectively, in the
following form:

divii=0 (47)
pU=pg-Oprdif27D@)]  (g)
dt
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where U is the velocity field, Pthe

pressure field2 the fluid density, an@

the gravity. We assume that a relationship
exists between the stress and the strain
rate. Nguyen and Boger [30] showed that a
debris flow conforms to a viscoplastic

behavior scheme governed by the
Herschel-Bulkley rheological equation.

Doraiswamy et al. [31] among others,

confirmed this result. The Herschel-

Bulkley model is writen as follows :

Z=2,7D(U) if —7T,>T% (49)
D=0 i (50)
where T denotes the stress tens D(U)

the strain-rate tensor, ar// the apparent
viscosity, defined as :

n=k(-4D, )(”51)+—(_4g ¥

where k is the fluid consistency 7 its
yield stress an N the power-law index.

=1 ST&

(51)

At this point, some assumptions can be
made to simplify the equations [32].
However, Piau [33] formulated a more
general approach, without resorting to such
assumptions. In this paper, using similar
reasoning and retaining the three

rheological parameters (7o,kN), we
extend Piau’s study [33] and we derive an
operational equation of motion which
refers to usual simplified models
(Newtonian, power-law and Bingham) for
given values of the parameters. To
completely describe the flow field, the
initial and boundary conditions based on
the specific configuration of the studied
flow are to be taken into account. In this
paper, the dam-break flow is considered. It
constitutes a given scenario covering the
initiation of debris flows (e.g. Malpasset,
France in 1959). A non dimensional
equation of motion is built and solved
analytically. For validation, the obtained
solution will be compared to the limiting
cases of power-law model and Newtonian
model as well, existing in the literature.

As generally encountered in nature, the
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flow is assumed two-dimensional in the
(XY) plane of anorthonormal coordinate
system (QX Y2, in a space domain much
longer  (x-direction  than thick
(y-direction) . The following characteristic

guantities can be defined : velociUg,
heightH, lengthL and a small parameter

& given by : &= H , the following set of
normalized variables are defined:

=X yv=Y 7Y u=U
XL,Y Tt Vs (52)
p :i_ 2
EUO pug ,E Uo( 4D“)/y (53)

The equations of motion obtained in a
non-dimensional form contain a Reynolds,
a Froude and an Oldroyd numbers
respectively defined by (see [33]):

ugn(eL) _Ug
P &) Ok( )s : Fr_gT(i_ (54)
Od==E Ls 55
~k\U, (55)

Assuming&<<l and Rex1 , eq.(82) takes

the form
=1 com+ EOd{[E (0 e, )|+ v }

OP_ =
aY eFr2

(56)
Then, by neglecting the X-variation of the
shear stress versus the Y-variation of the Y

normal component of the vyield
stress(’§Y>>Txyx), we obtain a
guadrature of eq. (91):
p=pgcox((h-y)+7s (57)
where
2TyVy
(58)

[4 uzx y+vx)zly

while eq. (83) in a dimensional form,
reduces to

p% pgcos gh+Tyyx:pgS|na+Txx,x+Txyy

where
T)S'y:270[4 L&+(Uy+VX)2}}éMy (59)
T§x=2T0[4 U%("‘(Uy"'\/,><)2]>}é U x (60)

ISSN: 1790-5087 324

B. Nsom, B. Ravelo, W. Ndong, N. Latrache

TQy:Tof[Ar L&+(Uy+nyT%[GJy+VX) (61)

Neglecting inertia and defining the form-
parameter paramet¢ by:

@WI Tyy_Txx dy (62)
where sgn(.) denotes the sign-function :
sgnk)=l it x>0
0O if x<0 and
-1 si x<0 (63)

and the friction slopej is defined from
the wall-friction 7p by :

with T p(X):Txy(X,O)

_ Tp
ogh (64)
A quadrature of Equation (94) froiy=0

to Y=h, gives:

(gcosu—ph(pj

3.2 Veocity profileand flow rate

dh

dx =g(sina-j) (65)

Consider a Herschel-Bulkley shear flow

model in the (XY) plane. Its rheological
equation is writen as:

T % Y= To+Kuy| (66)
To{ X Y)=Tu( x,Y)0 (67)
Ol y[0,h(x)] (68)

| being a given space interval. Its equation
of motion is expressed by :

dlvr—Dp—pg (69)
and its x-projection after integration from
y=0 to y=h yields

d
To(xy)= { o) pgsma}(h(x) y) (70)
If aX) denotes the pressure loss, then:

aXF pX)x—pgsinal (71)

We can see th¢&X) is positive for anX

abscissa in the flow domain, since
(- IO(X)),X>0 andsinoa>0, so that
ol x Y= & N)-yPTo (72)
and

h — 0
y<h(x) a() (73)
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Introducing the critical height and the wall
friction defined, respectively, by:

h(x)=h(x)—%  To(X=Tu(x,0)

we obtain the following expressions for the
friction slope:

(74)

i09=50) (75)
Then, using the behavior law (eq. (67)):
uf) =e (76)
After an integration betwee1Y=0 and

y=h(X) and substitutinqm=%:

_ 1 ] [ . _ ]
Pl k| L3R
O<y<h(x), OxUl (77)
)= 2180 h i (g yeh,
OOl (78)
The flow rate defined by:

h(x)

@»= [ Ux ydy (79)

0

is then derived by integration of Equations

(113) and (114) in the form
e i)

Q) —| ¥ Wh(x)
(80)

3.3 Equation of motion

Substituting eq. (75) for Equation (65)
yields:

T __@
a«):pg{snu (cosx 5gh%)

Substituting this expression 1&X) for the

ah(x)} (61)

flow-rate  (eq. (80)), we obtain
F R T (82)
where Um=% denotes the average

velocity. Then :

m+l
oh, 1 9 T T |-
6t+(m+2)km6x[an{h aj @m(mﬂ)éﬂ 0

(83)
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Soecial cases

Newtonian fluid in horizontal
channel :0=0 ; 1,=0 ; m~l

oS o
Power-law fluid horizontal
channel :0=0 : 1,=0

a=—pgJl (85)
Herschel-Bulkley fluid in
horizontal channel a=0

_ _P |oh
a= pg(l pg?lj ox (86)
Among others, the special cases of

Newtonian fluid was considered by
Cavaillé and Fortier [34] and by Huppert
[35]; while the power law fluid was

considered by Gratton & Minotti [36], and

by Piau & Debiane [37], as well. Their
results are easily recovered by using
appropriate corresponding values of the
rheological parameters in the present
solution.

4 Modelling muddy flash floods

The equations of conservation of mass and
momentum (47)-(48) can be rewritten in
the following non-dimensional form [33],
when the viscous terms are much smaller
than the inertial ones:

U, +BUU,X+(g cos )F%sgnhxj hx=g(sina-J)

(87)
h+Uhx+hU «=0 (88)
UxdxrU,dt=dU ; kdx-hdi=dh (89)

where 0 s the sloping angle of th(Ox2
plane to the horizontaP the average form
coefficient, ?the exact form coefficient

and Jthe friction slope. The set of
equations  (87)-(89) constitute  the
mathematical model of the motion of a
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muddy flash flood, i.e. the inertial dam-
break one dimensional flow of a Herschel-

Bulkley fluid along a(OX2 plane sloping
with an angl® to the horizontal. The
friction slope J appearing in this solution
must be determined. Its expression

known only for the power-law fluid [37]
but not for the Herschel-Bulkley fluid.

is

4.1

Whatever the rheological equation of the
fluid is, the friction slope is defined as

Thefriction slope

J=—_l01

“pgody SO, after one quadrature, we
get:
1=-pgJy-h) (90)
The Herschel-Bulkley fluid is

characterized by two zones [28]: a rigid
zone where the shear stress is less than the
yield value, and which is thus

s
characterized by y=2 h_ﬁ and a
sheared zone where the shear stress is
greater than the yield value, and which is
thus characterized by

il

Kk——=-p09J (91)

oy
The two zones are separated by the yield
surface with height Yo =N~ ng Both

the rigid zone and the vyield surface
undergo a rigid body motion, while the
shearing rate is obtained after an

integration of equ. (14) frot Yo to Y as:
au (@]%(y e

ay |k °
Integrating equ. (92) fron0 to Yand

(92)

putting M= % , we can write the velocity
profile in a given section in the form:

m+l
U= U 1_(1_lj for YS
Yo

(93)

Yo
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Uu=u,.x y2

where

e
m+1\ k
From this solution, the flow rate and the

average velocity are derived respectively
as:

Q:yfu[d +}u@j = Urac (4 2)h -y, |
J y ! y m+ 2 Yo

for Yo (94)

m+1

Yo

(95)

max

2l
R (S LR (L~
(97)

The expression of the friction slope given
by Piau and Debiane [37] for a power-law

fluid is recovered by puttinc =0 in equ.
(133), i.e.:

o
_k (m+2} U M

- h m+1

(98)

and the well-known following formula for
the Newtonian fluidS=0, m=1 k=u
__3H
pgh2
In the general case of a Herschel-Bulkley
fluid (s#0, m#1), it is difficult to derive
an analytical expression of the friction
slope from equ. (96). Meanwhile, the
following approximate expression can be

obtained for the limiting case of the inertial
regime:

b
J:(m+2)%“—k [Ej 2
pgh\ h Agh

(99)

(100)

4.2 Solution

, ¢s %.
Putting & ghcosng)kﬁsgrhx if

-0s

gcos(a()Sgrhx

(101)
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%
and az(—gh cos(i )—ﬁsgrhx) if
—(I)S

h< x
0gcos@) sgrh (102)
equ. (87) becomes:
U,t+[3uu,x47‘%2 h«=gfsin@)-J) (103)

The solution to system (87)-(89) is
obtained if its determinant is zero, which
leads to:

B=uFa (104)

where we toolB=1, as usual in Hydraulics.
The system is undetermined if any of the
columns of its determinant is replaced by
its right-hand side. So

dY5adh=glsin()-2) (105)
Using

a2 ds
"“goosg) pgcosgy*IT (109)
we get
dU 2a2

I g(sm(a) J) (107)

p

To solve this differential equation, if we
%
put r(a)=a(¢£5) and we search a function

f(r) such that

_ 2?2 g dEFE2f-r )
" rz—ggnh, dt dt (108)

so, f(r) is solution of:

—rzsgrh_df(r)
r2-sgnhy  dr (109)

Now, let r=tg(B), the solution is obtained
after a straightforward algebraic handling
in the form:

f(j=arctg(r) or f ¢ Farcothf)  (110)
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according thatsgrnx=—-1 or sgrhx=+1,
respectively and equation of motion (107)
becomes:

du ¥ af-r *f (1)
dt

It can be solved using the method of
characteristics. Ah, <0, there comes

b b
(o roz)”

Indeed, two characteristics of eq. (112) can
be defined. The negative characteristic

=0 (111)

where the gradiend%“ Is constant and
equal to U—-a and the quantity
U - 2ﬂ(l—r of (f)) remains  constant.

While the positive characteristic along
which the gradient is constant and equal to

U +a and the quantitU + 2L-r*f (n)
remains constant.

431 The law of propagation of the
wave front

Consider at initial time, the negative
characteristic noteC, such that the fluid

height is constant and equal h, and the

average velocity is zero. So, in t(X—t)
plane, its graph is a straight line with slope

dx %2
i =-a, where § = [ghO ——j (113)

At time t =6, the negative characteristic
C, is such that the gradient is given by

dx ( «9)

—=U(g)- (114)
Along a positive

dt

characteristic C”
intersecting botlCy andC; |, the quantity
U+ b(l—r ~f (f)) remains constant, so

U +21-r * arctan()) = 22, (1-r;* arctan(, )
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0 be.
where I, =a0(¢—5) . Introducing equ.

(115) in equ. (114) we obtain:

[%%j = ag( -1;1 arctanf )— a( J:r—larctan())—a(et_*

The propagation velocity of the negative
wave is derived as:

al) =a, , 06
and

dx, _
(%),

To find the propagation velocity of the
wave front in a Newtonian fluid, it is
assumed that the fluid height is zero at the
front. For a viscoplastic fluid, we assume

that at the front, the fluid height (pg)

because if not, our set of equations of
motion is determined and there is no wave
propagation. So, with this condition, equ.
(114)-(116) give:

dx
(d_tf] =2, (1— ry - arctant, ))
g

(117)

(118)

As the gradient along a given characteristic
IS constant, we can write

[d_Xj _X
dt), t

So, equ. (119) gives:
TX: a.’g( 51 arctan( )— 2( J:r‘larctan())—a(t)

(119)

(120)
0 b
where = ao(%j . Adopting the
following set of non dimensional variables
e :l : h” :ﬂ : t" =t g
H H H
(15621)

where H is a reference height. If we note
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@ equ. (121) becomes in non

_ #s
pgH
dimensional form:

X :%}/2( re — aArctam{ ) %1rctan()—3r)

where

h' &
r=|—-— @ <h <1 (122)

@

be.
1

e e
and equ. (120) give:
dx, %
— B =1- 2
dt [ ¢’c] (124)
X’
ij = ZgocyZ[ZrO - arctanf, )]% (125)

dt

Remark that if we p.S=0 in equs. (122)-
(125), we recover the well-known results
for the Newtonian fluid, say:

X . dx dx

—*:(2—3h )}/2 . _XE: . _*f =2

t ©odt Toodt
(126)

5 Modelling muddy debrisflows

The general model presented in section 3
and which has been used for the muddy
flash floods remains valid for muddy
debris floods provided that the inertial
terms be neglected against the viscous ones
in the momentum balance equation.
Moreover, the time scale must be much
larger. As it was presented previously, the
Herschel-Bulkley model is characterized
by two main properties: plasticity
(described by the vyield stress) and shear-
thinning (described by fluid consistency
and power-law index). It is known that in
the field, the shearing rate is often less than

100s* ([38]-[40]). Furthermore, Ng and
Mei [41]state that at a low shear rate, the
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power-law model which only takes into

account the shear-thinning proprety of the
mud [42]-[44] and neglects its plasticity is

more appropriate. In specific conditions
(time and position), the yield stress effects
become predominant and the flow slows
down until it stops.

5.1 Equation of motion

The equation of motion (83) can be
expanded in the form

o), 1 10" 3] i @ [ ],
ot +WH &[gs”‘“ oh(x)| ox }
e - oh
p{gsim—[gcom—p(ﬁr(‘;()j aE(X)}
=0 (127)

Coussot and Proust [45] investigated the
unconfined spreading of a rivulet of mud,
obeying the Herschel-Bulkley model with
a discrepancy between theory and
experiment, illustrated in Fig. 6 of that
paper. Wilson and Burgess [46] re-
examining the problem, could explain this
discrepancy but their solution appears
contrary to what could be expected in some
cases. In fact, the hyperbolic set of equ.
(162) is very difficult to solve because of
the presence of the yield surface along
which the shear stress equals the yield
stress. The position of the yield surface is
not known a priori and has to be solved as
part of the transient non linear problem.
This model was used by Huang and Garcia
[47] to find a matched asymptotic solution
to investigate the spreading and deposit of
sediment using a Herschel-Bulkley down a
relatively steep slope, the solution being
valid at a substantial distance downslope.

In this case, the yield stress being
neglected, the flowing material is termed a
power law fluid and the previous equation
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of state takes the following reduced form:

ol L)
H _ _
af’ax{ ax =0

(128)

5.2 Analytical solution

Scaling laws governing the debris flows
motion can be obtained using the method
of similarity. Assume a solution of equ.
(128) with the following form:

H %= H %(T)T)X(n) (129)
where

:—X_P?Tb)m (130)
and

R =X (T)—Xu(T) (131)

where X, (T)<O0 denotes the position of the

front of the back wave ar X;(T)=0 is the
position of the front of the positive wave at
which H vanishes.

At first stage, X,(T) decreases with time
from 0 to —1, whileH=1. The fixed plate
X,(T) is reached at timT=T. . For larger
time, H is everywhere less than 1. This

analysis suggests to propose the following
scaling laws:

( )= if T<T.
H T
%0 H(-LT) if  T>T.
(132)
and
X() it T<T
Xo(T)= . (133)
-1 |f TZTc

Two regimes have been identified which
correspond to different physical
mechanisms of reservoir emptying and are
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similar to the short time viscous regime
and long time regime characterized in the

Newtonian model. Let X(N) be noted

X;(nN) in the first regime an X,(n) in the
second regime. Since the totale fluid
volume equals 1 éT=0and is conserved,
we can write foIT<T.

(G ] fon gl oo

where

R (n)=brraﬂd%[><1] (135)

and for T=T.

(2m+2)/ T\™
—din[(din[xz /nD }+dmx2+dmndin[x2]=o
(136)
where an,bhand cn are constants to be
determined.
The conservation of the fluid volume at
time T=T. gives:

w=] X (M eh=] X,(man a37)

The boundary conditions being:
X, 0FX, 071 ; X (WX, (1)=0 (138)

and the flow rate at thi X=X:(T) being
equal to:

) 4
Y

dn =0

(139)

hence, the solution of eq. (134) and
satisfying the condition of continuity of

Hat T=T. and the boundary condition
(138) writes:

X, (N )=(1—n(1+%)7<m+1>

The similarity solution for the position of
the wave front writes, for the back wave

(140)
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X (=- af(medon) (mor md (141)

and for the positive wave:
X (D=t a J(meloa ) if T<T.
(142)
while, if T>Tc

- G{(T_Tc ){ e j(WT(W)‘l

(143)

wherecnis the following constant:

5 \M }(3m+2)
on:{(igntﬁ)( 3{;;?1)] } (144)

while the reservoir height aX=-1 is
given by:

1 if T<T
H(-LT)= 1 it TS,
anle(r)+1|
with
Te = ) 1 ml) Xf(Tc )_:L%amam

In the first regime, the height at the dam
position (X=0) remains constant and equal
to Xl(am), while the constant:dn and
amare given by:

dm{ Ay T

o (146)

1 +m %2””1)
[1—r](1 %} dn (147)

"

The continuity of the flow alT=T. and
X=0 provides the following expression
for the constarbn:
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T a{l— ar(;um)r/n jl?(/ZmﬁL)

1 +m ?/ m+
[E I )

am

2mtl

{ Ay

b= (148)

Some related quantities can be calculated
from this solution. For an observer located

at X>0, the height is maximum at time
T=Tmax, Which satisfies HXT);=0.

For T<T. , the only solution itX=0. And
when T>T. , this condition leads to

N :| 2m+1 F(/mﬂ)
32

(149)
S0,
(3m 2) 1 3m+2
Trax(X= A X+ 4T, o —L—
9 A( ) (amij
where
n{3m+2)
A=l [3'“+2] " (150)
oY C&amz)lzn_,_l
Moreover, at time T=Tnax(X), the front
position is given by:
32 mi
xf(Tmax)z(x+1im 41 (151)

and the corresponding height is given by:

- B
H max(X)m (152)
where
—| m+1 Plemsa)f oma1 Pm+)
B‘[srr?wz]y [3m+2]y (153)

5.3 Numerical solution

a. Discretization

The problem to solve numerically is the
sane which has been solved analytically in
the previous section by equ. (128). To
build a numerical procedure, it is necessary

to define the channel total lengl: . The
non dimensional extreme (downwards)
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abscissa i L= h This point is so far

from dam site, that the flow is supposed to
never reach it during a given experiment
(1D assumption), with total duratio? .

This assumption constitutes the following
complementary  boundary  condition:
H(X.,T)=0 0OT=0 (154)

This problem is solved by an explicit
finite difference method. For this, the

function H(X.T) is computed in the set
[—L,Le]X[O,T], itself discretized in a finite
number of identical small rectangles with
sidesAT andAX

The equation will be approximated at grid
points located at the following coordinates

in the [—L ,Le]X[O,T] set:
(X T, )=(~L+iAX, jiAT)

m[o “L+le| oL

AT (155)

b. Algorithms
Using Taylor's formula, the derivative of
the unknown function can be given by:

aH H (xT)= HXT+HAT)-H(XT)_ ,
AT !

H(XT) (156)

Also, Taylor's formula can be used to
write the non linear term in eq.(26):

AT 90
A_z nl aTn

n=2

A x5 e
L0 XL cax-Anoxr)
(157)

Introducing eq.(193) and eq.(194) in
eq.(163) gives
|‘( XT+AT)_ H(X,T): G+G+ RAX,AT(X,T)

AT
(158)
0°H (3H

C1 Z’T]+2)ﬂ|: xz\ax j|H(m+2) (159)

_ jZm+2] taH)“ ()
(m+2 74 Gy H

(160)
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whereRuxar (X, T) is the residual term
which is neglected to solve the numerical
problem. Notice that this term can be
numerically approximated knowing the
solution at the former time step. Now let

H,=H(X.T) (161)

where Xi and T; are given by eq.(155),
then the finite difference equation to solve,
which uses a first order time scheme and a
centred second order spatial scheme, is
written as

4 4 4
Hi,j+1:Hi,i+ﬁ([Hi +1,,-] +[Hi—1,i] ‘Z[Hi,j] )

(162)

Notice thatHoj« corresponds to upstream
Neumann condition given by eq.(155). It is
derived from eq.(161), s HojrimHaju,
Also, if IMax denotes the maximum value

that subscriptl can reach, i.eimax s
rounded off to the integer that is closest to
L+ Xe
AX
condition given by eq.(35) yealds

then downstream Dirichlet

imax,j+1_
(200163)
Moreover, adopting the same stability
criterion as for the Newtonian fluid, the
numerical scheme gave stable results.

5.4 Results

First of all, the similar solution and the
numerical solution for the dam-break flow
of a power-law fluid obtained previously
must be validated in the limiting case of a
Newtonian fluid, by comparison with an
experimental and theoretical study
presented in [12], who obtained a short
time viscous regime and a long time
viscous regime, respectively described by
the following scaling laws

X T2 Xy LT3 (164)
These results clearly agree with those of

the present work foNn=1. Moreover, the
fluid height at dam site in the short time

regime found asHq=0.664 in present
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work agrees with the value (H,=0.684
obtained previously in the study of the
Newtonian case [12].

Then, the effect of the shear thinning
property of the mud will be derived by
computing the solution obtained both
analytically and numerically. Indeed, the
present computations showed that the
general characteristics of the flow which
were obtained for the Newtonian model are
preserved. For any value of the power law
index, the shape of the different graphs
obtained for Newtonian fluid is preserved,
only the slope of the graphs are influenced
by N. The general features of the physical
description of the development of the dam-
break flows of both the water and the mud
are similar. Notably, the free surface
profile obtained in the Newtonian case is
similar to that of the mud, for the short
time viscous regime and for the long time
regime as well. Meanwhile, the effect of
the power-law index on the solution will be
pointed out owing to a reference to the
Newtonian case.

We computed the different constants
appearing in the solution together with
different characteristic quantities in the
range 0.20sn<1.0( Recalling that
m=1/n e see that for increasing power
law index, the characteristic time
decreases. This means that one effect of
the shear thinning property is to slow down
the back wave. This result means that

‘Ub(TX increases witl" (see fig. 13). The
same remark holds for the velocity of the
front wave Uf(T) in both the short time

regime and the long time regime. As a
consequence, the abscissa of the positive

wave Xi(T) increases with the power law
index, both for the short time regime and
for the long time regime. Meanwhile, for
all the tested values of the power law index

(0.2sn<3) the maximum heights at
given station versus the corresponding
abscissa were described by a single graph.

Concerning the time whe Hmaxoccurs at
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given station, Tmax is shorter for large.n
(fig. 12).

All these results illustrate the increasing of
the velocity of the negative wave and the
positive wave with power law index, due
to lower friction for the water than for the

mud characterized by the same
consistency. Furthermore, there was a
satisfactory agreement of the results

obtained analytically and numerically
Focussing on the dam site (figs. 14-19, for
m=1), abscissa of the dam height at dam
site is more close to x=0 for the numerical
computation than for the analytical
calculation. A similar characteristic was
observed with all the values tested for m.
So, the numerical model seems more
accurate than the analytical model, but the
results from the two studies remain
concordant and satisfactory.

Finally, we found that for decreasing

power law index, the critical heiglHq
decreases, which means that the quantity of
fluid mobilized during the short time
regime is larger for the mud than for the
water. As a consequence, for a structure
situated in a vulnerable zone, the impact
will occur later for the mud than for the
water as stated earlier in this section, but
the quantity of fluid will be larger.
Moreover, considering that the density of
the mud is larger than that of the water, the
impact of the mud is expected to be greater
and potentially produce more damages.
This effect was discussed in [48-50],
among others.
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Fig. 12: Time variation of depressure
velocity for assigned power law index
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Fig. 14: Fluid height vs. time and abscissa
obtained analytically viewed from dam-site
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—
——T=0
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—— T=0.28269
——T=0425
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x Fig. 18: Zoom on dam sitef or fluid height
Fig. 15:Fluid height vs. time and abscissa VS- time and abscissa obtained analytically
obtained analytically: side- view

I
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—— T=0.14038 ]
T=0.28269
T=0425

Fig. 19: Zoom on dam site for fluid height
vs. time and abscissa obtained numerically

Fig. 16: Fluid height vs. time and abscissa

obtained numerically viewed from dam-
site 6 CONCLUSION

Flash floods and the debris floods
constitute dangerous phenomena for public
safety and quality of life. The originality of
the present approach is to consider these
two flood waves as special cases of a
single global model of a dam-break flow of
a muddy fluid, depending on the time
scale. This unified model was presented in
the present paper. For tackling the case
where the fluid is muddy, the model was
first built in the case of a Newtonian fluid
and then generalized using an appropriate
x rheological behaviour equation.
Fig. 17: Fluid height vs. time and abscissa
obtained numerically: side-view The flow regimes of the horizontal viscous
dam-break flow are well known from
experimental studies. At initial time (when
the dam collapses), the fluid is released
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downstream (positive wave), while a
negative wave propagates upstream. The
flow is inertial (Ritter's solution) until the
back wave reaches the fixed rear wall.
Then, the viscous forces become higher
than the inertial ones and a short time
viscous regime takes place until. In this
regime, the flow height at dam site has a
(fix) characteristic value. As the reflected
wave overtakes the positive wave, the long
time or asymptotic regime takes place. The
present study considered the modelling of
these two viscous flow regimes.

Applying the conservation of mass and
momentum with the shallow water
approximation, an equation of motion was
derived and made non dimensional, when
the viscous forces were assumed to be the
dominant ones. It was of porous medium

type and similar solutions built
analytically.
Then, the problem was considered

numerically. The previous equation of

motion was approximated using an explicit
finite difference method. The stability and

convergence of the computations were
insured using a criteria based on heuristic
approach. The very good agreement
between the numerical and the analytical
solutions showed the consistence of the
numerical scheme for both short time and
long time solutions. The time evolution of

the abscissa and velocities of the different
front waves were determined, as well as
the different characteristic heights.

A general model of debris flows was
developed. Using the assumption of a
Herschel-Bulkley behavior scheme, the
conservation of mass and momentum
equations  with  the  shallow-water
approximation were considered withoat
priori values assigned to the rheological
parameters. A general equation of motion
in a non dimensional form was obtained,
which reflects both a Newtonian fluid and
a power-law fluid for particular values of
the rheological parameters. The general
characteristics of this strongly non linear
partial differential equation were pointed
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out, such as the location of the yield
surface and the abscissa of the wave front
at the stoppage.

The special configuration of a horizontal
dam-break flow was then considered. It is
important for environmental engineering
and natural risk assessment with regard to
mudflow. For the limiting case of an
inertial flow, where the inertial effects are
dominant, the equation of motion was
solved by the method of characteristics. It
was pointed out that the flow develops in
the form of two waves. A positive wave,
propagating downstream with constant
speed, associated to a negative one
propagating upstream with half that speed.
So, it could be pointed out that one effect
of the yield stress is to slow down the wave
front propagation both in the downstream
direction and in the upstream direction
with respect to the Newtonian case.
Another effect of the yield stress is to state
the fluid height at the positive wave front
at a value depending on the yield stress, while this
height is zero in the Newtonian case.

Finally, considering the equation of motion
in the configuration of the equilibrium
state where the inertial effects are
negligible and the friction stress reduces to
the yield stress. the main characteristics of
the stoppage were determined, i.e. the
depth at the fixed rear wall of the reservoir,
the stage at the wave front, and the
abscissa of the wave front.

The flow generated by the collapse of a
dam retaining a muddy fluid was
considered theoretically. The fluid is
assumed viscoplastic following a Herschel-
Bulkley rheological law. The equations of
conservation of mass and momentum were
written in a non dimensional form with the
shallow water approximation. Assuming
the inertial effects dominant against the
viscous ones in order to model a flash
flood event an equation of motion was
built. Then, an implicit equation was
formed for the friction slope. The equation
of motion could then be solved using the
method of characteristics. The law of

Issue 4, Volume 3, October 2008



WSEAS TRANSACTIONS on FLUID MECHANICS

propagation of the front of the positive

wave was provided, and the back wave as
well. The corresponding laws of

propagation for the Newtonian fluid and

for the power law fluid were recovered

when appropriate values of the rheological
parameters were used. Piau [33] gave
ad’hoc similar relations. In this paper, a

proof was given of this solution and it is a

crucial step for implementing the

kinematic wave theory for the muddy

fluids [48]-[49] in our model.

The horizontal dam-break flow of mud
modeled by a power-law fluid was
considered analytically. The channel was
smooth and dry at initial time. The solution
of such problem depends on the time scale.
The inertial regime characterized by
dominant inertial forces, takes place
immediately after dam collapse, and holds
until the negative wave touches the rear
wall. In such an inviscid solution (Ritter
solution), the rheological behaviour of the
mud has no influence. Then, the viscous
forces become the dominant forces and a
viscous solution is obtained. Applying the
conservation of mass and momentum with
the shallow water approximation, an
equation of motion was derived and made
non-dimensional. The analytical and the
numerical solution of this viscous flow was
worked out in terms of wave front
dynamics and spatio-temporal variations in
the fluid height, with a self-similar form.
The short time solution holds until the
wave reflected by the (fixed) rear wall
overtakes the front and then the long time
one governs the asymptotical flow
dynamics and shape. The limiting case of a
Newtonian fluid derived from this solution
was successfully compared with previous
experimental, analytical and numerical
solution. Then the shear thinning property
of the mud was pointed out. It was notably
shown that the general features of the
physical description of the development of
the dam-break flows of both the water and
the mud are similar. Moreover, all these
results illustrate the increasing of the
velocity of the negative wave and the
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positive wave with power law index, due
to lower friction for the water than for the
mud  characterized by the same
consistency. Finally, for all the tested

values of the power law inde(0.2<n<1),

the maximum heights at given station
versus the corresponding abscissa were
described by a single graph.
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