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Abstract: - This paper present a novel approach for incremental computation of Radial Basis Functions (RBF)
for Fuzzy Systems and Neural Networks with computational complexity of O(N) is presented. This technique
enables efficient insertion of new data and removal of selected or invalid data. RBF are used across many
fields, including geometrical, image processing and pattern recognition, medical applications, signal
processing, speech recognition, etc. The main prohibitive factor is the computational cost of the RBF
computation for larger data sets or if data set is changed and RBFs have to be recomputed.

The presented technique is applicable in general to fuzzy systems as well offering a significant speed up due to
lower computational complexity of the presented approach. The Incremental RBF Computation enables also
fast RBF recomputation on “sliding window” data due to fast insert/remove operations. This is a very
significant factor especially in guided Neural Networks case. Generally, interpolation based on RBF is very
often used for scattered scalar data interpolation in n-dimensional space. As there is no explicit order in data
sets, computations are quite time consuming that leads to limitation of usability even for static data sets.
Computational complexity of RBF for N values is of O(N®) or O(k N?), k is a number of iterations if an iterative
method is used, which is prohibitive for many real applications. The inverse matrix can also be computed by
the Strassen algorithm based on matrix block notation with O(N**°") complexity. Even worst situation occurs
when interpolation has to be made over non-constant data sets, as the whole set of equations for determining
RBFs has to be recomputed when data set is changed. This situation is typical for applications in which some
values are becoming invalid and new values are acquired.

Key-Words - RBF, interpolation, incremental computation, neural networks, fuzzy systems, algorithm, matrix
inversion.

1 Introduction _(A-maP@), 0<r<1

$(r) = 0, r>1 ’
Radial basis functions interpolation was originally _ ’ ] ' _
introduced by [Hardy 1971] by introduction of where: P(r) is a po!ynomlal fqnc‘uon and g is a
multiquadric method, which he called Radial Basis parameter. An analysis of algorithms of RBF for
Function (RBF) method, which is based on neural networks can be found in [Stastny et all

interpolation formula 2007].

N Theoretical problems with stability and solvability
fx) = z A () were solved by [Micchelli 1986] and [Wright 2003 ]
— P and he has extended the RBF by adding a

) polynomial function P, (x) of degree k to the RBF
where: ¢(1;) = ¢(]lx — x;]]) and x is generally n- that resulted to:
dimensional vector and A; are weights. Since then

many different RFBF interpolation schemes have Al
been developed with some specific properties, e.g. fx) = Z A; p(llx — x; ) + Pr(x)
[Duchon 1977] uses ¢(r) = r?lg r, which is called i=1 N

S . . — _(er)z
Thin-Plate Spline (TPS), a function ¢(r) = e _ Z 2; (%) + P(x)
was proposed by [Shagen 1979] and [Wetland 2005] b

introduced Compactly Supported RBF (CSRBF) as
and additional conditions were introduced:
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?’zllizo {V:l/Lx=O

Usually a linear polynomial is used, i.e. the
polynomial P;, (x) is taken as
Pi(x)=ap+a’ x

As the values f(x;) at points x; are known, the
equations above form a system of linear equations
that has to be solved in order to determine
coefficients A; and ay, a, i.e.

f(x) =Zzi¢<||x]- —x|[) + Pe(x)

N
= Z/‘ll ¢i,j + Pk(x])
=1
j=1,..,n

It can be seen that for n-dimensional case and N
points given asystem of (N +n+ 1) has to be
solved, where N is a number of points in the dataset
and n is dimensionality of data. For n=2 vectors X;

. T
and a are given as x; = [x;,y;]” and a = [a,, ay] :

Using the matrix notation we can write for 2-
dimensions:

(P11 - Piv 1 ¥ A4 fi
dn1 - dyn v yv 1 Ay — fn
x1 e xN 0 0 0 ax 0
y. .. yv 0 0 0f|l% 0
A | 0 o0 olta 0
B PI[A_[f .
[pr ollal=lg] ax=b

a’ x;+ap=a,x; +a,y; +a,

It can be seen that for 2-dimensional case and N
points given a system of (N + 3) linear equations
has to be solved. If “global” functions, e.g. TPS
(¢(r) =1r2lg r), are used the matrix B is “full”, if
CSRBF functions are used, the matrix B can be
sparse.

Applications of RBF in Fuzzy Systems and Neural
Networks are widely known, e.g. [Hunt et al 1996],
[Gonzalez et al 2003], [Maglogiannis et al. 2008]
and [Berthold et al 1998]. Unfortunately they use
standard RBF computation.
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Fig.1: Surface reconstruction (438000 points)
[Carr et al. 2001]

Original image
[Bertalmio et al. 2000]

Reconstructed image
[Uhlir and Skala 2006]
Fig.2: Reconstruction of inpainting

Fig.3a: Original image with 60% of damaged pixels

Fig.3b: Reconstructed image

There are also other interesting problems that can be
solved using RBF interpolation quite effectively,
e.g. surface reconstruction from scattered data [Carr
et al. 2001], [Ohtake et al. 2005], reconstruction of
damaged images [Uhlir and Skala 2006], [Zapletal
et al. 2009], inpainting removal [Bertalmio et al.
2000], [Wang and Kwok 2009] etc.

Let us consider, for simplicity, geometrical analogy.
It should be noted that in geometrically based
applications we have to handle many and many
points, so extreme efficiency is needed.

All those applications of RBFs based interpolation
has one significant disadvantage — the cost of
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computation. This is especially in
applications where data are not static.

Generally we are looking for RBF interpolation of
z=f(x,y) in two dimensional case, where X, y are
“points”, i.e. independent variables while z is the
value associated with this point.

There are actually two cases:

1. Position of points is fixed, but the value
associated with a point is changed. In this case
iterative methods are usually faster than
explicit computation of an inverse matrix.

Severe

2. Position of points is changed. It means that
the whole system of linear equations has to be
form and recomputed which leads generally to
O(N®)  computational  complexity  and
unacceptable time consuming computation.

In some applications a “sliding window” on data is
required, especially in time related applications,
when old data should not be used in the
interpolation and new data should be included. This
is typical situation in signal processing applications.

Considering facts above there is a questions how to
compute RBF incrementally with a lower
computational complexity?. This question will be
answered in the following section.

2

The main question to be answered is:

Incremental RBF computation

Is it possible to use already computed RFB
interpolation
if a new point is included to the data set?

If the answer is positive it should lead to significant
decrease of computational complexity. In the
following we will present how a new point can be
inserted (new data given), a selected point can be
removed (non-relevant data are to be removed) and
also how to select the best candidate for a removal
according to an error caused by this point removal.

The above mentioned operation are needed
especially in neural networks and they lead to
change of the dimensionality of the matrix A, resp.
M.

Sherman-Morrison formula

Sherman-Morrison formula states, that inverse

matrix of A perturbed by u ® v = u v" (note that it
is column x row operation — the result is a matrix)
can be computed as

LA @A™
1+2

A+u®uv)1=A4

where: 1 = vT4A 1u .
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Please, see section 2.1 for actual matrix structure,
now. We can see that the matrix u @ v is a very
special as it will contain only last column and last
row of non-zero values generally.

Then, in our case, the incremental computation is
made actually in 3 steps:

e QGeneration of a new matrix B as an
extension of the matrix A by one row and

one column SO that
Ai,j 1, .. n
Bij=y1 ij=Mn+1n+1)
0 othewise

e B, =B+lastrowofu®@v
e B, =B, +lastcolumnofu ® v

Now we can apply the original Sherman-Morison
formula for the case that a new point — new data — is
inserted to the data set. The problem is with the
removal of improper point- improper data from the
given set. The Sherman-Morrison formula is aimed
for general the perturbation case.

In the case of the incremental RBF interpolation we
do have a very specific case, where the matrix A is
symmetric with a very special structure, as it was
presented above. This should lead to more efficient
computational method.

Let us consider some operations with block matrices
(we will assume that all operations are correct and
matrices are non-singular in general etc.).

[A B
cC D

_ [ (A-BDO)? —-A"'B(D - CcA™'B)?
T l-(p-cAa'B)tcat (D-cA'B)!
Let us consider a matrix M of (n+1) x (h+1) and a
matrix A of n % n in the following block form:

_[A b
M= [bT c]
Then the inverse of the matrix M applying the rule
above can be written as:

1 |
(A — —bbT) ——A7'b
M—l — C k
——pTA? l
k k
A1+ lA‘lbbTA‘1 —lA‘lb
= k k
1 1
——pTA Y —
k k
where: k =c—bTA™ b
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[ $11 d1n b1n+1 X1 i 1A
: .. : : 1
dn1 dN N DN N+1 XN YN 1
ON+11 Odn+in  Pn+iN+1 XN+1 INe1 L An+1
X1 XN XN+1 0 0 0
Y1 . YN YN 0 0 0
1 .. 1 1 0 0 0
— f1 -
fn
= (fn+1
0
0
L o |
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We can easily simplify this equation if the matrix A
is symmetrical as:

f:A_lb k=C_ETb
ot LA+ E0ET
K| - 1

where: E§®E&T means the tensor multiplication. It can
be seen that all computations needed are of O(N?)
computational complexity.

It means that we can compute an inverse matrix
incrementally with O(N?) complexity instead of
O(N®) complexity required originally in this specific
case. It can be seen that the structure of the matrix
M is “similar to the matrix of the RBF specification.

Now, there is a question how the incremental
computation of an inverse matrix can be used for
RBF interpolation?

We know that the matrix A in the equation Ax = b
is symmetrical and non-singular if appropriate rules
for RBFs are kept.

2.1 Point Insertion

Let us imagine a simple situation. We have already
computed the interpolation for N points and we need
to include a new point into the given data set. A
brute force approach of full RBF computation on the
new data set can be used with O(N®) complexity
computation.

Let us consider RBF interpolation for N+1 points
and the following system of equations is obtained:

Where: ¢i,j = ¢j,i

Reordering the equations above we get:
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r 0 0 0 X1 Xy XN+1
0 0 0 1 . YN YN+1
0 0 0 1 .. 1 1
X1 1 1 b11 b1n b1n+1
XN YN 1 ¢y bn N DN N+1

[Xnvs1 Yne1 1 Dns1a On+in  Dnsin+1d
— 0 -

0
0
=| f1
fn
L1

We can see that last row and last column is
“inserted”. As RBF functions are symmetrical the
recently derived formula for iterative computation
of the inverse function can be used. So the RBF
interpolation is given by the matrix M as

_JA b
M= [bT c]
where the matrix A is the RBF matrix

(N+3) x (N+3) and the vector b (N+3) and scalar
value c are defined as:

1 ¢1,N+1

C=dnr1n+1

b=[xny1 Yn+1 dnn+1]T

It means that we know how to compute the matrix
M~ if the matrix A~* is known.

That is exactly what we wanted!

Recently we have proved that iterative computation
of inverse function is of O(N?complexity, that
offers a significant performance improvement for
points insertion. It should be noted that some
operations can be implemented more effectively,
especially §®&T = A~1bbT A1 as the matrix A~!
is symmetrical etc.

2.2 Point Removal

In some cases it is necessary to remove a point from
the given data set. It is actually an inverse operation
to the insertion operation described above. Let us
consider a matrix M of the size (N+1) x (N+1) as

=g ]

Now, the inverse matrix M ' is known and we want
to compute matrix A", which is of the size N x N.

Recently we derived opposite rule:
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A b
M= [bT c]
f:A_lb k:C—ETb
Ay eET g
M- = k k> _ [Qll le]
1., 1 Q1 Q2
——¢ —
k k

It can be seen that
1
Q=41+ Ef®5T
and therefore
-1 _ 1 T
A7 = Qi — 80

Now we have both operations, i.e. insertion and
removal, with effective computation of O(N?)
computational complexity instead of O(N®). It
should be noted that vectors related to the point
assigned for a removal must be in the last row and
last column of the matrix M ™.

2.3 Point selection

As the number of points within the given data set
could be high, the point removal might be driven by
a requirement of removing a point which causes a
minimal error of the interpolation. This is a tricky
requirement as there is probably no general answer.
The requirement should include additional
information which interval of X is to be considered.
Generally we have a function

N
) =) 2 i) + P(®)
i=1

and we want to remove a point X; which causes a
minimal error g; of interpolation, i.e.

N

fi(x) = Ai $i(x) + P (x)

i=1,i#]

and we want to minimize
g = f |f () — f;(x)| dx
Q

where (2 is the interval on which the interpolation is
to be made. It means that if the point X; is removed
the error & is determined as:

5 =1 | #(lx—x)dx
As we know the interval 2 on which the

interpolation is to be used, we can compute or
estimate the error ¢ for each point X; in the given
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data set and select the best one. For many functions
¢ the error & can be computed or estimated

analytically as the evaluation of ¢; is simple for
many functions, e.g.

Inr 1
m+1 (m+1)2

frm Indr = rm+1

It means that for TPS function r? Inr the error g is
easy to evaluate. In the case of CSRBF the
estimation is even simpler as they have a limited
influence, so generally A; determines the error ¢;.

It should be noted, that a selection of a point with
the lowest influence to the interpolation precision in
the given interval {2 is of O(N) complexity only.

We have shown a novel approach to RBF
computation which is convenient for larger data
sets. It is especially convenient for t-varying data
and for applications, where a “sliding window” is
used. Basic operations — point insertion and point
removal — have been introduced. These operations
have O(N®) computational complexity only, which
makes a significant difference from the original
approach used for RBFs computation. Fig. 4
presents differences of computational time if one
point is added or removed to the given set with N
points. Fig.5 presents actual speed up defined as a
ratio of the standard and incremental computation.

==¢==Standard ==®=]Incremental

10 000,0
1 000,0
100,0
10,0
1,0 -

0,1 -

dimension

Fig.4: Comparison of computational time [ms] for
standard and incremental method
Dimension means number of points
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170
speed-up /
120

70

Speed-up

20

100 160 250 400 630 1000

dimension

Fig.5: Speed up for incremental computation
(1 point added /removed)

3 Implementation aspects

Radial basis functions are very powerful method as
it enables interpolation of scattered data generally in
k-dimensional space.

As experiments proved the incremental computation
of RBF is significantly faster than the :standard:
one.

Of course, it requires more computational power
than methods specialized on order data sets.
Unorganized data sets are very typical for some
applications like neural networks, data mining,
computer graphics etc. As computer graphics
applications process huge amount of data, typically
10°107 if points, we used computer graphics to
evaluate behavior of the RBF interpolation on large
data sets. A nice example of RBF use is a
reconstruction of images, as it is two dimensional,
damaged pixels are un-ordered, the complexity of
computation grows with the square of the image
resolution. As the image reconstruction is an
iterative process the RBF interpolation is called
many, many times. The extension of the RBF
interpolation to k-dimensional space is simple and
the matrix of RBF grows ON?), i.e. if the we
change the image size from 1000x1000 to
2000x2000 we have to count with 4-times more
elements of the matrix for RBF interpolation.

As the computational requirements grow fast, there
is a possibility to use Graphical processing Unit
(GPU) available on all PCs and notebooks today.
First experiments we made proved that speed up on
single GPU can be achieved by a factor 10-200.

Also, there are “personal supercomputers” based on
GPU like TESLA/FERMI from NVIDIA. In this
case significant speed up can be achieved as well.
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4 Conclusion

The proposed Incremental RBF Computation
method has advantages over the standard techniques
based RBF interpolation used in Fuzzy systems and
Neural Networks due to incremental insertion and/or
removal of points with decreased computational
complexity from O(N%) to O(N?). It enables to apply
this approach in applications when interpolation of
data in a “sliding window” and / or t-varying
interpolation data are required; in applications when
some data are becoming invalid, new data are
acquired and need to be included into the processed
data set, i.e. in typical cases of RBF use in Fuzzy
Systems or Neural Networks. Due to lower
computational complexity it is possible to handle
larger data sets in which scalar values are associated
with t-varying points, i.e. it is possible to handle
non-static data.

It is expected that the presented approach can lead to
development of new algorithms in Neural Networks
and Fuzzy Systems. As the proposed Incremental
RBF Computation uses vector — matrix operations
exclusively, the presented approach is suitable for
matrix-vector architectures including GPU/Larabee
architectures as well.
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Appendix

Additional references (related but not directly)
which could be of a reader interest if more deeply
interested in RBF

Face recognition using point symmetry distance-based RBF

network

Applied Soft Computing, Volume 7, Issue 1, January 2007,
Pages 58-70

Jamuna Kanta Sing, Dipak Kumar Basu, Mita Nasipuri,
Mahantapas Kundu

Corrective action planning using RBF neural network

Applied Soft Computing, Volume 7, Issue 3, June 2007, Pages
1055-1063

Daya Ram, Laxmi Srivastava, Manjaree Pandit, Jaydev Sharma

Suitability of different neural networks in daily flow forecasting

Applied Soft Computing, Volume 7, Issue 3, June 2007, Pages
968-978

Pankaj Singh, M.C. Deo

Application of neural networks in forecasting engine systems
reliability

Applied Soft Computing, Volume 2, Issue 4, February 2003,
Pages 255-268

K. Xu, M. Xie, L. C. Tang, S. L. Ho

A predictive and probabilistic load-balancing algorithm for
cluster-based web servers

Applied Soft Computing, In Press, Corrected Proof, Available
online 25 January 2010

Saeed Sharifian, Seyed A. Motamedi, Mohammad K. Akbari

Technical data mining with evolutionary radial basis function
classifiers

Applied Soft Computing, Volume 9, Issue 2, March 2009, Pages
765-774

Markus Bauer, Oliver Buchtala, Timo Horeis, Ralf Kern,
Bernhard Sick, Robert Wagner

Radial Basis Function Network based on Time Variant Multi-
Objective Particle Swarm Optimization for Medical
Diseases Diagnosis

Applied Soft Computing, In Press, Accepted Manuscript,
Available online 5 May 2010

Sultan Noman Qasem, Siti Mariyam Shamsuddin

Clustered-Hybrid Multilayer Perceptron network for pattern
recognition application

Applied Soft Computing, In Press, Corrected Proof, Available
online 5 May 2010

Nor Ashidi Mat Isa, Wan Mohd Fahmi Wan Mamat

Filter design using radial basis function neural network and
genetic algorithm for improved operational health
monitoring

Applied Soft Computing, Volume 6, Issue 2, January 2006,
Pages 154-169

Niranjan Roy, Ranjan Ganguli

Multilayer perceptron neural networks with novel unsupervised

training method for numerical solution of the partial
differential equations
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Applied Soft Computing, Volume 9, Issue 1, January 2009,
Pages 20-29
Yazdan Shirvany, Mohsen Hayati, Rostam Moradian

Estimation of current-induced scour depth around pile groups
using neural network and adaptive neuro-fuzzy inference
system

Applied Soft Computing, Volume 9, Issue 2, March 2009, Pages
746-755

Mohammad Zounemat-Kermani, Ali-Asghar Beheshti, Behzad
Ataie-Ashtiani, Saced-Reza Sabbagh-Yazdi

Soft computing system for bank performance prediction

Applied Soft Computing, Volume 8, Issue 1, January 2008,
Pages 305-315

V. Ravi, H. Kurniawan, Peter Nwee Kok Thai, P. Ravi Kumar

Prediction of a Lorenz chaotic attractor using two-layer
perceptron neural network

Applied Soft Computing, Volume 5, Issue 4, July 2005, Pages
333-355

Sanjay Vasant Dudul

A systematic comparison of metamodeling techniques for
simulation optimization in Decision Support Systems

Applied Soft Computing, In Press, Corrected Proof, Available
online 24 December 2009

Y.F. Li, S.H. Ng, M. Xie, T.N. Goh

The use of computational intelligence in intrusion detection
systems: A review

Applied Soft Computing, Volume 10, Issue 1, January 2010,
Pages 1-35

Shelly Xiaonan Wu, Wolfgang Banzhaf

Classification of communications signals using an advanced
technique

Applied Soft Computing, In Press, Corrected Proof, Available
online 16 December 2009

A. Ebrahimzadeh, S.E. Mousavi

Extrapolation detection and novelty-based node insertion for
sequential growing multi-experts network

Applied Soft Computing, Volume 3, Issue 2, September 2003,
Pages 159-175

Loo Chu Kiong, Mandava Rajeswari, M. V. C. Rao

An approach to mitigate the risk of voltage collapse accounting
uncertainties using improved particle swarm optimization

Applied Soft Computing, Volume 9, Issue 4, September 2009,
Pages 1197-1207

L.D. Arya, L.S. Titare, D.P. Kothari

Hybrid fuzzy set-based polynomial neural networks and their
development with the aid of genetic optimization and
information granulation

Applied Soft Computing, Volume 9, Issue 3, June 2009, Pages
1068-1089

Sung-Kwun Oh, Witold Pedrycz, Seok-Beom Roh

Interval type-2 fuzzy logic and modular neural networks for face
recognition applications
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