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Abstract: In this paper, we will try to obtain the new exact solutions of the DSSH equation, the KP-BBM equation
and the (3+1) dimensional potential-YTSF equation. The three nonlinear equations are reduced to nonlinear ordi-
nary differential equations (ODE) by using a simple transformation respectively. Then we construct the traveling
wave solutions of the equations in terms of the hyperbolic functions, trigonometric functions and the rational func-

/
tions by the (%)-expansion method.
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1 Introduction

Nonlinear evolution equations (NLEEs) have been the
subject of study in various branches of mathematical-
Cphysical sciences such as physics, biology, chem-
istry, etc. The powerful and efficient methods to find
analytic solutions and numerical solutions of nonlin-
ear equations have drawn a lot of interest by many
authors. Many efficient methods have been presented
so far such as in [1-7].

In this paper, we pay attention to the analytical
method for getting the exact travelling wave solutions
of NLEES. Also there is a wide variety of approaches
to nonlinear problems for constructing traveling wave
solutions. Some of these approaches are the homo-
geneous balance method [8,9], the hyperbolic tangent
expansion method [10,11], the trial function method
[12], the tanh-method [13-15], the non-linear trans-
form method [16], the inverse scattering transform
[17], the Backlund transform [18,19], the Hirotas bi-
linear method [20,21], the generalized Riccati equa-
tion [22,23], the Weierstrass elliptic function method
[24], the theta function method [25-27], the sineCco-
sine method [28], the Jacobi elliptic function expan-
sion [29,30], the complex hyperbolic function method
[31-33], the truncated Painleve expansion [34], the F-
expansion method [35], the rank analysis method [36],
the exp-function expansion method [37] and so on.

/
Recently, the (@)—expansion method, firstly in-
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troduced by Mingliang Wang [38], has become widely
used to search for various exact solutions of NLEEs
[39-42]. The value of the (—) -expansion method is
that one can treat nonlinear problems by essentially
linear methods.

Our aim in this paper is to present an applica-
tion of the (G/ )-expansion method to some nonlinear
problems. The rest of the paper is organized as fol-

lows. In Section 2, we give the main steps of the ( %/ )-
expansion method. In the subsequent sections, we will
apply the method to the DSSH equation, the KP-BBM
equation and the (3+1) dimensional potential-YTSF
equation. The features of the ((C;; )-expansion method
are briefly summarized at the end of the paper.

/
2 Description of the (Cr)-expansion
method

In this section we describe the (%)—expansion
method for finding traveling wave solutions of non-
linear evolution equations. Suppose that a nonlinear
equation, say in two independent variables x, %, is
given by

P(u7ut7ux7utt7uxt7ul‘l’7 ) = 07 (21)
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or in three independent variables z, y and ¢, is
given by

P(U, Uty Ug y Uyyy Utt, Ugty Uyt Uz, Uyy, ) = O)

2)

where u = wu(x,t) or u = wu(x,y,t) is an
unknown function, P is a polynomial in u = u(x,t)
or u = u(x,y,t) and its various partial derivatives,
in which the highest order derivatives and nonlinear

terms are involved. In the following, we will give the
!

main steps of the ( e )-expansion method.

Step 1. Suppose that

U(IE, t) = u(§)7 §= §(x,t) (23)

or

’LL({L', Y, t) - u(f): §= f(l’, y?t) (24)

The traveling wave variable (2.3) or (2.4) per-
mits us reducing (2.1) or (2.2) to an ODE for u = u(§)
P(u, v/, u", ..

)=0. (2.5)

Step 2. Suppose that the solution of (2.5) can be
/
expressed by a polynomial in (%) as follows:
G/

u(§) = am(—=)"+ ...

= (2.6)

where G = G(§) satisfies the second order LODE
in the form

G" + MG +puG =0 (2.7)

Qm, ..., A and p are constants to be determined
later, o, # 0. The unwritten part in (2.6) is also a
polynomial in (%), the degree of which is generally
equal to or less than m — 1. The positive integer m
can be determined by considering the homogeneous
balance between the highest order derivatives and
nonlinear terms appearing in (2.5).

Step 3. Substituting (2.6) into (2.5) and using
second order LODE (2.7), collecting all terms with
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!
the same order of (%) together, the left-hand side of

/
(2.5) is converted into another polynomial in (%)
Equating each coefficient of this polynomial to zero,
yields a set of algebraic equations for ay, ..., A and

Lb.

Step 4. Assuming that the constants y,, ..., A and
1 can be obtained by solving the algebraic equations
in Step 3. Since the general solutions of the second
order LODE (2.7) have been well known for us, then
substituting «,,, ... and the general solutions of (2.7)
into (2.6) we have traveling wave solutions of the non-
linear evolution equation (2.1) or (2.2).

/
3 Application Of The (%)
Expansion Method For The DSSH

Equation
. . el
In the subsequent sections, we will apply the ( e )-
expansion method to construct the traveling wave
solutions for some nonlinear partial differential
equations in mathematical physics as follows:

First we will consider the DSSH equation [43]:

Ugrzrrr — gua:uaca:ac;r - 18u;rxux:m:

1
+18u Uy — St + Slazar =0 (3.1)
Similar to Section 3, we suppose that
c is a constant that to be determined later.
Eq.(3.1) can be converted into an ODE
(6) 1,.(4) ", 1 new Loy 1 (4)
u =9uu'Y —18u u" +18(u')“u e U —geu = 0
(3.3)

Integrating the ODE (3.3) with respect to & once,
we obtain

9 1 1
u(5) —ou'u" — 5(u//)2_i_6(u/)3 _ 5CZu/_ 3
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where g is the integration constant that can be de-
termined later.
Suppose that the solution of the ODE (3.4) can

!
be expressed by a polynomial in (%) as follows:

u(§) = Zaz’(

m
=0

)’ (3.5)

QlQ

where a; are constants, G = G(§) satisfies the
second order LODE in the form:

G"+ \G' +pG =0 (3.6)

where \ and y are constants.

Balancing the order of u(®) and (v/)3 in Eq.(3.4),
we getthatm +5=3m +3 = m = 1, so Eq.(3.5)
can be rewritten as

!/

u(§) = al(%) +ag, a1 #0 (3.7)

a1, ag are constants to be determined later.

Substituting (3.7) into (3.4) and collecting all the

!
terms with the same power of (%) together, equating
each coefficient to zero, yields a set of simultaneous

algebraic equations as follows:

G 1 27
(5)0 D —=22a N2 + 502a1u — ?a%/\Q,u,Q

1
tcarp? — 16a1 1> + §ca1/\2,u,

—18a%u3 — Ga?;ﬁ —a M —g=0
G/
(5)1 : —108a2Ap? — 5241 X3 — 27a2 X3

1 1
+4cai Ay + 502a1)\ + §ca1)\3
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—136a1\p* — 18a3 A \p? — a1 \® =0

1 27
(6)2 : §c2a1 — ?a%)fl —18a3p

2

7
—|—§ca1)\2 — 108a%u2 + 4dcarpn — 292a1 X2

—189a2\?j — 31lag\* — 136a; 4% — 18a3 2 =0

G/
5)3 : —324a3 Ay + 6cal A — 36a3Ap

—99a2 23 — 480a1 A\ — 6a3 N3

—180a1\> =0

!/

(5)4 : 3cay — 162a3 1 — 390a; \2

—18a3A? — 240a1 11 — 18a3p

459
_7(1%)\2 = 0

)°: —18a3\ — 21642\ — 360a3 A = 0

G/
(5)6 : —120a; — 72a% — 643 =0
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Solving the algebraic equations above yields:

a; = -2, ap=agp, g=20, C:)\2—4/.L (38)

where ag, A, ;4 are arbitrary constants.

Substituting (3.8) into (3.7), we get that

!

u(©) = -2 ) van, =a— (-4t (39)

where ag, A, i are arbitrary constants.
Substituting the general solutions of (3.6) into
(3.9), we will have three types of travelling wave

solutions of the DSSH equation (3.1) as follows:

Case (a): when A2 — 4 > 0

u(§) = ao + A — /A —4du

1 1
(' sinh 3 A2 — 4p€ + Cy cosh 3 A2 —4pu€
( 1 1
C cosh 5 A2 — 41 + Oy sinh 3 A2 —4u€
where

§ =T — (A2 _4/“’L)t7

(1, Cy are arbitrary constants.

In particular, if C; =1, Co =0, A =2, p =0,
then we have

u(z,t) = 2 — 2tanh(x — 4t) + ayp.

Case (b): when A2 — 4 < 0

ug(§) = ao+ A —\/4u — N2

1 1
—(C sin 5 A — N2€ + Cy cos 3

1 1
Cq cos 3 dp — N2€ + Cy sin§ Ap — N2

Ay — N2
(

where
5 =T — (A2 - 4:“’)ta
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C1, Cy are arbitrary constants.

In particular, if C; =1, Co =0, A=0, p =1,
then
u(x,t) = 2tanh(z + 4t) + agp.

Case (c): when A2 — 44, =0

205 — Ch\ — Co)E

u3(£) = -2 2(01 + ng) + ao

where
§ =T = (A2 - 4lu')ta

(1, Cy are arbitrary constants.

In particular, if C1 = Cy =1, A =2, u = 1,
then

1
u(x,t) = 2m + ap.

/
4 Application Of The (G )-
Expansion Method For The KP-
BBM Equation

we will consider the KP-BBM equation [44-45]:

(ug + ugy — a(u2)x — bugat)e + kuyy =0 (4.1)
where a, b, k are constants.
Suppose that
u(z, y, t) =u(f), { =z +y—ct (4.2)

c 18 a constant that to be determined later.

By using the wave variable (4.2), Eq.(4.1) is
converted into an ODE

—ct +u" — 2a(u)? = 2aun” + beu™ + ku" =0
(4.3)
Integrating (4.3) once, we obtain

(—c4+ 1+ k)’ + beu® — 20u/ = g (4.4)
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where ¢ is the integration constant that can be
determined later.

Suppose that the solution of the ODE (4.4) can
G/

be expressed by a polynomial in (@) as follows:

QR

w(€) =l (45)

m
=0

where a; are constants, G = G(§) satisfies the

second order LODE in the form:

G" + NG +puG =0

where A and y are constants.

(4.6)

Balancing the order of wu’ and v in Eq.(4.4),
wegetthatm+m+1=m+3 = m =2 So
Eq.(4.5) can be rewritten as

/ !/

ag(—)2 + al(g) +ag, as #0

= - (4.7)

u(§) =

a2, a1, ag are constants to be determined later.
Then it follows:

! !

u'(€) = 6a2(%)4 + (201 + 10&2)\)(5)3

/

G
+(8agp + 3a1 A + 4a2/\2)(5)2
/

G
+(6ag Ay + 2a1p + al/\2)<5>

+2a2u2 + al)\u

ISSN: 1109-2750

229

Qinghua Feng, Bin Zheng

! /

u///(g) _ —24&2(%)5 + (—54ag\ — 6611)(5)4

!/

+(—12a1 X — 38as\? — 40a2,u,)(%)3
2 3 G
+(—52a2 A\t — TaiA\* — 8ag X\’ — 8a1,u)(6)
/

+(—14a2)\2u —a N} — 16agp® — 8a1)\u)(5)

—a N2 — 2a1 % — 6asAp?

Substituting(4.7) into (4.4) and collecting all the

!
terms with the same power of (%) together, equating

each coefficient to zero, yields a set of simultaneous
algebraic equations as follows:

G/

(G)O: (c—k —1)aip — g — 2bcar pi*

+2aapar p — 6bcaghp® — beai N2 =0

G/

(6)1 : —ai\ — 16bcagp® + 2casp — beai X3

+cai A — 2a900 + 2aa%,u — 8bcai A\
—2kasp + 2aagai A — 14bca2)\2u
—ka1 A + 4aapazp = 0

G/

(6)2 : —52bcag Ay + (2¢ — 2k — 2)ag A

+2aa3\ — Thear \* — a1 + cay
—8bcay i + 4aagas A — kay
+6aaiasp — 8bca2)\3 + 2aa1a9 =0

GI

( e 330 (2¢ — 2k — 2)ag — 40bcasp + 4aaip
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+6aaiasA — 12bcai X + 4daagas
—38bcag\? + 2aa? = 0

G/

(5)4 : —6bca, — b4dbcas A + 4aa§/\ + 6aajas =0

&y

: —24bcay + 4aas =0

Solving the algebraic equations above yields:

1
as = a9, a1 = as\, ag = ao, c:f@, =0
6 b
(4.8)
where ag, as, A are arbitrary constants.
Substituting (4.8) into (4.7), we have
G, G
u(€) = ax( )P + (G +ao
f—ut 1 aagt (4.9)
=z - —— .
Y76 b

Substituting the general solutions of (4.6) into
(4.9), we will have three types of travelling wave
solutions of the Kadomtsev-Petviashvili equation
(4.1) as follows:

Case (a): When \? — 4 > 0
i (€) = ap — 222+ (N2 — 4y
4 4
o1 1
(' sinh 3 — 4ué + C5 cosh 3 —4ué )
X
1 1
C1 cosh 3 — 4p& + Cy sinh 3 —4ué
where )
aan
= — -2
{=zty—c77h
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C1, Cy are arbitrary constants.

Case (b): When A\ — 4 < 0

us(§) = ao — A + 2 (4p— N?)

4(

—C’lsmﬂ/élu /\25—1—02(:057 4y — )\252
)

4p — N2€ + Cysin 5 Ap — N2

(

1
(1 cos 3

where )
aan
= — = —=t,
E=x+y 6 b

C1, Cy are arbitrary constants.

Case (c): When A2 — 4/, =0

where

C1, Cy are arbitrary constants.

5 Application Of The (%/)-
Expansion Method For The (3+1)
dimensional potential-YTSF equa-
tion

At last, we consider the (3+1) dimensional potential-
YTSF equation [46]:

— AUt F Ugg T AUgUs s +2Ugaus +3uyy =0 (5.1)
Suppose that
u(z, y, 2z, t) =u(§), £ = kr+ly+mz+wt (5.2)

k,l, m,w are constants that to be determined later.
By using (5.2), (5.1) is converted into:

EBmu® + 6mk?u/v” + (312 — 4kw)u” =0 (5.3)
Integrating (5.3) once, we obtain
E3mau + 3mk*(u')? 4+ (312 — 4kw)u' = g (5.4)
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where ¢ is the integration constant that can be deter-
mined later.
Similar to the last example, suppose:
G,
u(€) = > ai( ) (5.5)

m
=0

where a; are constants, G = G() satisfies the second
order LODE in the form:

G+ \G' + uG =0 (5.6)

where A and p are constants.
Balancing the order of u” and (u)? in Eq.(5.24),
wehavem +3=2+2m = m=1.So

!

Q) =a(Z) tao, m£0  (57)

a1, ag are constants to be determined later.
Substituting (5.7) into (5.4) and collecting all

!
the terms with the same power of (%) together

and equating each coefficient to zero, yields a set of
simultaneous algebraic equations as follows:

/

(5)0 : —g +darkwp — 3a11p — 2kPmaq p?
—k3mai N+ 3k*ma3pu® =0
/
(6)1 s Adarkw) — 8k3mai \p — k3ma A3
+6k*mai A — 3a11°A =0
GI
(5)2 : —TE3mai N + 3k*mai\? — 8k3mayp

+4arkw + 6k*maiy — 3a11* = 0
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G/

( e )31 6k%maiA — 12k3mai A =0

U
(%)4 : 3k*ma? — 6k>ma; = 0

Solving the algebraic equations above, yields

ay = 2k,
ag = aop,
k=k,
I =1,
m =m,
Y EmA\? — 4k3mpu + 312
4k ’
g=20 (5.8)
Then o
u(§) = 27{7(5) + agp

EmA\? — 4k3mpy + 31
4k

E=kx+ly+mz+

where k, [, m, ag are arbitrary constants.

t (5.9)

Substituting the general solutions of Eq.(5.6) into

(5.9), we have:

When A2 — 44 > 0

ui(§) = —kA + ky/ A2 —4p

1 1
(1 sinh 5 A2 — 4u€ + Oy cosh B A2 —4u€

1 1
C4 cosh 3 A2 — 4u€ + Cy sinh B A2 —4u¢

where

E3mA? — 4k3mp + 312t

E=kr+1ly+mz+ e
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C1,Co, k, 1, m, ag are arbitrary constants.

When A2 — 44 < 0

ug(§) = —kX + ky/4p — N2

1 1
—( sin 5 4p — N2€ + Cy cos 5 Ay — N2
1 1 +a0
C cos 3 4p — N2€ + Oy sin 3 dp — N2

where

EmA\? — 4k3mp + 312t

E=kr+ly+mz+ ik )

C1,C4, k, 1, m, ag are arbitrary constants.

When A2 — 44 =0

k(2C — C1A — CoAE)

) ="t o)

+ ap

where

EBmA\? — 43 mp + 312t

E=krx+ly+mz+ e )

C1,Co, k, 1, m, ag are arbitrary constants.

6 Conclusions

In this paper we have seen that the traveling wave so-
lutions of the DSSH equation, the KP-BBM equation
and the (3+1) dimensional potential-YTSF equation
are successfully found by using the (%)—expansion
method. )

This study shows that the (G )-expansion method
is quite efficient and practically well suited for use
in finding exact solutions for the problems considered
here.

Being concise and effective, the method can also
be used to many other nonlinear equations.
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