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% )-expansion method by applying it to get the

exact travelling wave solutions of the generalized Burgers equation and the (2+1) dimensional dispersive equation.
The traveling wave solutions are obtained in three forms. Being concise and less restrictive, the method can also
be applied to many other nonlinear partial differential equations.
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1 Introduction

The nonlinear phenomena exist in all the fields includ-
ing either the scientific work or engineering fields,
such as fluid mechanics, plasma physics, optical
fibers, biology, solid state physics, chemical kinemat-
ics, chemical physics, and so on. It is well known
that many non-linear evolution equations(NLEEs) are
widely used to describe these complex phenomena.
Research on solutions of NLEEs is popular. So, the
powerful and efficient methods to find analytic solu-
tions and numerical solutions of nonlinear equations
have drawn a lot of interest by a diverse group of sci-
entists. Many efficient methods have been presented
so far such as in [1-7].

In this paper, we pay attention to the analyti-
cal method for getting the exact solution of NLEES.
Among the possible exact solutions of NLEEs, cer-
tain solutions for special form may depend only on a
single combination of variables such as traveling wave
variables. In the literature, Also there is a wide variety
of approaches to nonlinear problems for constructing
traveling wave solutions. Some of these approaches
are the homogeneous balance method [8,9], the hy-
perbolic tangent expansion method [10,11], the trial
function method [12], the tanh-method [13-15], the
non-linear transform method [16], the inverse scatter-
ing transform [17], the Backlund transform [18,19],
the Hirotas bilinear method [20,21], the generalized
Riccati equation [22,23], the Weierstrass elliptic func-
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tion method [24], the theta function method [25-27],
the sineCcosine method [28], the Jacobi elliptic func-
tion expansion [29,30], the complex hyperbolic func-
tion method [31-33], the truncated Painleve expansion
[34], the F-expansion method [35], the rank analysis
method [36], the exp-function expansion method [37]
and so on.

In [38], Mingliang Wang proposed a new method

/
called (%)—expansion method. Recently several au-
thors have studied some nonlinear equations by this

method [39-42]. The value of the (%,)—expansion
method is that one can treat nonlinear problems by es-
sentially linear methods. The method is based on the
explicit linearization of NLEEs for traveling waves
with a certain substitution which leads to a second-
order differential equation with constant coefficients.
Moreover, it transforms a nonlinear equation to a sim-
ple algebraic computation. The main merits of the
(g)—expansion method over the other methods are
that it gives more general solutions with some free
parameters and it handles NLEEs in a direct manner
with no requirement for initial/boundary condition or
initial trial function at the outset.

Our aim in this paper is to present an applica-

!
tion of the (%)—expansion method to some nonlin-
ear problems to be solved by this method for the first
time. The rest of the paper is organized as follows. In
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Section 2, we describe the ( CC;J/ )-expansion method for
finding traveling wave solutions of nonlinear evolu-
tion equations, and give the main steps of the method.
In the subsequent sections, we will apply the method
to the generalized Burgers equation and the (2+1) di-
mensional dispersive equation. In section 5, the fea-
tures of the (g)—expansion method are briefly sum-
marized.

/

2 Description of the (@r)-expansion
method
/

In this section we describe the (% )-expansion
method for finding traveling wave solutions of non-
linear evolution equations. Suppose that a nonlinear
equation, say in two independent variables x, t, is
given by

P(uautauarvuttauxt,uxx) ) = 07 (21)

or in three independent variables z, y and ¢, is
given by

P(’LL, Uty Ug y Uyyy Uty Ugty Uyt Uz, Uyy, ) =0

2.2)

where u = wu(x,t) or u = wu(x,y,t) is an
unknown function, P is a polynomial in u = u(z,t)
or u = u(x,y,t) and its various partial derivatives,
in which the highest order derivatives and nonlinear
terms are involved. In the following, we will give the

!
main steps of the (% )-expansion method.

Step 1. Suppose that

U(SC, t) = U(E)v §= g(l‘,t) (23)

or

u(z, y, t) = u(f), (2.4)

§=¢(z,y,1)

The traveling wave variable (2.3) or (2.4) per-
mits us reducing (2.1) or (2.2) to an ODE for u = u(§)

P(u, v, u”, ...) = 0. (2.5)
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Step 2. Suppose that the solution of (2.5) can be
!
expressed by a polynomial in (%) as follows:
Gl

u(§) = am(—=)"+ ...

= (2.6)

where G = G(¢) satisfies the second order LODE
in the form

G" +\G +uG =0 (2.7)

Qm, ..., A and p are constants to be determined
later, a;, # 0. The unwritten part in (2.6) is also a
polynomial in (%/) the degree of which is generally
equal to or less than m — 1. The positive integer m
can be determined by considering the homogeneous
balance between the highest order derivatives and
nonlinear terms appearing in (2.5).

Step 3. Substituting (2.6) into (2.5) and using
second order LODE (2.7), collecting all terms with
!
the same order of (%) together, the left-hand side of
/
(2.5) is converted into another polynomial in (%)
Equating each coefficient of this polynomial to zero,

yields a set of algebraic equations for a;y, ..., A and
L.

Step 4. Assuming that the constants «,,, ..., A and
1 can be obtained by solving the algebraic equations
in Step 3. Since the general solutions of the second
order LODE (2.7) have been well known for us, then
substituting «,,, ... and the general solutions of (2.7)
into (2.6) we have traveling wave solutions of the non-
linear evolution equation (2.1) or (2.2).

/
3 Application Of The (%)
Expansion Method For The Gen-

eralized Burgers Equation
In this section, we apply the (%/)-expansion method
to construct the traveling wave solutions for some
nonlinear partial differential equations in mathemat-
ical physics as follows:

We begin with the generalized Burgers equation
[43]:

U + gy +uu, =0, a#0

(3.1)
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In order to obtain the travelling wave solutions of
Eq.(3.1), we suppose that

u(z, t) =u(f), E=x—ct (3.2)

c 1s a constant that to be determined later.

By using (3.2), (3.1) is converted into an ODE

/ " /
—cu' +ou” +u"u' =0

(3.3)

Suppose that the solution of (3.3) can be ex-
!/
pressed by a polynomial in (%) as follows:
n G/ )
Z:ai(a)Z (3.4)

=0

u(§) =

where a; are constants.

Balancing the order of v and u” in Eq.(3.3),
wehave mn+n+1=n+2 = n= % So we

1
make a variable v = v 77, then (3.3) is converted into

—cmov’ + a1 —m) (V') 4+ amov” + mv*v’ =0
(3.5)

Suppose that the solution of (3.5) can be ex-

/
pressed by a polynomial in (%) as follows:

l !
o©) = Y (G (3.

where b; are constants, G = G(§) satisfies the
second order LODE in the form:

G" 4+ G+ pG =0 (3.7)

where A and p are constants.

Balancing the order of v?v’ and vv” in Eq.(3.5),
wehave2l+1+1=1[1+1+1 = [ =1. SoEq.(3.6)
can be rewritten as

G/
bi(—) +bo, b1 #0

o) = bi(G (33)
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b1, by are constants to be determined later. Then we
can obtain

G’ G’

v© =nl-A ) —u— (&
€)= Sy + 3 (2

!/

G
+(X%b1 + 251#)(5) + Auby

Substituting (3.8) into (3.5) and collecting all

!
the terms with the same power of (%) together
and equating each coefficient to zero, yields a set of
simultaneous algebraic equations as follows:

Gl

( e )0 —mb3bip + abip® — abimpy?

+Oémb0b1)\u + cmboblu =0
G\ 2 2 2
(5) : embip — 2mbibop — mbibgA

+2ambobybopt + amboby A2

—ab¥mAp + emboby A 4 2ab3 A = 0

G

—mb3p + 2002 1 + embIN
—2mbobi\ + abiA? — mbiby

+3amb0b1)\ + Cmb0b1 =0

!

(5)3 . ab?m\ + emb? — 2mb3bg
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+2ambob; — mbiA + 2abIN = 0

(E)4 : amb? —mb} 4+ ab} =0

Solving the algebraic equations above, yields:

Case 1: when \? — 4 > 0

b — a(m+1)

Substituting (3.9) into (3.8), we have

am+1),G
v(§) T(g)
+a(m+ 1)

1 1
- - 2 _
- [2)\i2\/)\ 44
= @ 2 —4ut 1
13 x:Fm\/)\ " (3.10)

Substituting the general solutions of (3.7) into
(3.10), we have:

o (€) = ax(m+1) a(m+1)

_ /\2 _ 4
2m + 2m A H

1 1
(4 sinh 5 A2 — 4u€ + C5 cosh 5 A2 —4pu€

1 1
C cosh 3 A2 — 4u€ + Oy sinh 3 A2 —4u€

+a(m +1)

1.1
— - 2 _
- [2)\i2\/)\ 44

Then

(02 (€))7,

uy(§)

Where
«
= — /A2 —Aut
3 TF i,
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C1 and (5 are two arbitrary constants.

Case 2: when \? — 4 < 0

by — a(m+1)

)
m

a(m+1)
bOZT

1 1 a
— — — 25 = _ — 25
[2)\i2\/4u )\z], c j:m\/élu A%G
(3.11)
Substituting (3.11) into (3.8), we have

() = a(m+1)

m

G/

()
+a(m+1)

1.1

S oy fAp— A2

[2)\ 5 m )\z}

«
=2 F —\/4p — A%t 12
E=xF = A% (3.12)

Substituting the general solutions of (3.7) into

(3.12), we have:

_aAm+1) am+1) ;.
2m * 2m A= A%

1 1
—(C sin 5 4p — N2€ + Cy cos 5 4y — N2

1

1
Cy cos 5 4y — N2€ + Oy sin 5

Ay — N2
1
Lom+1) 1

1 1
- —)\24
— [2)\12\/4,11 )\z}

Then

us(€) = (0a(€)) 7.

Where

(6%
= —\/4p — N2it,
§ T F A i

(1 and (s are two arbitrary constants.

Case 3: when \2 — 4 =0

b — a(m+1)

9
m
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aX(m+1)
b= T

c=0 (3.13)

Substituting (3.13) into (3.8), we have

_a(m+1) &
oig) = D)

m

aX(m+1)
2m

) é. = x
(3.14)

Substituting the general solutions of (3.7) into
(3.14), we have:

a(m + 1)(2C2 —CiA— CQ)\&)

va(8) = 2m(Cy + Caf)
aX(m+1)
_i_i
2m
Then .
uz(§) = (vs(§)).
Where ¢ = =z, C7 and Cy are two arbitrary
constants.

/
4 Application Of The ((é )-
Expansion Method For The (2+1)
Dimensional Dispersive Equation

In this section, we will consider the (2+1) dimen-
sional dispersive equation [44]:

Uyt + Vgz + (Utig)y =0 (4.1)

Vg + Uy + (V) g + Upgy =0 (4.2)
Supposing that

E=k(x+1ly+ st) (4.3)

By (4.3), (4.1) and (4.2) are converted into ODEs

slu” + 0" + 1(u)? + luu” =0 (4.4)
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sv' +u/ + (w) + k2" =0 (4.5)

Suppose that the solution of (4.4) and (4.5) can

!
be expressed by a polynomial in (%) as follows:

m G/‘
u(€) = a;(—=)" 4.6
O =2 () (4.6
n G/'
v = bifl 4.7
©=3 () (@7)

where a;, b; are constants, G = G/(&) satisfies the
second order LODE in the form:

G"+ )G +puG =0 (4.8)
where A and p are constants.

Balancing the order of (u/)? and v" in Eq.(4.4),
the order of «” and (uv)’ in Eq.(4.5), then we can
obtain2m—+2=n+2, m+3=m+n+1= m=
1, n = 2, s0 Eq.(4.6) and (4.7) can be rewritten as

/

u(§) = al(%) +ag, a1 #0 (4.9)

o€) = (G + () b, b £0 (410)

a1, ag, ba, b1, by are constants to be determined
later.

Substituting (4.9) and (4.10) into (4.4) and (4.5)
and collecting all the terms with the same power

/
of (%) together, equating each coefficient to zero,

yields a set of simultaneous algebraic equations as
follows:

For Eq.(4.4):

!

(5)0 Db+ Lad p? 4 2042

+sla1)\u + lalao)\,u =0
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!/

(5)1 © biA? + lajaph? + (6by + 3la3)Ap

+slai A2 4 2slay i + 2b1p + 2laiagp = 0

!/

(5)2 . Aladp + 3lajag) + 3b1 A

+4boA? + 3slag A + 8bap + 2laiN* = 0

!/

(5)3 © 2by + 2slag + 10bo )\ + 2lajag + 5laiA = 0

!/

(5)4 : 6by + 3la? =0

For Eq.(4.5):

!

G
(5)0 o —sbip — K2 lai N — 2k2lag p?

—braop — arp —boarp =0

G/
(5)1 o —k2lai N3 — shih — agh—

2sbapr — 8k2laj A\ — 2baaop

—lea()A — boal/\ — 2b1a1u =0
G/

(5)2 : —agby — 8k2laypn — 2sbo
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—a] — 2b2a0)\ — 21)1&1)\

—3b2a1,u, — boCLl — 7k2la1)\2 — Sb1 =0

G/
el

)30 —3bgar A — 12k2lai A — 2apbs

G/

—28[)2 — 2a1b1 =0

(5)4 : —6k%la; — 3aiby =0

Solving the algebraic equations above yields:

a1 = ay,

ag = ao,
1,

bQ = — all,

2

1
5= —ap + ial)\

where a1, ag,  are arbitrary constants.

(4.11)

Substituting (4.11) into (4.9) and (4.10), yields:

v(€) = -

Ly

2 1

u

ajl(

©)

G/
G

!/

= G1(5) + ag

1, G

(4.12)

1
)2 — 50,11/\(—) -1- ia%lu

G
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where

1 1
£= i§a1[$ +ly + (—ao + §a1>\)t]'

Substituting the general solutions of (4.8) into
(4.12) and (4.13), we have:
When A2 — 44 > 0

A ajy/A2—4
ul(g):—a#+17/i

2 2

1 1
(4 sinh 5 A2 — 4u€ + Cy cosh 5 A2 —4pu€

1 1
C cosh 3 A2 — 4u€ + Oy sinh 3 A2 —4u€

+ag

242 2
ai Nl afl
vl(g)zli_il

2 o (=)

1 1 2
(' sinh 5 A2 — 4pug + Cy cosh 3 A2 —4ug

1 1
(4 cosh 3 A2 — 4u€ + Cysinh 3 A2 — 4ué

-1- 5(1%[“

Where
1 1
= iial[ac +ly+ (—ap + ial/\)t]’
a1, ag, ! are arbitrary constants.

When A2 — 44 < 0

A apy/4p— M2
u2(§):_&+i

2 2

1 1
: / 2 2
—Clsmi 4,u—)\§+C2(:os§ 4p — N3€

1 1
4 cos 5 A — N2E + Oy sini 4p — N3¢

+ag
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1 1 2
—(C1 sin 3 4y — N2€ 4+ Cy cos 3 4y — N2

1 1
4 cos 5 dp — N2€ + Oy sin§ Ay — N2

1
-1- Qallu

Where
1 1
= iial[w +ly+ (—ap + ial/\)t]’
a1, agp,l are arbitrary constants.

When \? — 44 =0

. a1(2C2 — C1)\ — CQ)\&)

us(§) = 2(Cy + Caé) 0
212 2 2
ay A"l ailCy 9
. —1- a2l
8 =TS T 5+ ot 1
Where

1 1
£= i§a1[1’ +ly+ (—ao+ §a1A)t],

a1, agp,l are arbitrary constants.

5 Conclusions

In this paper we have seen that the traveling wave
solutions of the generalized Burgers equation and
the (2+1) dimensional dispersive equation are suc-
cessfully found by using the (%, )-expansion method.
Now we briefly summarize the method in the follow-
ing.

The main points of the method are that assum-
ing the solution of the ODE reduced by using the
traveling wave variable as well as integrating can be
expressed by an m-th degree polynomial in (%/),
where G = G(§) is the general solutions of a sec-
ond order LODE. The positive integer m is deter-
mined by the homogeneous balance between the high-
est order derivatives and nonlinear terms appearing in
the reduced ODE, and the coefficients of the poly-
nomial can be obtained by solving a set of simulta-
neous algebraic equations resulted from the process
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of using the method. The main merits of the (%/)—
expansion method over the other methods are that it
gives more general solutions with some free param-
eters and it handles NLEEs in a direct manner with
no requirement for initial/boundary condition or ini-
tial trial function at the outset.

Compared to the methods used before, one can
see that this method is direct, concise and effective.
As we can use the MATHEMATICA or MAPLE to
find out a useful solution of the algebraic equations
resulted, so we can also avoids tedious calculations.
This method can also be used to many other nonlinear
equations.
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