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Abstract:—  This paper will present a new mathematical model and control of the hydraulically

actuated suspension system for the half model. The model presented takes into account all the pressure
difference parameters inherent in the hydraulic cylinder. However, from the derived mathematical
expression for the systems, it is found that the system may experience a mismatched condition
problem due to the nature of the road disturbance which is not in phase with the control input. In order
to achieve the desired ride comfort and road handling and to solve the mismatched condition, a
proportional-integral sliding mode control (PISMC) technique is presented to deal with the system and
uncertainties. Extensive simulations are performed for different road profiles and the results showed
that the proposed controller performed well in improving the ride comfort and road handling for the
half car model using the hydraulically actuated suspension system. It is shown that the proposed
controller is capable to overcome the mismatched condition problem that present in the active
suspension system. Furthermore, the results also showed that the system is completely insensitive to

the external disturbance due to the road surface irregularities.
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1 Introduction

A car suspension system is the mechanism that physically
separates the car body from the wheels of the car. The
suspension system can be categorized into passive, semi-
active and active suspension system according to external
power input to the system and/or a control bandwidth [3].
Active suspensions differ from the conventional passive
suspensions in their ability to inject energy into the system, as
well as store and dissipate it. Various control strategies have
been proposed by numerous researchers to improve the trade-
off between the ride comfort and road handling. Therefore,
this action is directly will suppress vibrations of the car body
and car wheel simultaneously [26]. These control strategies
are included LQR method [4], [6], [19]; H-infinity control
[20]; sliding mode control (SMC) [1], [8], [14] and many
others.

The simplest method to model the active suspension
system is assuming that the system has a linear force input.
Unfortunately, this method does not give an accurate model of
the system because the actuator’s dynamics have been ignored
in the modeling In order to overcome the problem, the
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hydraulic actuator dynamics are considered in the design of
active suspension system. Thus, in this paper, a complete
formulation of the active suspension system actuated by
hydraulic actuator based on the formulation presented by [21]
and [23] which is known as a proportional-integral sliding
mode control (PISMC) technique is proposed for half car
model. The results also showed that the system is completely
insensitive to the external disturbance due to the road surface
irregularities.

2 Modeling

Modeling of the active suspension systems in the early days
considered that input to the active suspension is a linear force
as [4], [7] and [18]. Recently, due to the development of new
control theory, the force input to the active suspension
systems has been replaced by an input to control the actuator.
Therefore, the dynamic of the active suspension systems now
consists of the dynamic of suspension system plus the
dynamic of the actuator system. Hydraulic actuators are
widely used in the vehicle active suspension systems as
considered in [2], [5], [10], [11], [21], [22] and [23].

The active suspension system of the half car model is
shown in figure 2.1. Let f; and f, be the force inputs for the
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front and rear actuators, respectively. Therefore, the motion
equations of the active suspension for the half car model may
be determined as follows [16], [23]:
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Fig. 1 The active suspension for the half car model
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Equations (1) - (4) can be written in the following form:
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The state space representation of the motion equations may be
written in the following form:

Xn, () = Ay, Xp, (1) + Gy, Wy (1) (7
where
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where the non-zero elements of A, and G, matrices are:
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To integrate the hydraulic actuators dynamics to the half car
suspension system, the following mathematical approach is
proposed. The derivation starts with rewriting the motion
equation of half car active suspension in equation (5) into the
following form,

Xp, +Mp, 7S Xy + My Ty Xy =M, "Dy Ry + M, B W (12)
Defining the new state vector x;, ,

=X u
Xp =[Xp Xy il (13)

. . . . T
:[be Xwt Xor Xwr Xof  Xwr Xor  Xwr ff fr]
Let the rate of change of the control forces for the front and
rear hydraulic actuators can be written as:
fr = Fup fy = FonXp + Fapu
where
n=0fr f1 5 Xp =D Xwt Xor Xw] and u=[u¢ u] ;

(14)
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Therefore, by augmenting equation (12) and equation (14) the
state space representation of the half car active suspension
system with the hydraulic dynamics may be obtained as
follows:
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where the non-zero elements of the matrix A, are as given in
Appendix A, and

(18)
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It can be observed from equations (18) and (19) that the non-
zero elements of the disturbance matrix Gy are not in phase
with the input matrix B,,. Therefore the system suffers from
the mismatched condition.

The parameter values used for the active suspension system
are listed as shown in Table | [4];

Table I  Parameter values for the half car suspension
Mass of the car body, My 17944 Kg
Moment of inertia for the car body, 3443.05
I, Kgm®
Mass of the front wheel, ! 87.15 Kg
Mass of the rear wheel, Mhur 140.04 Kg
Stiffness of the front car body spring, 66824.2 N/m
Kot
Stiffness of the front car body spring, 18615.0 N/m
I(br

. ks 101115 N/m
Stiffness of the front car tire,
Stiffness of the rear car tire, Kur 101115 N/m
Damping of the front car damper, Cof 1190 Ns/m
Damping of the rear car damper, Cor 1190 Ns/m

The parameter values for the front and rear hydraulic actuators
are Ayg=A,=1s and A, =A;=10kNs/m as presented in
[23].

The dynamic equation for the hydraulically actuated active

suspension system for the half car model in state space form
as follows:

yf =
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To study the robustness of the active suspension subject to
various road profiles irregularities, two set of road profiles
will be used in this study. The first road disturbance w(t)
representing a single bump may be given by the following
equation [5]:

a(l—cos8at)  1.25sec <t <1.5sec
)~ |

20
0 otherwise (20)

where a=0.11 . While the other road profile representing the

road surface with multiple bumps of uniform height. The
height of each bump is 11 cm. The mathematical model of
bump for such road profile is given as:

a(l—cos8at), 1.25sec<t<1.5 sec,

3.00sec <t <3.25sec,

5.00sec <t <5.25sec,

7.00sec <t <7.25sec,

9.00sec <t <9.25sec.
0, otherwise

where a=0.11. The road profiles are as shown in Figures 2
and 3, respectively.

w(t) = 1)

ROAD PROFILE 2 (RP2)

HEIGHT (m)
o

g
08 1 12 1.4

TIME (s2c)

Fig. 2 Road profiles that represented 11 cm bump

16 18 2
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Fig. 3 Road profile that represented by multiple 11 cm bumps

3 Controller

The model can be written in the following form:

Xp (1) = AqXp (t) + Brup (1) + fr (x.1) (22)
where x,(t) e ®R" is the state vector, u,(t)e®™ is the
control input, and the continuous function f(x,t) represents

the uncertainties with the mismatched condition.
Some assumptions that are taken into account in this paper;
i) The state vector x,(t) is fully observable.

ii) There exist a known positive constant g, such that
10 (O] < A4

iii) The pair (A,,B,) is controllable and the input matrix
B, has full rank.

In this study, the proportional integral sliding surface for a

half car suspension model is defined as follows:

o ()= Coxy (1) = [ 1C, A, +C,B, K, X, (1A () (23)

where B, e R™"
model,C, e ®™" and K, e R™" are the constant matrices,
respectively, m is the number of inputs and n is the number
of system states. Thus, it can be seen that the active
suspension system for the half car model has two sliding
surfaces. Let the sliding surface for front and rear suspensions
be defined as oy (t) and oy, (t), respectively.

is the input matrix for a half car

For the half car model, m=2 and hence the matrix C,, has
the following structure:

c - Ci1 Cip o cfn} 24)
Cqy Crp  wone Crn
The matrix C, is chosen such that C.B,eR™™ s
nonsingular, while the matrix K,, is chosen such that
Amax (A, +BpK}) <0 (25)

The condition forced by equation (24) guarantees that all the
desired closed loop poles are located in the left half of the s-
plane to ensure stability. The gain matrix K, may be

determined by using pole placement method with the pre-
specified pole locations. In this work, all parameters are
obtained by using the sensitivity test. These parameters are
also can be obtained using a Linear Matrix Inequalities as
suggested in [24].

The control input of the sliding mode control can be written as
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up (t) = Un,, (t) +up_(t) (26)
The switching control uy, (t) is selected as follows:
Up, (£) = (C4Bp) oy sIN( oy (1)) 27)

It can be seen from equation (26) that the switching control
up (t) is nonlinear and discontinuous. The chattering effect

caused by the sgn(oy,(t)) function may be replaced by the
continuous function. Hence the switching control becomes:

Uy, = (C,B) 1 % (28)

where &, is the boundary layer thickness which is selected to
reduce the chattering problem and p,, is the design parameter

which is specified by the designer. The chattering reduction
for a nonlinear system has been discussed in [25]. Therefore,
the proposed proportional sliding mode controller for the half
car active suspension model is given as follows:

Up (1) = Kpxp (t) = (CpBp) 1Ch f (1) —

(ChBy) 'pn | o1 (1)

EELCH RA.0 29
|Uh(t)||+ 5h ( )

where p, >0.

4 Simulation Results

Simulation task is performed using Matlab/Simulink software.
Figures 4.1- 4.6 show the comparison between passive
suspension, linear state feedback (LSF) and PISMC.

The first step in the design is to determine the relevant
parameters value for the sliding surface equation (23) and the
PISMC equation (29). These are carried out according to the
following steps:

Step 1: Determine the pre-specified (desired) closed loop
poles location.
Step 2:  Determine the gain matrix K, in equations (23) and

(29) by using the pole placement method with respect to the
desired pole locations as defined in Step 1.
Step 3:  Choose the appropriate value for the matrix C,, in

equations (23) and (29) by trial and error approach.
Step 4:Select the appropriate values for p, and o,
equation (29).
Step 5:Run the simulation and observe the performance of the
system. Repeat Steps 3 and 4 if the performance is not
satisfactory.

The simulations are performed with the following
parameters:
The pre-specified poles location is set at:
[-30 —20 —-40 -40 -60 —-60 —80 —80 —100 -104
By utilizing poles placement method, based on the given poles
location, the gain K,, can be calculated as follows,

—488<10°

in

—505x10" —15810F —547x10° 542x10°

381x10°  506x10° -507x100 -512x10° 834x10/
083x107  237x107 -3.62x10° —33034 259
—6.32x10° —456x10° 1.61x10° 721 —33049
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By using trial and error method, the following C,, matrix
is used in the simulation:
2435689214
{7135427543}'

The following values of p, and &, in the proposed
controller have been used:

100 1
- d o, = .

For comparison purposes, the performance of the PISMC
is compared to the active suspension system for the half car
model using linear state feedback (LSF) control approach and
also passive suspension. The following linear state feedback
law is used:

Upge (1) = KX, (1) (30)

The suspension travel for the front and rear suspensions
for the active suspension system using PISMC and LSF
controllers and also the passive suspension system are shown
in Figures 4 and 5. The results show that the PISMC
technique perform better as compared to the others especially
for the rear suspension performance. Furthermore, the
suspension travel of both controllers is within the distance of
+8cm . Figures 6 and 7 describe the response of the wheel
deflection for the passive suspension system and also for the
active suspension system using the PISMC and SLF
controllers.

The simulation results show that the active suspension
system with the PISMC approach has a better tyre to road
surface contact, hence directly improved the car handling as
compared to the LSF method and the passive suspension
system. Figures 8 and 9 show that the body acceleration of
the proposed controller is slightly reduced as compared to the
LSF method and the passive suspension system.

SUSPENSION TRAVEL (FRONT)

i

DISTANCE (m)

--- Passive

0 05 1 15 2 25 3 35 4 45 5
TIME (35

Fig. 4 Suspension travel of the half car front suspension (single
bump)
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SUSPENSION TRAVEL [REAR)

DISTANCE (m)

- Passie | |

0o 05 1 15 2 25 3 35 4 45 3
TIME (sec)

Fig. 5 Suspension travel of the half car rear suspension (single bump)

WHEEL DEFLECTION (FRONT)

N ---- Passhe
B — LSF
b I — PISMC

006

DEFLECTION (m)

0s 1 1.5 2 2.5 3 35 4 45 5
TME (5ec)

Fig. 6 Wheel deflection of the half car front suspension (single
bump)

WWHEEL DEFLECTIOM (REAR)

DEFLECTION (m)

005
--- Passive
=1

0o 05 1 15 2z 25 3 35 4 45 5
TIME (sec)

Fig. 7 Wheel deflection of the half car rear suspension (single bump)

BODY ACCELERATION (FROMNT)

)

ACCELERATION (mis?)

4 b T- Passie |

0 05 1 15 2 25 3 35 4 45 5§
TME (sec)

Fig. 8 Body acceleration of the half car front suspension (single
bump)
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BODY ACCELERATION (REA2R)

2

ACCELERATION (mis?)

25 3 35 4
TIME (zec)

Fig. 9 Body acceleration of the half car rear suspension (single
bump)

1.5 2

Figures 10-15 illustrate the performance of the proposed
controller in overcoming the disturbances in the form of
uniform multiple bumps. It can be seen that the wheel
deflections and body accelerations of the front and rear
suspensions for the half car active suspension system have
been improved as compared to the passive suspension system
for both road profiles. It means that, the PISMC has
significantly improved the ride comfort and road handling
qualities for the half car active suspension model.

SUSPENSION TRAVEL (FRONT - RP4)

— - Passive
— Active

DISTANCE (m)

6
TIME (sec)

Fig. 10 Suspension travel of the half car front suspension (multiple
bumps)

SUSPENSION TRAVEL (REAR - RP4)

DISTANCE (m)

10

12
TIME (sec)

Fig. 11 Suspension travel of the half car rear suspension (multiple
bumps)
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Fig. 12 Wheel deflection of the half car front suspension (multiple

bumps)

DEFLECTION (m)

DEFLECTION (m)
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WHEEL DEFLECTION (FRONT - RP4)

TIME (sec)

WHEEL DEFLECTION (REAR - RP4)

TIME (sec)

Fig. 13 Wheel deflection of the half car rear suspension (multiple

bumps)

Fig. 14 Body acceleration of the half car front suspension (multiple

bumps)

Fig. 15 Body acceleration of the half car rear suspension (multiple

bumps)

865

ACCELERATION (m/s?)

ACCELERATION (m/s?)

BODY ACCELERATION (FRONT - RP4)

TIME (sec)

BODY ACCELERATION (REAR - RP4)

6 8

TIME (sec)
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In the following simulations, the effect of varying the
constant p,, in the proportional sliding mode controller is

studied. For the half car active suspension model, p;, is
represented by the matrix [p, oy, 1" where Pn, and py
are the sliding gains for the front and rear suspensions,
respectively. The reaching mode condition is satisfied if
Pn, >0 andp, >0, and not satisfied if p, <O
and p, <0.

The following values of the sliding gains p, and p, have
been  considered in the simulation: Case 1
pn=[1x10° 1x10°]" (reaching mode condition is satisfied)

Case 2: p,=[-1x10° -1x10°]

condition is not satisfied)
The other parameter constants are similar as before.
Figures 16 and 17 exhibit the sliding surfaces of both cases.

(reaching  mode

Sliding surfacs (kont)

Slidng surases

— Postie S Gain
-~ Negathe 5.Gan |

45 5

25 3 35 4
Time (sec)

s 2
Fig. 16 Sliding surface for varying the parameter P,

Slidling surfacs (rsa)

Sliding surfaces

— Positive 5.Gdn
---. Megaiwe 5.Gain |

45 5

25 3 35 4
Time (sex)

Fig. 17 Sliding surface for varying the parameter p,

15 2

It can be observed from both figures that for the positive
sliding gains, the state trajectories for the front and rear active
suspensions slide onto the sliding surfaces. In contrary, for
the negative sliding gains, the state trajectories do not slide
onto the sliding surfaces. Thus, the reaching mode condition
is satisfied when the sliding gains are both positive. Figures
18-25 illustrate the effects of varying the sliding gain on the
suspension travel, wheel deflection, body acceleration and
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actuator force for front and rear suspensions.

Fig.

Fig.

Fig.

Fig.

866

Suspension travel (front)
07

0.6 ‘
05
0.4

0.3

Travel (m)

0.2

0.1

! —— Positive S.Gain
— - Negative S.Gain

26

0.1 h

-0.2
1 18 2 2.8 3

Time (sec)

22 24

18 Suspension travel for varying the parameter P,

Suspension trawel (rear)

Travel (m)

22 2.4 28 3

26

Time (sec)

19 Suspension travel for varying the parameter Pn,

Wheel deflection (front)

0.4
03 N
A
02 ! A
i \
\
0.1 I .
N
g0 ; s _
< \ {
S -01 |
8 \
2 !
802 () |
03 !
L
0.4 !
| — Positive S.Gain
-0.5 \) — - Negative S.Gain
J
0.6
1 11 12 13 14 15 16 17 18 19 2

Time (sec)

20 Wheel deflection for varying the parameter Ph,

Wheel deflection (rear)

)

Deflection (m)

v — Positive S.Gain
— - Negative S.Gain

19 2

15 16 17 18
Time (sec)

21 Wheel deflection for varying the parameter Pn,

1 11 12 13 14
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250

Body acceleration (font)

200 I

150

100 I

Acceleration (m/s?)

-100

| — Positive S. Gain
| — - Negative S. Gain

13 14 15 16 17 18 19 2
Time (sec)

22 Body acceleration for varying the parameter Ph,

Body acceleration (rear)

Acceleration (m/s?)

| — Positive S.Gain
— - Negative S.Gain

14 15 16 17 18 19 2
Time (sec)

Fig. 23 Body acceleration for varying the parameter P,

Fig.

Fig.

x 10

Actuator force  (front)

Force (N)
-

0.5

0.5

— Positive S. Gain
— - Negatie S. Gain

1 12 14

16 18 2 22 24 26 28 3
Time (sec)

24 Actuator force for varying the parameter Ph,

Actuator force  (rear)

Force (N)
°

— Positive S.Gain
— - Negatie S.Gain

18 2 22 24 26 28 3
Time (sec)

25 Actuator force for varying the parameter P,
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5 Conclusion

A modeling and a control technique known as a proportional
integral sliding mode control for an active suspension system
have been proposed and analyzed. One of the most attractive
advantages of the sliding mode control is that the controller is
robust to any uncertainties while it is in the sliding mode
condition.

As compared to the linear state feedback control technique
and passive suspension system, the proposed controller
showed great riding comfort and road handling quality
without sacrificing the limitation on the suspension travel. As
a conclusion, it is shown that the proposed proportional
integral sliding mode controller improves the performance of
the hydraulically actuated active suspension systems for half
car model with the ability to keep the suspension systems
stable and robust even on rough roads.
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