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Abstract: In this paper, we demonstrate the effectiveness of the (%,)—expansion method by seeking more exact
solutions of the SRLW equation, the (2+1) dimensional PKP equation and the (3+1) dimensional potential-YTSF
equation. By the method, the two nonlinear evolution equations are separately reduced to non-linear ordinary dif-
ferential equations (ODE) by using a simple transformation. As a result, the traveling wave solutions are obtained
in three arbitrary functions including hyperbolic function solutions, trigonometric function solutions and rational
solutions. When the parameters are taken as special values, we also obtain the soliton solutions of the fifth-order
Kdv equation. The method appears to be easier and faster by means of a symbolic computation system.
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1 Introduction Riccati equation [22,23], the Weierstrass elliptic func-
tion method [24], the theta function method [25-27],
the sineCcosine method [28], the Jacobi elliptic func-
tion expansion [29,30], the complex hyperbolic func-
tion method [31-33], the truncated Painleve expansion
[34], the F-expansion method [35], the rank analysis
method [36], the exp-function expansion method [37]

The nonlinear phenomena exist in all the fields includ-
ing either the scientific work or engineering fields,
such as fluid mechanics, plasma physics, optical
fibers, biology, solid state physics, chemical kinemat-
ics, chemical physics, and so on. It is well known
that many non-linear evolution equations (NLEESs) are

. . and so on.
widely used to describe these complex phenomena. o
Research on solutions of NLEEs is popular. So, the In [38,], Mingliang Wang proposed a new method
powerful and efficient methods to find analytic solu- called (% )-expansion method. Recently several au-
tions and numerlcal. solutions of r}onllnear equations thors have studied some nonlinear equations by this
have drawn a lot of interest by a diverse group of sci- Vel .
entists. Many efficient methods have been presented method [39-42].  The value of the ( G )-expansion
so far such as in [1-7]. method is that one can treat nonlinear problems by es-
In this paper, we pay attention to the analytical sentially linear methods. The method is based on the
method for getting the exact solution of some NLEES. explicit linearization of NLEEs for traveling waves
Among the possible exact solutions of NLEEs, certain with a certain substitution which leads to a second-
solutions for special form may depend only on a single order differential equation with constant coefficients.

Moreover, it transforms a nonlinear equation to a sim-

combination of variables such as traveling wave vari- : ) ; ]
ple algebraic computation. The main merits of the

ables. In the literature, Also there is a wide variety

of approaches to nonlinear problems for constructing ((g)—expansion method over the other methods are
traveling wave solutions. Some of these approaches that it gives more general solutions with some free
are the homogeneous balance method [8,9], the hy- parameters and it handles NLEEs in a direct manner
perbolic tangent expansion method [10,11], the trial with no requirement for initial/boundary condition or
function method [12], the tanh-method [13-15], the initial trial function at the outset.

non-linear transform method [16], the inverse scatter- o . . )
ing transform [17], the Backlund transform [18,19], Our aim 1/n this paper is to present an applica-
the Hirotas bilinear method [20,21], the generalized tion of the (ﬁ)—expansion method to some nonlinear
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problems to be solved by this method for the first time.

The rest of the paper is orgamzed as follows. In
Section 2, we describe the ( el ) -expansion method for
finding traveling wave solutions of nonlinear evolu-
tion equations, and give the main steps of the method.
In the subsequent sections, we will apply the method
to the SRLW equation, the (2+1) dimensional PKP
equation and the (3+1) dimensional potential—YT/SF
equation. In section 5, the features of the (%)—
expansion method are briefly summarized.

/
2 Description of the (@)-expansion
method

In this section we describe the (%, -

method for finding traveling wave solutions of non-
linear evolution equations. Suppose that a nonlinear
equation, say in two independent variables x, ¢, is
given by

) =0, (2.1)

P(“? Ut, Ug, Utt, Ugt, Uz, --

or in three independent variables z, y and ¢, is
given by

P(u, Ut, Ug, uya Utt, Ugt, uyta Ugq, uyy7 .

)=0,
(2.2)

where v = wu(x,t) or v = wu(w,y,t) is an
unknown function, P is a polynomial in u = wu(x,t)
or u = u(x,y,t) and its various partial derivatives,
in which the highest order derivatives and nonlinear
terms are involved. In the following, we will give the

!
main steps of the (% )-expansion method.

Step 1. Suppose that

u(z, t) =u(§), &=~&(,1) (2.3)

or

= u(§), (2.4)

U(ZL‘, Y, t) §= g(xayﬂf)

The traveling wave variable (2.3) or (2.4) per-
mits us reducing (2.1) or (2.2) to an ODE for u = u(§)

P(u, u',u", ...) = 0. (2.5)
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Step 2. Suppose that the solution of (2.5) can be
G/

expressed by a polynomial in (CT) as follows:

4 (2.6)

where G = G(€) satisfies the second order LODE
in the form

G" +\G' +puG =0 (2.7)

Qm, ..., A and p are constants to be determined
later, v, # 0. The unwritten part in (2.6) is also a

polynomial in (%/) the degree of which is generally
equal to or less than m — 1. The positive integer m
can be determined by considering the homogeneous
balance between the highest order derivatives and
nonlinear terms appearing in (2.5).

Step 3. Substituting (2.6) into (2.5) and using
second order LODE (2.7), collecting all terms with
!
the same order of (%) together, the left-hand side of
!
(2.5) is converted into another polynomial in (%)
Equating each coefficient of this polynomial to zero,

yields a set of algebraic equations for «,y, ..., A and
e

Step 4. Assuming that the constants y,, ..., A and
1 can be obtained by solving the algebraic equations
in Step 3. Since the general solutions of the second
order LODE (2.7) have been well known for us, then
substituting «,, ... and the general solutions of (2.7)
into (2.6) we have traveling wave solutions of the non-
linear evolution equation (2.1) or (2.2).

/
3 Application Of The (% )-
Expansion Method For The SRLW
Equation

In the following three sections, we will apply the

!
( e )-expansion method for getting the exact solutions

of some nonlinear equations. First We consider the
SRLW equation [43]:

(3.1)

Ugztt + Ut + Uzg + Uy + uguy =0
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Suppose that

u(z, t) =u(&), & = kr + wt (3.2)

k,w are constants that to be determined later.
By using (3.2), Eq.(3.1) is converted into an ODE

(W2 + B + kwud” + kw(u')? + B2w?u® =0
(3.3)

Integrating (3.3) once, we obtain

(W? + EHu + kwud + B2y =g (3.4)

where g is the integration constant that can be
determined later.

Suppose that the solution of the ODE (3.4) can
!
be expressed by a polynomial in (%) as follows:
m .
wé) =Y ai(=) (3.5)
i=0

)

QR

where a; are constants, G = G(&) satisfies the
second order LODE in the form:

G"+ )G +puG =0 (3.6)

where A and 4 are constants.

Balancing the order of u® and uv/ in Eq.(3.4),
we get that

m+3=m+m+1 = m=2

So Eq.(3.5) can be rewritten as

! /

u(®) = an(Z)2 4 (%) + a0, ay £ 0

- - (3.7)
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as, a1, ag are constants to be determined later.

Substituting Eq.(3.7) into the ODE (3.4) and
!/
collecting all the terms with the same power of (%)

together, equating each coefficient to zero, yields a
set of simultaneous algebraic equations as follows:

G/
el
—2/<:2w2a1,u,2 — kwagaip — k2w2a1)\2u
—6k% W agp? = 0

)O D —klaip —wlaip—g

G/
(5)1 . —kwatp — kwagar X — k2w?ay A3
—14k2w2ag)\2,u — 2kwagagp — wlai\
—16k2w2a2u2 — k2a1/\ — 8k2w2a1/\,u

—2wlagp — 2k agu = 0

G/

(G )2 . —8k%w?as\? — 2kwagas\ — k2ay

—kwa%)\ — 8k2w2a1,u — kwagpaq
—3kwayasp — 52k2w2a2)\u — w2a1
—2k%ag\ — TE2w?ai N2 — 2w?as) = 0

&y

—40k2w2a2u — 12k%0%a ) — kwa%

—2w2a2 - 38k:2w2a2)\2 — 3kwlaias

—2kwa%,u — 2k%ay — 2kwagas = 0

G/

(5)4 . —2kwa3 )\ — 6k*w?a; — 54k W as\

—3kwaias =0
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Gl
(6)5  —24kw?ay — 2kwa3 = 0

Solving the algebraic equations above, yields:

k=k
w=w
g=20
as = —12kw
a1 = —12kw
LW RPN 4 8K+ K
kw

ag = (3.8)

where A, u are arbitrary constants.

Substituting (3.8) into (3.7), we get that

/ /

u(€) = —12kw(%)2 — 12km(%)

_w2 + k2w + 8K%w?pu + K
kw

E=kx+wt (3.9)

where k,w are arbitrary constants.

Substituting the general solutions of Eq.(3.6) into
(3.9), we can obtain:

When A2 — 44 > 0

w1 (&) = 3kwA? — 3kw(\? — 4p)
1 1 2
(4 sinh B A2 — 4p€ + C5 cosh 5 A2 —4pué

1 1
C4 cosh 3 A2 — 4u€ + Oy sinh 5 A2 —4pué

w? + B2+ 8KR WP + k2
kw
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where
& =kx + wt,

k,w, C1,Cy are arbitrary constants.

When A2 — 4, < 0

un (&) = 3kwA? — 3kw(4p — \?)

1 1
—(C sin 3 4y — N2 + Cy cos B 4y — N2

1 1
C1 cos 5 Ay — N2€ + Cy sin 3 Ay — N2
B R i
kw
where
& = kx + wt,

k,w, C1,Cy are arbitrary constants.

When A2 — 44 =0

12kwC?
uz(&) = 3kwl? — LC%
(C1 + C%¢)
_w2 + k2w )2 + 8K%w?u + K?
kw
where
& = kx + wt,

k,w, C1, 5 are arbitrary constants.

!/
4 Application Of The (%)
Expansion Method For The (2+1)
Dimensional PKP Equation

In this section we consider the (2+1) dimensional PKP
equation [44]:

1 3 3
1“:01‘9696 + §uxuzx + zuyy + Uyt = 0 (41)
Suppose that

u(z, y, t) =u(f), £ =kr+ly +wt (4.2)
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k,l,w are constants that to be determined later.

By using (4.2), (4.1) is converted into:
1
Zk4u(4) + gk?’u’u" + (212 +kw)u” =0 (4.3)

Integrating (4.3) once, we obtain

3
1

3

1
Z/#u”’ + Sk (W) + (le + ko) =g (4.4)

where g is the integration constant that can be
determined later.

Suppose that the solution of (4.4) can be ex-

/
pressed by a polynomial in (%) as follows:

m G/ .
u(€) = a;(—=)" 4.5
© =3 e(g) (15)

where a; are constants, G = G(&) satisfies the
second order LODE in the form:

G" +\G' +puG =0 (4.6)

where \ and y are constants.

Balancing the order of v/ and (u/)? in Eq.(4.4),
we have

m+3=242m = m=1

So Eq.(4.5) can be rewritten as

!/

u(e) = a1 () + ao, a1 £0

a1, ao are constants to be determined later.

(4.7)

Substituting (4.7) into (4.4) and collecting all
!
the terms with the same power of (%) together

and equating each coefficient to zero, yields a set of
simultaneous algebraic equations as follows:

GI

3 1
(5)0 D —g — kwaip — lealu — §k4a1u2
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1 3
—Zk4a1)\2u + Zk?’a%/f =0

!
(g)l =2kt + gkga%)\u —

1
o Zkrag )3

4

—kwai \ — %alm =0

!
(%)2 : —Zk‘lm? + Zk‘?’a%)? — 2k

-l-;kga%u — kway — ZallQ =0

G 3
(5)3 : §k3a%A —3kYa A =0

el 3 3
(6)4 . Zk?’a% — §k4a1 =0

Solving the algebraic equations above, yields

a1:2k, ap = ao, k:k, l:l,

1R — 4kt 4 3

w=—7 ’ , g=0 (4.8)
Substituting (4.8) into (4.7), we have
G/
u(§) = 27{7(5) + ag
1 kA2 — 4k 12
§:kx+ly—1 k,u+3 t (4.9)

where k, [, ag are arbitrary constants.

Substituting the general solutions of Eq.(4.6) into
(4.9), we have:

When \? — 44 > 0
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up(€) = —kA + ky/A2 — 4p

1 1
(' sinh 5 A2 — 4u€ + C cosh 3 A2 —4ug

+ag

1 1
C cosh B A2 — 4u€ + Cy sinh 5 A2 — 4u€

442 4 2
where £ = k:p+ly—zlek)‘ _4;5“—'—3[ t,

C1,Co, k, 1, ag are arbitrary constants.

When A2 — 44 < 0

ug(§) = —kA + ky/4p — N2

1 1
—(C sin 5 Ap — N2€ + Cy cos 3 dp — N2

C1 cos 5 Adp — N2€ + Cy sin 3 Ay — N2

442 4 2
where £ = kx—&—ly—zllk/\ _4£”+3l t,

C1,C4, k, 1, ag are arbitrary constants.

When A2 — 44 =0

k(205 — CiA — CoAE)
(Ch + C3¢)

uz(§) =

ago

442 4 2
where £ = kx—s-ly_%k/\ —4]i:<:u+3l ‘

C1,C4, k, 1, ag are arbitrary constants.

5 Application Of The (%/)-
Expansion Method For The
(3+1) Dimensional Potential-YTSF
Equation

We consider the (3+1) dimensional potential-YTSF
equation [45]:

Ugzay + Uyl + gy + 2Uyr — 3uy, = 0 (5.1)

Suppose that
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u(z, y, z, t) =u(§), & = kx+my+rz+wt (5.2)

k,r,m,w are constants that to be determined
later.

By using (5.2), (5.1) is converted into:

E3mu™® + 6mk2u'v” + (2mw — 3kr)u” =0 (5.3)

Integrating (5.3) once, we obtain

E3mu” + 3mk*(u')? + (2mw — 3kr)u’ = g (5.4)

where ¢ is the integration constant that can be
determined later.

Similar to the last example, suppose:

w(© =Y ai( L) (55)

)

m G/
=0

where a; are constants, G = G(§) satisfies the
second order LODE in the form:

G" 4+ G+ pG =0 (5.6)

where A and p are constants.

Balancing the order of v/’ and (u/)? in Eq.(5.4),
we have

m+3=24+2m = m=1

So

/

u() = a1 (%) + ap, a3 £0

- (5.7)

a1, ag are constants to be determined later.

Substituting (5.7) into (5.4) and collecting all

!
the terms with the same power of (%) together
and equating each coefficient to zero, yields a set of
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simultaneous algebraic equations as follows:

: —g+ 3arkrp — 2amwp — 2k3man

—k3mai N+ 3k*maipu® =0

!/

(5)]L o 3arkrX — 8k3maiA\u — kK2mai X3

+6k2mai\pu — 2a1mw =0

!
(%)2 =T mai N2 + 3k*mai ? — 8k*maip

+3a1kr + szma%u —2a1mw =0

!/
(%)3 : 6k mai\ — 12k3maiA =0

Gl
(5)4 : 3k*ma? — 6k>ma; =0

Solving the algebraic equations above, yields

a1:2k:, ag:ao,k:k:
r=r,m=m, g=>0

—k3mA? 4+ 4k3mu + 3kr
2m

(5.8)

w =

Then

!/

u(€) = 24( ) + ao

—3mA? + 43 mp + 3k7°t

E=kx+my+rz+
2m

(5.9)
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where k, r, m, ag are arbitrary constants.

Substituting the general solutions of Eq.(5.6) into
(5.9), we have:

When A2 — 44 > 0

up(€) = —kA + ky/A2 — 4p

1 1
(' sinh 5 A2 — 4u€ + Cs cosh 3 A2 —4ué

C4 cosh 5 A2 — 4u€ + Cy sinh 5 A2 —4ué
where
—k*mA? 4 4K3 3k
E=kr+my+rz+ MA” Tt STmp Tt,
2m
C1,Cs, k,r,m, ag are arbitrary constants.
When A2 — 44 < 0
(&) = —kX + ky/4pu — N2
1 1
—(C sin 5 4y — N2 + Cy cos 5 4p — N3¢
C1 cos 5 Adp — N2€ + Cy sin 3 dp — N2

where

—k3mA? + 4k3mp + Bkr

E=kx+my+rz+
2m

C1,Cs, k,r,m, ag are arbitrary constants.

When A2 — 44 =0

k(20 — C1A — CoAE)

u3(£) = (Cl + 025) + ao

where

—k3mA? 4+ 4P mp + 3kr,

E=krx+my+rz+
2m

)

C1,Cs, k,r,m, ag are arbitrary constants.

6 Conclusions

In this paper we have seen that the traveling wave so-
lutions of the SRLW equation, the (2+1) dimensional
PKP equation and the (3+1) dimensional potential-
YTSF equation are successfully found by using the
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(%/)—expansion method. Now we briefly summarize
the method in the following.

The main points of the method are that assuming
the solution of the ODE reduced by using the trav-
eling wave variable as well as integrating can be ex-

!
pressed by an m-th degree polynomial in (%), where

G = G(&) is the general solutions of a second or-
der LODE. The positive integer m is determined by
the homogeneous balance between the highest order
derivatives and nonlinear terms appearing in the re-
duced ODE, and the coefficients of the polynomial
can be obtained by solving a set of simultaneous al-
gebraic equations resulted from the process of using
the method.

Compared to the methods used before, one can
see that this method is direct, concise and effective.
As we can use the MATHEMATICA or MAPLE to
find out a useful solution of the algebraic equations
resulted, so we can also avoids tedious calculations.
This method can also be used to many other nonlinear
equations.
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