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Abstract: - The asymptotic (exponential) stability in the sense of componentwise approach is considered for
one and two dimensional linear discrete-time singular systems. The two dimensional system is described by
Fornasini-Marchesini model. The main motivation for these results is the need, particularly felt in the
evaluation in a more detailed manner of the dynamical behaviour of linear discrete-time singular systems.
Combining the basic theory of Drazin inverse and the results reported in the case of the discrete time linear
systems (see Hmamed, 1997), both necessary and sufficient conditions are established ensuring the
componentwise asymptotic (exponential) stability. In addition, numerical examples are proposed to illustrate

the correctness of the obtained results.
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1 Introduction

During the last few decades, the singular
systems, which are also defined as descriptor
systems, have been attached much more
attention since singular systems can describe
better practical dynamical systems than
standard state-space systems. Several studies
have addressed the stability and stabilization
problem of the class of continuous time singular
systems with or without delay using various
concepts [20], [21], [16]. [18] contributed in the
normwise perturbation theory of singular linear
structured system with index one. In [26] a
parametrized differentiable family of singular
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regularizable systems is given. [28], [29] discussed
the problem of delay-independent and/or delay
dependent stability and stabilization for singular
systems with multiple time-varying delays, using
the continuous-time Markov process sufficient
conditions in the linear matrix inequality setting
(LMI).

The componentwise stability concept is
considered as a special type of asymptotic
stability, which combines the positive
invariance of time-dependent rectangular sets
with respect to the state space trajectories.
This concept was first studied by [31] who
applied the theory of flow-invariant
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time dependent rectangular sets to define and
characterize the componentwise asymptotic
stability (CWAS) and the componentwise
exponential asymptotic stability (CWEAS) for
continuous-time linear systems. Further works
extended the analysis of componentwise
stability to continuous-time with or without
time delay [4], [14], [15] and [5], [6], [24], [23].

On the other hand, the Drazin inverse theory is
used in several applications such that linear algebra,
control and systems modeling theory, were found in
the literature, various works focused on this
methodology, [19] in Banach algerba, [25], [26] in
the control theory and [22], [17] gave some results
on the problems of the singular linear system under
certain condition. In the work of [27], an oblique
projection iterative method is proposed to compute
matrix equation AXA=A and to obtain the Drazin
inverse for a square matrix A, and in [30] the
perturbation of the drazin inverse is considered.

The purpose of this work is to extend the concept
of Componentwise asymptotic (exponential)
stability of one and two-Dimensional linear discrete-
time systems reported in [5] to the componentwise
stability of one and two-Dimensional discrete-time
singular systems using the methodology of the
Drazin inverse.

The paper is organized as follows. Some
notations and terminology are given is section
2. Section 3 deals with the main results, giving
necessary and  sufficient  conditions  for
componentwise asymptotic (exponential) stability of
1D singular systems. This is then extended to the 2D
singular system described by Fornasini-Marchesini
model in Section 4. Finally, two examples are given
to illustrate the developed results.

2 Notations

The main notations of this paper are as follows:
x =(x;) € R" (x areal vector);
H=(hy) e R™" (H a real matrix);

Int D interior of set D;
0D boundary of set D;

det(M) determinant of matrix M € CX1t;

H* matrix with component h;} = sup(h;;,0),
i’j:1727"7n;
H" matrix with components h;j; =sup(-h;;,0),

i’j:1727"7n;
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.. +
b 1’_]:1727"711; X

|H| matrix with components ‘hij
vector with components;
xi+ = sup(x;,0) , i=1,..,n;

X~ vector with components X; =sup(—x;,0),

i=1,..n;

2°°*y
X, y vectors in R": x < y if X; <vy;j,i=1,2,..,n;
x <y if X; <yj,1=1,..,n.

3 Discrete Singular Systems

In this section, some results about componentwise
asymptotic (exponential) stability of 1D singular
systems are established. We focus on discrete-time
singular systems, which are described by the
implicit form:

{Ex(k +1) = Ax(k) >0

x(0)=x,

6]
where x e R" is the state vector, E € R™",
rank(E)=q<n, AeR™.

In certain applications, namely in electrical

engineering and biology, dynamical systems have to
satisfy some additional constraints of the form.

xeQcR" 2
where Q is the set of admissible, states defined by:

Q= {x e R /= p, () <x(k) < p, ()3, (), p, (k) e intsk?
3)

klim p,(k)=0, klim p,(k)=0 4

This is a variant nonsymmetrical polyhedral set, as
is generally the case in practical situations.
In certain cases, p,(k) and p,(k) take the form

p, (k) =t B*
with 0 <B <1 and a >0 fors=1,2.

The purpose of this section is to define a special
type of asymptotic (exponential) stability of the
system (1), namely the componentwise asymptotic
(exponential) stability concept characterized by (3)
and (4) ((3) and (5)). Necessary and sufficient

With

)

conditions  for  componentwise  asymptotic
(exponential) stability of the system (1) are
established.

First, recall some important properties of implicit
systems that are assumed intrinsic in the following
analysis.

Issue 12, Volume 4, December 2009



WSEAS TRANSACTIONS on SYSTEMS and CONTROL

Definition 1 The system (1) is called
componentwise asymptotically stable with respect

to (k) =|pI &) pI (k)] (CWASP) if for every
-p,(0) <x, <p,(0), the response of (1) satisfies:

—p, () < x(k) < p, (K), Vk 20 (6)
Definition 2 The system (1) is called
componentwise exponential asymptotically

(CWEAS) if there exist a, >0 and o, >0 such
that, for every —a, <x, <a,, the response of (1)
satisfies

—o,B* <x(k)<a,B, Vk=0 (7)

Definition 3 [1] The system (1) is said to be regular
if det(sE—A)=0.

Definition 4 [11] The system (1) is said to be
impulse-free if degdet(sE — A)=rank(E) or

(sE—A)™" is proper.

Definition 5 [3] A rational function G(s) is said
to be proper if G(w) is constant matrix, G(s) is
said to be strictly proper if G() =0.

For the convenience of the later statements in
this paper, we use the pair (E,A) to represent the
system (1).

Theorem 1 [2] Suppose that (E,A) is regular. Then
Ex(k+1)=Ax(k) +f(k), VYk>0 is solvable and

the general solution is given by:
x(k) = A¥Pq + EP S AX )
TR ®)
~(I-P)TE'APf(k+1)
where -
f(i)=(LE—A)"'f(i)
E=(AE-A)"'E
(AE-A)'A
EPA, E=EA®
P=EE", qe®R"
v is the index of E
A is a scalar such that AE — A is nonsingular.

A=
A=

The projection PandE, A, v are independent of
A
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Matrix EP is the Drazin inverse of E and the
index of a matrix is the size of the largest nilpotent
block in its Jordan canonical form.

We now give necessary and sufficient conditions
for componentwise asymptotic (exponential)
stability of the system (1).

Theorem 2 Suppose that (E,A) is regular, a
necessary and sufficient condition for the system (1)
to be CWASD is

p(k+1)>Hp(k), vk >0 9)

with
fi- [I; o J 5% =[pl a0 pI 0]
(10)

and
H=EPA (11)

Proof From Theorem 1 the solution of the system
(1) is written in the form

x(k) = (EPA)* BEPq = (BPA)* x,,
qeR" vk>0
then:
x(k +1) = EPAx(k)
with the initial condition x, = EEq, qeR".

At this step, we can use the proof given in [5] as the
proof remains unchanged.

(12)

Note that [1] established the continuity proprieties
of drazin inverse.

Remark 1
From [1] and [10], we know that the consistent
initial conditions x, =x(0) of system (1) are
defined by:

x, = BEPx,
and then, there always exists a vector ¢ € R" such
that x, = EEPq [13].

Remark 2

In the case where matrix E is non-singular, then
system (1) can be written as a classical autonomous
linear system defined as

x(k +1)=E'Ax(k) (13)

Hence, if we apply the previous result to system
(13), then the classical result of the componentwise
stability of 1-D linear discrete-time systems is
obtained, that is
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+

Ppk+1)>Hpk) Vk>0
E”A

E"'A J
E'A] (EA) )
For E =1, we obtain the result given in [5].
In the symmetrical case p,(k)=p,(k)=pk),

with H= [

we can deduce the following result.

Corollary 1 Suppose that (E,A) is regular , a
necessary and sufficient condition for the system (1)
to be CWASDp is

p(k+1)>| Hlp(k) Vk=>0
matrix H is defined by (11).

(14)

Proof By observing that |H| =H" +H", the proof
follows from Theorem 2.

Using the techniques of [5], we can also extend
the results of Theorem 2 to the following Theorem
which deals with the componentwise exponential
asymptotic stability.

Theorem 3 Suppose that (E,A) is regular , the
system (1) (system (12)) is CWEAS if and only if
one of the following conditions holds:

h(pr-f)a=o; (15)
i J j

1> >maxmax(hf +h; 2+ h! ZL 4 by 22,
i o) oo o

ii)

i j j
h +h; L+ hi 224 b -
oy H o O a)

(16)

with o = [OLIT cxg]T and H=EPA = (hy).
In the symmetrical case p,(k)=p,(k)=aB", we
can deduce the following result.

Corollary 2 The regular system (1) is CWEAS if
and only if one of the following conditions holds:

(i) Bo >| Hla
n j

(i) 1> B > m_ax[Z‘hij‘a—iJ
i j=1 o

with H=EPA =(h.).

]

Remark 3
When E =1, we obtain the result given by [5].

ISSN: 1991-8763

574

Habiba Mejhed, Nour El Houda Mejhed, Abdlaziz Hmamed

4 Two- Dimensional Fornasini-

Marchesini model

Applying the results developed in the last section,
we extend the notion of componentwise asymptotic
(exponential) stability to implicit 2-D Fornasini-
Marchesini model described by the following
equation:

Ex(i+1j+1)=Ax@1,j+D)+Bx(@i+1,j) (17)
with the boundary conditions
x(1,0) and x(0,j) for i,j=0,1,... (18)

where x € R" is the state vector.

Assume then that (E,A) is a regular pencil and
impulse-free. A similar discussion applies if (E,B) is
regular. Treat j as fixed, If the sequence x(i,]) is
considered known, then (17) is a difference equation

Ex(i+1,j+1)=Ax(,j+ D) +[Bx(i+1,j)], i=0
(19)
for x(i,j+1) with the terms in square brackets
known (see [2]).
Since (E,A) is a regular pencil, we may apply
Theorem 1, we have:
x(, j+1) = (EDA) i BEPq

A=l A AN, N
+EP z(EDA) A Bx(k+1, j)
k=0

A A v=1 A A A A
—(I—EED)§)(EAD)rADBx(i+r, j)

(20)

here v is the index of E
x(i+1,j+1) =([EPA) " £EPq

+BP Y (BPA)* Bx(k+1,j)
k=0

An YL s AN A
—(I-EEP)Y (EA")" APBx(i+1+r, )

r=0

—(EPAJEPA): £8P

A\ i [BPA iR YR
+[(EDAJE? Z(E A B L )(EDafi11,)
k=0t

A A V71 A A ~ A
—(I-EE)Y (EAP) A”Bx(i +k+1+1,))

r=0
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ATY A An VI A A A
- (EDA{x(i, j+1)+(I-EEP)Y (BAP)" APBx(i+k, j)}
r=0

+ (EDE)x(i+l, )

PR e SR AN A
—(I-EE”) Y (EA”)" APBx(i+k+1+t, )

= (EDA) x(i,j+1)
+(EPB)x(i+1. )
+(I-EEP)x

v=1l . . ~ ~ A A
Y (EAD)kADB((EDA)x(i+ k, j)
k=0

- x(i+k+1,j)

- (EDA)x(i,j +1)
+ (EDB)x(i +1,))
—(I—EED)féAD)kADBx(i+k+1,j)
+ 21)

Definition 6 The regular system (17) is called
componentwise asymptotically stable with respect

~, . . .. A ~ -
to B, j) = ! i) p1 i, §)] (CWASP ) i, for every
—p,(1,0)<x(1,0) < p, (1,0)

—p,(0,))=<x(0,)) <p, (0, j)
for 1,j=0,1,2,.
The response of (17) satisfies
—p, (L) <x(1,))<p,]J), V(i ]j)>(0,0) (22)
where
P, (1,1) >0, p,(i,j) >0 V(,j) > (0,0)

lim
i—ooand/or j>02

lim
i—ooand/or j>o

pl(ivj)zo H pl(lv.]):o

Definition 7 The regular system (17) is called
componentwise exponential asymptotically stable
(CWEAS) if there exist a, >0 and o, >0 such
that, for every
{_“ZBA Sx@O el ii0na. (23
— o,y <x(0,)) <oy

The response of (17) satisfies
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-,y <x@Lj) <oyt V() >(0,0)
where 0 <fB<1and O<y<l1.
We give now necessary and sufficient conditions
for componentwise asymptotic  (exponential)
stability of the system (19) or (17).

Theorem 4 Suppose that (E,A) is regular and
impulse-free, a necessary and sufficient condition
for the system (17) to be CWASP is

P+1j+1) > H G, j+1)+H,pG+1j)

(i, j) > (0,0) (24)
with
5 _[EPA)" (EPA)
VLEPA)T (BPA)YY
- ((EDEY (EDE)‘j
H, = ED™Y- (DR
(EPB)” (EPB)
B =[pr i el (25)

Proof Since system (20) is impulse free, in this
case, vV becomes 1 [10].
Express x(i, j+1) by using (20) with v =1 as

x(@.j+1) = [EPA) EEPq
N A ~
+E” z(EDA) U Bx(k+1,)
k=0
(26)
then
x(i+1,j+1)=(EPA) " BEPq+ EPBx(i +1.])

P = PR O N
+ ED(EDA)Z(EDA) FIBx(k +1, )
k=0
27)
From the Drazin inverse theory used in [1], we
know that

EA =AE , EPA = AE? and EPAP = APEP
then
x(i+1,j+1)=H, x(i,j+ ) +H, x(i+1,j) (28)
with
H, =EPA, H, =E"B
x(1,0) = x;

(29)

and boundary conditions and

x(0,j) =EPEq, qeR", j>1.

At this step, this follows similar lines to the proof
of Theorem 3.3 in [5].
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Remark 4
The boundary values x(i,0) may be taken arbitrary
and the boundary values ]::D]::X(O, 1), j=1, are

arbitrary [2]. Then, we can apply the results given in
the last section, implying the existence of a vector

qeR" such that:

x(0,)) = EPEq =x,, j>1
By analogy with
definitions.

section 3, we give some

Remark 5
If E is nonsingular square matrix, then equation (24)
is the classical condition given in [5].

In the symmetrical
pl(la.]) = p2 (la_]) = p(la.]) H we can deduce
following result.

case
the

Corollary 3 Suppose that (E,A) is regular and
impulse-free, a necessary and sufficient condition
for the system (17) to be CWASp is

p(i+1Lj+1) 2| H, |pGi,j+ D+ H, [p(i+1,))
(30)
matrices H, and H, are defined by (29).

Proof On observing that |[H,|=H," +H,  and

[H,|=H," +H,", the proof follows from Theorem
1.

Theorem 5 Suppose that (E,A) is regular and
impulse-free, the system (17) (system (28)) is
CWEAS if and only if one of the following
conditions holds:

i) Bya > (H,y - H,p)a; (31)

1>By > max max
i) {[Zl (hify+hi Bl + (b y +hi Bod]/ o,
=

> (hiyy+hiBa] +(hy'y + h?B)]/Ot%}
j=1

(32)
with & =[a, a,]".
the
p,(i,j)=p,(G,j) =ap'y’, we can deduce the
following result.

In symmetrical case
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Corollary 4 Suppose that (E,A) is regular and
impulse-free, the system (17) is CWEAS if and only
if one of the following conditions holds:

)

Bya > (| H, |y +| H,[p)a (33)

. n ol
ii) 1>By2{;(‘h}j‘y+‘h§‘ﬁ)?} (34)
=
matrices H, and H, are defined by (29).

Remark 6

We can extend the results of this section to the
Roesser two dimensional model given in [8] and
[11],[12] by:

[El Ez} Xik:+l,j _ {Al Az} xij (39
E; Ey | Xijn Ay Ay |x,
with the boundary conditions
x"(0,j) and x"(i,0) fori.,j=0,1.
Several techniques may be used to show that the

implicit Roesser and implicit FM model are
equivalent [8]. Indeed, in the Roesser model define

'E, © 0 E,
Fl = N F2 = (36)
|E, 0 0 E,
and similar  quantities with  respect to
A, A,
A=l .
A3 A4_
Then (35) may be written as
F, x(i+1,))+F, x(i,j+1) = Ax(i,)) (37)

Consequently all the results derived in this section
still hold for the Roesser model (35) on taking into
account the relation (36).

Following the same ideas, those results can
casily be extended to the following general two
dimensional system model:

Ex(i+1j+1)=Ax(1,))+Ax(0,j+1)+Ax(i+1))
(3%)

Example 1

To illustrate the application of Theorem 2, we
consider the system (1), where,

10 02 1
E = A=
o oA
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Since (AE—A)'exists for A=0, then we can
choose A =0 so that, E=A'E, A = -1,.
we get:

. |-1/02 0 ., [-02 O
E= ,E7 =
0 0 0 O

The consistence conditions are given
following form:

xm)=EEDx«»=[XﬁOq

in the

It is not hard to see that the system (1) takes the
form:

. ox |
x(k+1)=EPA =

. o}‘(k)

2
Letpn(k)::{3}2_k10g(k—+1.01)

5
and pz(k)::[6}2klog(k-+1.01).
It is obvious that condition P(k +1)>Hp(k)holds
02 0 .
where H = that is
0 0
1
- 15|
pk+1)= 5 s 27" log(k +2.01)

3

0.4

> 27 log(k +1.01)

As it is illustrated by Fig. 1, it is easy to see that
this system is CWASp .

where x(k) =[x, (k) 0]

Example2
Now, we consider the 2-D Fornasini- Marchesini
model described by (17) where,

1 0 0.1 1 0 1
E= , A= , B=
0 0 0 02 1 0
(E, A) is regular [2] if we choose A =0 then,

E=-A"E
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and p,(k)=[p,;(k) p,®)]" .

¥l -rhoii

Fig .1: The trajectory of x,(k) _ p,,(k)

x1 +rho21
14 I I
| |
a S S
: :
0.5¢ R Femmnnan
: :
' | |
I 20 41 G

Fig . 2: The trajectory of x,(k) _ p,,(k)

then we obtain:
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0 1 0 1
and then, H, :L 0} and H, :{0 O]

Let,
- 3 ) i :
pl(l,_])=[0 SJZ 37'1log (i+1.01)log(j+1.01)
And
N £ PR, :
pz(l,J)z[JZ 37 log (i+1.01)log(j+1.01)

It is obvious that condition (26) holds. The
following figure shows clearly that this system is
CWASDP

x(i, ) =[x,G,7) %, )]
P i) =[P Gi) prGD]

P i) =[Py Gi) PuGi]

xl-thoti

¥2-rho1?2

u.oz

Fig .3: Trajectories of x(i, j) _ p,(i,])
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WA Hrho22

Fig .4: Trajectories of x(i, j) +p,(1,])

Conclusion

In this paper, we have given an extension of the
componentwise asymptotic (exponential) stability
concept for singular 1D and 2D discrete linear
singular systems. Necessary and sufficient
conditions  for  componentwise  asymptotic
(exponential) stability have been established. We
considered also the symmetrical particular case,
results have been obtained by applying the same
approach. To show the validness of the theoretical
results two numerical examples have been given.
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