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Abstract: In this paper we study a new simple quadrature rule based on integrating a spline quasi-interpolant
operator on a bonded interval. We also give estimates of the quadrature error for smooth functions in the case of
uniform partition by using the associated Peano kernel. We improve the degree of exactness of quadrature formulae

with the knots depending on a parameter.
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1 Introduction
Denote by

H"[a,b] := {f e C" Ya,b), fV abs. cont.}.

Theorem 1 (Peano’s theorem) Let L(f) be an ar-
bitrary linear functional defined in H"[a,b] such
that the function K(t) := L [(x—t)i_l] is in-
tegrable over [a,b].  Suppose that L(p) = 0
for each polynomial p € Pp_1. Then L(f) =

1 b )
(n—l)'/a K(t)f(”)(t)dt,foreachf € H"[a,b].

Definition 2 [2] The function s(x) is called a spline
function of degree n with knots {ti}?zl if —o00:=ty <
1 <o <tg<tgyr:=o0and

i) for each i = 0,...,d, s(x) coincides on (t;,ti+1)
with a polynomial of degree not greater then n;

i) s(z),s'(x),...,s"(x) are continuous func-
tions on (—00, +00).

We shall denote by Sy, (t1,...,tq) the class of all
spline functions of degree n with knots at £y,...,¢4.
For fixed {ti}le, Sn(t1,...,tq) is a linear space and
dimSn(tl,...,td) =n+d+ 1.

Let zp < .-+ < x,41 be arbitrary points in [a, b]
such that g < xp41.

Definition 3 /2] The spline Sfunction
B(wg,....tnp1i7) = (- = @)L 20, 2] is
called a B-spline of degree n with knots xq, . . ., Tp41-

We denote by (- — )% [zo,...,Zn41] the di-

vided difference of the function (- — x)"} at the points
Zos -5 Tntl.
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A property of B-spline it is:

1
n+1

b
/ B(xo,...,Tp41;t)dt =
a

Given the sequence (finite or infinite) of points
{z;}, such that

< m < mig <

and z; < x;yn41 for all i, we shall denote by B; ,,(t)
the B-spline

Bl,n(t) = ( - l‘)i [.’L'i, RN xi—i—n-}-l] .

Theorem 4 [2] Let a < Tpio < ... < xp < b
be fixed points such that T; < Ziyn+1 for all admis-
sible i. Choose arbitrary 2n + 2 additional points
1 < - < apy1 L aandb < xpy < oo <
Tm+nt1 and define B; ,(t) = B(xi,. .., Titnt1;t).
The B-spline B y,(t), ..., Bmn(t) constitute a basis

Jfor Sp(Tpi2y. ..y Tm).

The  B-spline basis for the  space

Sp(Tp42,-..,Tm) was constructed by Curry
and Schoenberg in [7].
The spline function N;,(t) = (Tifnt1 —

x;)B; n(t) is called normalized B-spline and satisfy
the relation

Titnt1 — 1t
Nenlt) = o Nt (1)
Titn+1 — Tit1
t—x;
+ 71Ni,n—1(t)7
Li4n — L4
1, t€[rzic)
N _ s iy Li+1)
i0(t) { 0, t<uz;andt>x;.
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From the above relation, we have

Ti42 — t
—, Tit1 S < iy,
Ti+2 — Tit1
Nia(t) =
t— Z;
) xp << Tiga,
Ti+1 — T4
(h
and
t—l‘i t—l‘i
. ) Xy Stgx’H-lu
Tip2 — X5 Tyl — T4
:Ci_i_g—t t—x,~+1
: +
T3 — Ll T2 — TiHl
Nia(t)=

t—.%'i x@q_g—t

» o Tl ST Ty,
Tit2g = &i  Tig2 — Tipl

Tiz—t Tz —t

TH3—TiHl T3 —Ti2

(2)

Given a function f, the basic problem of quasi-

spline approximation is to determine B-spline coeffi-
cients (¢;)i", such that

m

Pf= ZCiNi,n

=1

is a reasonable approximation to f.

Interesting results about spline quasi-interpolants
were obtain by P. Sabloniere in [12], [13], [14], [15],
[16], T. Lyche and K. Morken in [10], D. Barrera, M.J.
Ibéiez, P. Sabloniere, D. Sbibih in [3], [4], [5], B.G.
Lee, T. Lyche and L.L.Schumaker in [8].

In [10] is given the following procedure for deter-
mining the B-spline coefficients.

Let x = (xj);”:ﬁnﬂ be arbitrary points in [a, b],
nondecreasing with 11 = a and z,41 = b. We as-
sume that f is defined on [a, b]. We fix j and propose
the following procedure for determining c;:

1) Choose a local interval I = (x,,x,) with the
property that I intersects the support of N, ,,:

In (xj7xj+n+1) # 0.

Denote the restriction of the space
Sy (Zp42, ..., Tn) to the interval I by S), 7, namely
Sn,r = span{Ny—nn,--., Nu_1n}.
2) Choose some local approximation method pt
with the property that Plg=gforallg e Sh.I.
3) Let f! denote the restriction of f to the interval
I. Then there exist B-spline coefficients (b;)/=!

i=p—n
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y Tigo <t<wxy3.
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v—1
such that P/ f1 = Z b;N; . Note that y —n <
i=p—n
J < v — 1since suppN; ,, intersects I.

4) Set cj = bj.

2 A quadrature formula with degree
of exactness equal to 1

Let Sy (z3, - - -, @) be the space of spline functions of
degree 1 with knots at x3, - - -, xy,. Let f be a function
defined by [z2,Zm+1].- The spline quasi-interpolant
operator is

m
Plf = Z Cij,l.
j=1
To determine B-spline coefficients, c;, by choos-
ing the local interval I = [z, z;41] and the local ap-
proximation method
J
P{f(z)= ) biNia(a). (3)

i=j—1

We consider that local approximation method is
the polynomial interpolation at knots

2\ = (1 —-a)rj+ oz

j
xg-Q) =ax; + (1 —a)rjn

1
where a € [0, 1]\ {2} We have

namely

{ bj—aNj_1a(z) + 0N () = (),
( (
J J

J
bj—le—1,1($§2)) +bjNj1(x '2)) = f(= 2))-
“)
Using relations (1) and (4) we obtain
{ (1—a)bj_1+abj = f(lL‘gl)) )
abj 1+ (1= a)b; = f(a}?)

From (5) we have

b = 5 [af) = (1= @)

and the spline quasi-interpolant operator will be
Ul 1
200 — 1

af@) = (=) f@)] Ny
(6)
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Letz) = 23 = a, Tp41 = T2 = band (2;)]"
are the equidistant nodes from the interval [a, b]. If we
integrate the approximation formula of function f

m
1 1
f@) = Lgamg [0f6") - (A=) f ) Nia(e)
]:
+ rmlf]
to obtain following quadrature formula with the exact-
ness degree 1

b m . .
/a fa)ds = 2a1_1§;$3+22 % [af(a)

- A=) f@)]+Rulf]. @

If we choose o = 1 or o = 0, then the quadrature
formula (7) have degree of exactness equal to 1 and
can be written:

35]+2

IRCES S

For m = 2 we have trapezoid quadrature formula.
If we consider m = 3, to obtain the following quadra-
ture formula

[ r@ar="20 [r@ s (50) 410l

For m = 4 we have the following quadrature formula

[ rwar = 2 [p@ s (250

2f <a+2b) +f(b)} + Ralf].

Next to study the quadrature formulae for m > 4.
For simplicity of calculations we choose ¢ = 0,b = 1.

2)h,i=3,m

and the quadrature formula (8) can be written
m—2
/f { +2 3 1S >} wlf):
)

The exactness degree of quadrature formula (9) is
equal with 1 and from Theorem 1, the remainder term
has the form

T2 2 (i) + Rnlf]. ®)

If denote h = ——, we have z; = (i—
m—1

Rlf] = /01 K(t)f"(t)dt, where f € H*[0,1]

K(t) = Rul(-—t)4] (10)
1—1)2 | ™22
u-y —2{2;011—@#(1—0
ISSN: 1109-9526 416
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Lemma 5 The Peano’s kernel defined in relation (10)
verifies

K(t)=K(1—t), anyte[0,1]; (11)
K(t) <0, any t € [0,1]; (12)
h2
g0 = @9
1
/ K(t Bon =T (14)

Proof: Using the symmetry of nodes and coefficients
we obtain

t2 h m—2
K(1-t) = 5—3 2Z(t—(m—1—])h)++t
=1
t2
= ——= Zt—]h . (15)
If in the quadrature formula (9), we choose
f(x) =z —t € P to obtain the following relation
(1—-1t)2 ¢ h w2
— =Dt 42 - 1-1)].
5 5 =5 |t jz::l(gh t+(1—1)

(16)
From the relation (10), (15), (16) and the formula

(ti—t)+ —(t—ti)y = (ti — 1)
we have K (t) = K(1 — t). We denote
K(t) = K;(t) for t € [(i — 1)h,ih], i =1,m — 1.

From the relation (15) we obtain

2 h
K = — — —t, h
1(t) 5 ~3b t € 1[0,h]
t2 h i—1 »
Ki(t) = 5 -3 2;(t]h)+t
12 h?
_ U N
5 (21 )2t+ 2@(2 ),
fort € [(i — 1)h,ih], i =2,m — 1.
‘We have
, h
Kl(t):t_§7 E[O7h]
h
Kz/(t): _(2i_1)§7 tE[(i—l)h,ih],
1 =2,m— 1.

(17)
From relation (17) we obtain K (t) <0, i = 1,m — 1

h2
and max |K(t)| = —
te€[0,1]

)
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We have

m=1 .ip t2 h h2
+Z/ 1)h[2 (2 —1)= t+z(z—1)]d

O

Theorem 6 If f € H?[0,1] and there exist real num-
bers 7, T such that v < f"(t) <T, t € [0, 1], then

1

Rinlf]] < m[F—7+|F+’YH~

Proof: We can write

/K ”t)dt/ ()[f”(t)—ﬂdt

7+F/K Pt — / ()[f“(t)—%;r}dt

(y+T)

24(m 24(m —1)2

and we obtain

. { max
tel0,1]

B 1 {F—7+|F+’Y\}
S 12m-1)2 1 2 2

1
=—  I'—-~v+|"+ .

O

Theorem 7 If f € H?|0, 1] and there exist real num-
bers v, such that v < f"(t) < T, t € [0, 1], then we
have

1
m(?)T—SF) < Rmlf] < ﬁ@T—EW),
where T = f'(1) — f'(0).
Proof: We have
[ KO 170 ] = Rl + 3500
0 C T 12(m - 1)2
ISSN: 1109-9526 417
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Since

/01K(t) [f"(t)—~] dt < max
2

h / ! o
=8[J;(1)—f(0)—ﬂ—8(
= sm-12T

@ [ (e
T—7)

- 7)7
we obtain

Runlf] <

= 2dm =12 1)2(3T — 57).

On the other hand we have
T

/K ) IE=1"0)] = ~ 55—z ~ Rmld]
[ K@) 0= 0ar< s o) [ 05 0)at
0 0

t€l0,1
s 1) = ¥(F—T)
8 - 8(m—1)2 '
From above relations we obtain

Ronlf] > =

2 Sitm T2 1)2(3T— 5T).

3 The improvement of degree of
exactness

In this section we want to improve the degree of ex-
actness of quadrature formulae (7).
For simplicity of calculations we choose a = 0,

b = 1. If denote h = e have x; = (i — 2)h,

1 =3, m.

Now, we study the quadrature formula obtained
for m = 3. In this case we have the following quadra-
ture formula

1 1
|| e = g {20 = 15(0)

s (§)s-0r (5o (1)

Ha=1 (352} Rals) (18)

This quadrature formula has degree of exactness equal
1. If we claim that R3[e2] = 0, where e3(z) = 22, we
obtain

12
1802 — 2702 + 130 — 2 =0, namelya6{3 3}
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12
We consider o € {3, 3} and we observe that

— 2702 +13a —2
32(2a — 1)

1822

Rg[eg] = — = 0,

12
where e3(x) = 3. Therefore, for a € {3, 3}, the

quadrature formula (23) has degree of exactness equal
3 and can be written

[ iwie =150 -21 (3) +45 (3)

1 (3)+2 (3) )+ Raltl 19)

For m > 4 the quadrature formula (7) can be writ-
ten

f(0)

/01 F(a)de = 2ah_ 1 {2042— 1

m—1
O laf (((+a=2)h)—(1—a)f ((j—1-a)h)]
2
% (f (m+a—2)h)—
+Romlf]-

The quadrature formula (20) has degree of exactness
equal 1 and we want to obtain the values of parame-
ter « such that to improve degree of exactness of this
quadrature formula.

We claim that R, (e
and we obtain

1
2
dr =
/01'1‘2a

3 m—1
h_l {Z_: {a(j+a—2)2

2) = 0, where ey(z) = 22

~ (=) =1 -0 g famota -2
— (- a)(m 1~ )2},

namely

,_.

m—

Z {]—1 —l—a(a—l)}

[_

From relation (21) we obtain

3(2m — 3)a?

M\'—‘,—/R

2o a—l)}} % 21)

-32m—-3)a+m—-1=0, (22)

and degree of exactness of quadrature formula (20) is
equal 2 for
(1 B

A, [rmos) 1
“=N2 6m—9)" 2

ISSN: 1109-9526

2m —5
6m —9 '

(1—a)f ((m=1-a)h)]}
(20)
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We observe that « € [0, 1]\ {%} form > 1.

Now, we want to give the values of m such
that degree of exactness of quadrature formula (20)
is equal 3. From condition R,,(e3) = 0, where
e3(r) = 23 we have

(mil)‘* mz: {j +3a(a—1)j — ala— 1)}
Jj=
+s [(m—1)3+3a(a—1)(m—1)—a(a—1)]} -1

and using relation (22) we obtain m = 3. Therefore,
there is not value of m € IN, m > 4, such that the
quadrature formula (20) to have degree of exactness
equal 3.

4 A quadrature formula with degree
of exactness equal to 3

Let Sy(zy, . . ., xm,) be the space of spline functions of
degree 2 with knots at x4, . . ., xy,. Let f be a function
defined on [23,Z,+1]. The spline quasi-interpolant
operator is

m
ng = Z Cij72.
j=1

To determine B-spline coefficients, c;, by choos-
ing the local interval I = [xj41, ;2] and the local
approximation method

J+1

= Y biNia(x

i=j—1

Py f(x

We consider that local approximation method is
the polynomial interpolation knots

(1)

z; = (1= a)rjt1 + azjis,
P2 = Tl T Tji2
i 9 ’

3
55; V= oz + (1 - @)z,

where a € [0, 1] \ {;} We have
P 1) =
P f(af) =

Pif(\V) = f(2),

namely
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bj—1Nj-1,2( 51))+5N 2(;
bj+1Nj112( 51)) = f(ﬂfg'l)),
b: N (2 b: N
j—1 J—1,2(x] ) +biNj2(x
(23)

bj+1Njy1,2( §2)) = f(ff§'2)),

bj—1Nj—12(x 53))“’ Nija(z §

bj+1Nji12( 53)) = f(x§-3))-

Using relations (23) and (2) we obtain

(1—q)2 T2ty

LTl — T2
ZL']+2 .’L']

T3 — T

1+«

(1—q)2 2152

Tj2—Tjp (1)
bj+a2 2"ty
P i =f(z;7),

T3 — L1

T2 =T
Ao —15)

Tj+2 — Tj+1

biiq — :C(?) 7
Awjps —zj00) fai’)

Tj+2—Tj+1
052 J J b

Tj+1—Tj42
o1t |14+ (1—a)? L=
LTj+2—Tj Lj+3 —Lj+1
L2 =T L2 =T 3
oY Jadax It bj+(1 )2 JE as bin=f(x g))
Tj2 —Lj Tj3 — T

From the above relations we obtain

1
b= a1y [
— 4@+ (1= ) f?) + f)],
forl <j<m.

The expression for b; is valid whenever ;11 <
242 which is not the case for j = 1 and j = m, since
r1 = 22 = x3 and Tpy41 = Tym42 = Tm43. The first
value of j for which the general procedure works is
7 = 2. To obtain the value of b; by solving the above
system with j = 2. We have

ISSN: 1109-9526 419
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(1—a)%b; + [1 PN S . (1 —a)?| bt
Irs — 1
2T4 — 71 (1)
“h M, =
T5 — 71 3 f(.fE2 )7
1 1 1 5 —XT4 1 X4—T1 (2)
-b - bo+— b=
4 1+ [2+4 :L‘5—5C1:| +4 Irs—T1 3 f(l'z )’
o?by + {1 —(1-« 22471 —042} bo+
Is — X1
T4 — X1 (3)
1—a)?2——py =
+( Oé) T5 — 11 3 f(xQ )a
namely
1
by = = {A=a)f (1-a)z1+amzy)

—da(l—a)f (wl;m)—%af (oz:v1+(1—a)x4)} .

This procedure can obviously be used to deter-

mine value of b,,,. For j = m — 1 we have
a2b,, + [1—042—(1—04)2%“_%} by 1+
Tm+1—Tm—1

(1 _ 04)2 Tm+1 — Tm
Tm+1 — Tm—1

1 1 1 zp —Tpme

*bm + ‘|‘ - mml:| bmfl‘i‘

4 4 Tm+1 — Tm—1

I opmi1 —om (2)
_omAl T m g 7

P — m—2 = f(;, 1)

(1—@)2bm+{1—(1—a)2—a2 Tmt1 = Im ]bm1+

Tm4+1—Tm—1

Im+1 — T 3
2 ZmAl T Im g f(xgn)—l)’
Tm+1 — Tm—1

and we obtain

1
bm = m {Oéf ((1—a)xm—|—axm+1)
— da(l—a)f (W)
+ (1-a)f (o +(1-a)zmin)} -
For « = 0 or « = 1 we obtain the following

spline quasi-interpolant operator

m
Pyf = ¢;jNja,

=1
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where i 5 2m—5
=3 )~ 2 (m=3)h)+ 5 (TR R
forj=1 k=2
o), forj =1 05
1 Tio1+Tirs The exactness degree of quadrature formula (25)
3 {— f(xjpr)+4f (W) is equal to 3 and from Theorem 1 the remainder term
cj= has the form
—f(@j42)], for1<j<m, Rl 6/ K(t t)dt, where f € H*[0,1]
f(@my1), for j =m. K(t) = Rul(- —t)3] =
Letzy = 9 = 23 = @, Tyl = Ty = (1—t)4 4 (h 35 3
Tm43 = band (a:z) " 5 are the equldlstant nodes from 4 h 3\9 "~ ¢ L g(h — 1)
the interval [a, b]. If we integrate the approximation 5 A
formula of function " [ 2k 3T
/ +2Z( —t) — > (kh—1)3
m = + k=2
(l') :;CijQ(l')"‘Tm[f] §(( 3)h t)3 _‘_é <2m_5h t>3
j= 5 ((m T tg 5 N
to obtain following quadrature formula In paper [1] we obtain the following properties of
. function K:
Ti+3 — )
/ f(@)de = Zl 3 [ §f (1) (24) Lemma 8 [1] The function K verifies
7
npy < i+l z+2) —f($H2)] Rl K(t)=K(1—t)anyte[0,1]  (26)
2 K(t) > 0anyte€0,1] (27)
4
The quadrature formula (24) was studied in paper [1]. max K(t) = hf (28)
For m = 3 we have the Simpson s quadrature for- t€[0,1] 12
mula. We shall choose the equidistant nodes (x;)!", 1 1 29m — 88
from the interval [a, b]. /0 K(t)dt = 480 (m—2) (29)

For m = 4 we obtain the following quadrature
formula In paper [1] we give some estimates of the quadra-

ture error (24) for smooth functions by using the asso-

b b— 3a+b a+b ciated Peano kernel.
ot = =52 e (57) =1 ()
Theorem 9 [1] If f € H*[0,1] and there exist real

a+ 3b
+ 2f< )] + Ralf], numbers v, T such that v < f(4)(t) <TI,te]0,1],
then
and for m = 5 we have Ronlf]] < 29m — 88 I'—~ |I'+7v
< o7 2t )
b b—a [4 b 2a+b
[ raaa="" 12 (250 ) 5 (35) + (30)
a 3 3 6
Theorem 10 [1] Let f € H*[0,1] . If there exist a
b 20\ 4 b 4
2 f (a—|— )—f (CH' ) f<a+5 )]+R5[f] real number ~ such that v < f®(t), t € [0,1], then
1 29m — 88
Next to study the quadrature formula for m > 6. Rm[f]] < m : S a—, 40(m — 2) vl
For simplicity of calculations we choose a = 0,b = 1. (31)

1 _
If denote h = ———, wehave z; = (i—3)h,i = 4, m where T = f3)(1) — f®(0).
m — 2 If there exist a real number T such that f® (t) <
I',tel0,1], then

/Olf(:n)dx:h{gf(h) 5 +2”§f(2k:1h> \Rm[f]lgm.[r—T+jg(fn 88)| q

and the quadrature formula (24) can be written

2) 6 (32)
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In this paper we give the following double in- From above relations we obtain

equality.

Rm f2740Tm2 ['(11m+8)}.
Theorem 11 If f € H*[0,1] and there exist real ] 2880(m—2)° 0T i J
numbers v, T such that v < f®(t) < T, t € [0,1], 0
then we have

1 . . . .

5880(m —2)5 {40T(m—2)—T(11m+8)} < Ru[f] 5 An intermediate point property in

the quadrature formulas

{40T(m—2)—~(11m+8)} In this section we study a property of the intermediate

1
P —
~ 2880(m—2) ;

point for the quadrature formulae of type (9) and (25).

where T = f3) (1) — fG)(0).
Lemma 12 [9] If —oco < a < B < +o0 and w is a

Proof: We have weight on («, 3) and
(4 pr—
6 / )P0 =] a / POt =Y e Go+ralfl, £ e Lo, 0)
k=1
v 29m — 88
Ronlf) = 3850 (m — 2 then
Since

Wia)=w(a+@-a)z—).
[ @O [190) o] ( o

x € (a,b), —0o < a <b< 400

is a weight on (a, b) and
< max |K(t |/ dt
t€l0,1] b b—a o —
) / F (&)W (@)dz = = achF<a+(b ); a)
h a -
2@y — £B ) —
IO RFRIORE] RLF]
h4 1 where F € L} (a,b) and
b= (E], F)=F (a+(b—a)i=2
a[Fl=——ra[F], F(t)= - .
we obtain RalF] ﬁ—ar [F], F(2) (a—i—( a)ﬁ—a>
Runlf] < ;5{40T(m—2)—'y(11m+8)}. Let f : [a,b] — R, f € C?[a,b]. By using
2880(m—2) Lemma 5 and Lemma 12, the quadrature formula (9)
On the other hand we have can be written
1 1
= [ K@) [0 fD@)] . m—2
6 /0 / _ z—a ( T—a )
=g V@2 o (e
T _29m—88_R 7] 7=
© 2880 (m—2)5 e (z—a)®
) +f($)}—mf (cz), ¢z € (a,2), x € (a,b].
/ K(t) 1~ @) dr (33)
0
Theorem 13 If f € C4[a,b] and f"'(a) # 0, then
< max |K()| / T — f for the intermediate point c, that appears in formula
te[0,1] (33), it follows
Ba 1 . Cr—a 1
2 (r_ f® (3) — _ lim = —,
15 (0= 7OW + £90) = 5= (=T, .
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Proof: Let F, G : [a,b] — R defined as follows Let f : [a,b] — R, f € C*a,b]. By using
Lemma 8 and Lemma 12, the quadrature formula (25)
* r—a r—a be written
F = t)dt — ——— — can
@ = [ st g s - o 5
r r—a r—a r—a
m—2 _ o Hdt= _ . __
Z f(a—l—jx a) _ r-—a f(a) /a f(t) m—2 {3f<a+2 m—2> 6f (a+m—2)
= m—1 2(m—1)
(x—a) +2ngf< i :E_a) mZZlf( +kx_a)
L A at+ —-— _ a
+ 12m_l)Qf (a), = 2 m-2) &~ m—2
Gz) = (z—a)t _ 4 2 — _
( - %f <a+(m—3)x_(;)+3f <a+m25- 9”_‘;)}
We observe that F'(a) = 0 and for i = 1,4 we " "
have (x —a)® 29m — 88

@
| | e +(m—2)5 5380 Y ex), ez € (a,x), x € (a,b].
FO@) = (@) = (55 ) fo)- @7
Theorem 14 [f f € C®[a,b] and f©)(a) # 0, then

—2 for the intermediate point c, that appears in formula
cz—a 1

A (k)
i . _ (k) [m —
3 ( ; ) (:1_61 ) (Z f (a T ]i_fi)) - (37), it follows
k=0 =
lim ==

i /. (4) e
Z(é) (o) e w((”)g ) 1"(a). e
k=0 2(m—1) 12(m—1) Proof: Let F, G : [a,b] — R defined as follows

(34)
From relation (34) we obtain T 4 o 1 o—
Fo) = [ rat- 5251 (a5 2—5)
FO)(a) =0, fori=T1,3, 5 m m
o L0 r—a f (a+ :c—a>
F@W(a) = f"(a){1— 4 Z §3 - _2 6 m—2 -2
(m — 1)4 1 m—1 m—3 2% —1
" J= _ gr—a Zf(CH' — ':U—a)
__f"a) m-2 & 2 m-2
(m —1)? )
T—a ' pT-a
By using successive I’ Hospital we obtain: * m-2 = Flat m—2
(4) " ?xfa o fa
b ) = 8 o) ~ - 1 O ! ()
v ' 4z—a < 2m—>5 ZL‘—(I)
_ = fla
3m—2 2 -2
5
G Fa@) o (@0 f(e) - () _ o) 29m =88
e M Rmo @_a) (m—2)5 2880 !
G(z) = (z—a)°
i f"(cz) = f"(a) cx—a
T et 12(m— 1)2 cx —a T —a We have F()(a) = 0, for i = 0,5 and
1 . Cp — (5)
= "(a)-lim (36) 6y _ J(a) 29m — 88
12(m — 1)? (@) T=a x —a F (a)—(m_2)5 8 '

From (35) and (36) we obtain By using successive I’ Hospital we obtain:

. Cx—a 1

lim = . . F(x) . FO(z) 29m-88 fO)(a)

r—a r — @ 2 lim =lim N = )
z—a G(z) a—a GO)(x) 5760 (m—2)°

O (38)
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—a)? —88 fM (¢ )= &)
a—a G(z) =—a(m—2)° 2880 (x—a)b
_ 20m —88  fW(cp) — fW(a) cx—a
= lim . .
a—a 2880(m — 2)° Cx—a r—a
29m — 88 c
IO 1) () - lim F
2sso(m — 27! @ -imo—r (9
From (38) and (39) we obtain
lim &% — L

r—a r — q 2
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