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Abstract: -Compared to normal learning algorithms, for example backpropagation, the optimal bounded ellipsoid
(OBE) algorithm has some better properties, such as faster convergence, since it has a similar structure as the
Kalman filter algorithm. Optimal bounded ellipsoid algorithm has some better properties than the Kalman filter
training, one is that the noise is not required to be Guassian. In this paper optimal bounded ellipsoid algorithm is
applied train the weights of a feedforward neural network for nonlinear system identification. Both hidden layers
and output layers can be updated. In order to improve robustness of the optimal of the optimal bounded ellipsoid
algorithm, dead-zone is applied to this algorithm. From a dynamic systems point of view, such training can be
useful for all neural network applications requiring real-time updating of the weights. Two examples where
provided which illustrate the effectiveness of the suggested algorithm based on simulations.
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1 Introduction time [8]. This result has caused great excitement and
stimulated a flood of technical papers. Ellipsoidal
technique is an advantageous and helpful tool in state
estimation of dynamic systems with bounded disturbances
[9]. There are many potential applications to problems
outside of the domain of linear programming. [10]
obtained confidence ellipsoids which are valid for a finite
number of data points. [11] presented an ellipsoidal
propagation such that the new ellipsoid satisfies an affine
relation with another ellipsoid. In [12], the ellipsoid
algorithm is used as an optimization technique that takes
into account the constraints on cluster coefficients. [13]
described in detail several methods that can be used to
derive an appropriate uncertainty ellipsoid for the array
response. In [14], the problem concerning asymptotic
behavior of ellipsoidal estimates is considered for linear
discrete time systems. There are few application of
ellipsoid on neural networks. In [15] unsupervised and
supervised learning laws in the form of ellipsoids are used

Recent results show that neural network technique seems
to be very effective to identify a broad category of
complex nonlinear systems when complete model
information cannot be obtained. Neural networks can be
classified as feedforward and recurrent ones [1].
Feedforward  networks, for example  multilayer
perceptrons, are implemented for the approximation of
nonlinear functions in the right hand side of dynamic
plants. Even though backpropagation has been widely used
as a practical training method for neural networks, there
are some limitations such as slow convergence, local
minima and sensitive to measurement noise.

Gradient-like learning laws are relatively slow. In order to
solve this problem, many methods in the identification and
filter fields have been proposed to estimate the weights of
neural networks. For example extended Kalman filter is

applied to train neural networks in [2],[3] and [4], they can to find and tune the fuzzy function rules. In [16] ellipsoid

give |eaSt'Square solutions. Most of them USE': static neural type of activation function is proposed for feedforward
networks. In [5] the output layer must be linear and the neural networks.

hidden layer weights are chosen at randomly. A faster
convergence with the extended Kalman filter is reached
with decoupling structure [6], however the computational
complexity in each interaction is increased, it require of
large amount of memory. Decoupled Kalman filter with
diagonal matrix P in [7] has a similar algorithm with the
gradient algorithm. A main drawback of the Kalman filter
training is that theory analysis requires the uncertainty of tasking. In [17] multi weight optimization for OBE
neural modeling satisfies Gaussian process. algorithms is introduced. In [18], a simple adaptive

In 1979 LGKhaChlyan indicated how an eIIIpSOId method a|gorithm is proposed that estimates the magnitude of
for linear programming can be implemented in polynomial

Optimal bounding ellipsoid (OBE) algorithms offer an
attractive alternative to traditional least-squares methods
for identification and filtering problems involving affine-
in-parameters signal and system models. The benefits
include low computational efficiency, superior tracking
ability, and selective updating that permits processor multi-
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noise .To the best of our knowledge, neural networks
training with the ellipsoid or the optimal bounded ellipsoid
algorithm has not yet been established in the literature.

In this paper the optimal bounded ellipsoid algorithm is
modified with dead-zone technique such that it can be used
for training the weights of a feedforward neural network
for nonlinear system identification. Both hidden layers and
output layers can be updated. From a dynamic systems
point of view, such training can be useful for all neural
network applications requiring real-time updating of the
weights.

2 Feedforward Neural Networks

Modeling with OBE

Consider following unknown discrete-time nonlinear
system:

y(k) = f[x(k)]

Where

x(k)=[y(k-12),....,y(k—n),u(k -1,...,u(lk —m)] =
X(K) = [X,(K)..xy (k)] € R", (N=n+m) is the input

vector, |u(k)|2 <U, y(K) is the output of the plant,

f is general nonlinear smooth function f € C”.

We use the following feedforward neural network to
identify the nonlinear plant (1)

(k) =V, oW, x(k)] @)

where Y (k) € R represents the output of the neural
network. The weight in output layer is V, € R®™ |
the weight in hidden layer is W, € R™" | 6 is M-

M)

dimension vector function o= [o;...0, ]T :
WX (K)]= [0, X),0 A Wa X, ),y (owy X)T ®)

where o ; is a sigmoid function. Thye model given in (2)

is a series-parallel model given in [21]. According to the
Stone-Weierstrass theorem [19], the unknown nonlinear
system (1) can be written in the following form

y(k) =V, oW, x(k)] - (k)

where 77(K) is unmodeled dynamic. By [19] we know that
the term 77(K) can be made arbitrarily small by simply

selecting appropriate the number of neurons in the hidden
layer, in this paper, it is M. In the case of two independent
variables, a smooth function f has the following Taylor

(4)

. : . 0,0
series expansion near the point [X;, X, |,
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Syl o O o 0| (5)
f =k§;H (X, — X%, );14r(x2—xZ )D,X2 0f +&
where ¢ is the remainder of the Taylor formula. If we let
X, and X, correspond W, x(k) and V,, X’ x,°
correspond W, X (K) and V,, then we have
(6)

VoW, x(k)]=V,o[W,x(K)]+ o OV +V o' (W, x(K) + &

where V, and W, are set of known initial constant
weights. We define the modelling error as

¢(k) = e+ VoW x (k)] - n(k) ()
substituting (6) and (7) into (4) we have
y(K) =" (W, +V o OWx(K)]+&, (8

We pretend to rewrite (8) linear in parameters, but it is not
straight, then we rewrite (8) in the following form:

y(k)=BTixb,, + &, 9)

where i=1---N ,
0,(k) = W, [ e rR?M

B, =[Bo Byi)}Bik =[o.xV, 0] R™

0, = [6.(),+-6,0] .

and

The output of the recurrent neural network (1) is
defined as:

y(k) =o' (V, +V,.o' (Y)W, x(K) (10)
or linear in parameters:

y(k) = Bi\ 0, (11)
Denote the training error as :

e(k) = y(k) - y(k) (12)

Now we use N optimal bounding ellipsoid algorithms
(OBE) to train the feedforward neural network (10) such
that the identification error €(K) is bounded.

Definition 1 A real 2M-dimensional ellipsoid, centered on
X *, can be described as:

E(%,P) = {x € R™|(x—x*)"P(x—x*) <1}

where p e R2M
matrix.

is a positive-semidefinite symmetric
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The orientations of the ellipsoid are presented by the
T
eigenvectors of P, they are [Uy,..., U,y | . The axes are

T
given by the eigenvalues of P, [A,,..., A,y | . Figure 1
shows the two dimensions case.

Figure 1: Ellipsoid set

Definition 2 The ellipsoid intersection of two ellipsoids
E.(x,P) and E,(x,,P,) is another ellipsoid defined

as E.,
E.={xe R| A(x= %) P, (X = %) + (1= 2)(X = X,)T P, (X = X,) <1}=E,N, E,

where 0< A <1, P, and P, are positive-semidefinite
symmetric matrices

The normal intersection of the two ellipsoid sets
E, M E, is not an ellipsoid set in general. The ellipsoid
set E contains the normal intersection of ellipsoid sets,
E,N E, < E,. There exists a minimal ellipsoid set
corresponding to A ™, see [11], [20] and [22]. In this
paper, we will not try to find A*, we will design a

algorithm such that the new ellipsoid intersection will
always be smaller. Figure 2 shows this idea.

Figure 2: Ellipsoid set that contains the intersection of two
ellipsoid sets.
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Now we use the ellipsoid definition on neural
identification, we define parameter error ellipsoid E, as

E, = {ei(k)\ 6"i(K)P. 0, (k) Sl} (13)

where 6.(k) =60,*-6,(k), 6 * is the unknown optimal
weight that minimize the modeling error £, in (9),
P, = PT«>0.

In this paper, we use the following two assumptions.
Al It is assumed that [Y(k)—BiTkt%*] belongs to an

2
Sl}

where ¢ > 0 is the known upper bound of the uncertainty
Sir |gk| < ¢ . We can also rewrite (14) as

ellipsoidal set S, ,

Sk = {BiT,k Hi* (14)

y(k)- Bl

1
=

y(k) =Bl & + ¢ (15)

A2 It is assumed that the initial weight errors are inside an
ellipsoid E,

E, = {a | & P60 gl} (16)
where P=P >0, P, =e R®"™M
O, =6 —6,1), & is the unknown optimal weights.

Remark 1 The assumption Al requires that [y(k)— szgl*]

is bounded by <. In this paper we are only interested in

open-loop identification, we assume that the plant (1) is
bounded-input and bounded-output (BIBO) stable, i.e.,
x(K), f[]and y(k)in (1) are bounded all of data are

bounded, so [y()-B,6,%] is bounded. The assumption A2

requires the initial weights of the neural networks are
bounded, it can be satisfied by choosing suitable P, and

6.(1).

We can see that the common part of the sets S;,S,,--- is
g, so

3=()s

(17)

Finding {49,*} is an intractable task since the amount of

information in (17) grows linearly in k. Moreover,
evaluating a value of & (k) in (17) involves the solution
of 2k n-th order inequalities. From the definition of E, in
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(13), & is the common center of the sets E,, E,, is
7.

{a*}CQEi’

Thus the problem of identification is to find a set E,
which satisfies (18). We will construct a recursive
identification algorithm such that E,,, is the set
corresponding to the set E, and the data [y(k),B,; ]
Because the two ellipsoids satisfy (13) and (14), we
calculate the ellipsoid intersection (1—A4;,)E, + 4,,S,,
it satisfies

SO

{6 }c E, (18)

@- 4,067 ()P G, (K) < (1~ 4,,)
1 T2 (19)

|12
Lo <1

- ﬂi‘k)ér(k)Pk‘léi(kH%z.k

The next theorem shows the propagation process
of the ellipsoids.

Theorem 1 If E, in (13) is an ellipsoidal set, we use the
following recursive algorithm to update P, and 8,(k)
A
l ik BI'I'k Pk:|

P,=—"—|P —-PB,
ki 1-4;, Koo @-4,)5° + 4,BPB,,

A
9i (k +1) = Hi (k) + ,Izk Pk+1Bi,ke(k)
S

2 =2
AT ety 2 ©
4~ |L¥BLRB, 1-1
i, =2
0 ife?(k) < -
(k) 1
(20)

where P, is a given diagonal positive definite matrix,
0<A<l, 0<Ag’<l, 0<A,<1l and

(1-4,)>0, then E,,; is an ellipsoidal set and
satisfies

(21)

Ey = {a(ku) 8" i(k+1)P,,, 0 (k +1) <1- 'k[1 % (k)<1}

where 8.(k) = 6, *—6,(k) and €(K) is given in (12)

Proof. First we apply matrix inversion lemma [9] to
calculate p_} from (20) we have:
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P ==, )+ oy

ﬂ'lk
Ik (- /Lk)g +/1|kB|TkPB|k

Pk_P |kPk

the matrix inversion lemma is [27]:

(A+BCD)'=A'-A'B(DA'B+C*)'DA™

where A, B, C and D denote matrices of the correct size. It
can be rewritten as:

- 1
(a1-aB(DA*B+C*)'DAY) = A+ BCD

B c mZMxl' C c iRle and

B:/E'zk C_lz(l_ﬁ’i,K) and

Specifically, A e R2"2M,
De®R™™, A'=pR,

|
ik

D=

Aix
Pk+11 (1 ﬂ’ P 1 ,z Blk l BITK
g @-4)

B/, then p 7 is

(22)
:(1_}%,k)Pk71+/1,i7'szi,kBiT,k
¢
Now we calculatt  g"(k+1)P:4,(k+1)  when
=2
()2 5 Y @D O gk 41) = (k) + 24 P8, (0)
¢
H/l(k +1)Pk L0, (k +1) /19 (k)P0 (k) - 23)
50,7 (K)B,e(k) + Bl P ,B, " (k)
g’ gt
Substituting (22) into (23), it gives
67 (k+1)PLG (k +1) =
giT(k){(l_li,k)Pkl"'ﬂmzkBi,kBiT,k}gi(k)—
g (24)

2 7 (0B, e(k) + % B, P8, e (K)

g §

= (1= 4, 07T (KRG () + 2 g7 (K)B, BI A (K) -
g

28 57 (0B, () + 2 BT, P, e ()

S S

By the intersection property (19) of the ellipsoidal sets, we
have:

(L- 4, BT (P, (k) <1-

y)
Zrvto -]

Then (24) becomes
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87 (k +1)P10 (k +1)

i * ﬂ“i 21 n
<1- ;: ly()-B4 +f:0iT<k)Bi,kBIk9i<k)—

p

2 g' 0" (K)B, e(k) + g'k B\ R.1Bi e (k)

2

A
= 1"'7 BlTk Pe1Bixe 2(k) +
g

2 [-Iv00- 8101 407 008, B0 00207 (08,000

Now we use g7(k)=6; -6,(k); e(k)=y(k)+B,6,(k) as

in (12), the second term can be calculated as

~ly(k)- B/ 9: "+ (k)B,, B4 (k) - 20 (K)B e(k) =
~ly()- B,

2oy -6, (k)Y Bi,k[y(k) —~B[6,(k)]
= —[y2() - 267 (0B, y(k) + 6 (K)B, B, (K)]

= [yt - BLa K = -¢'(k)

“+lor-6,00] B BLIE -6.(0)]-

So

~ - y5
07 (+DRG,(k+D) <1+ 7 BLR B, () - ; “e?(k)

A
From (22) we know Pk111=(1—/1i )P’1+ B B,
g’
=2
Because ; _ AS . 0: P, >0fromp >0.
1+ B «PB;

k =i,k

By the updating algorlthm (20):

12

A Ao g
. BuTkPkuB &2 (k) = f >
§ S

P —— BiTk P.iBi kez(k)
1+B/,RB;, T

ﬂ'i

< jkﬂez(k)
g

So

ATk +)P LA (k +1) <1— A S - 4% (k) (25)
§

(21) is established. Because 2 <1 and 2, >0

T (k+1)P1A(k+1) <1 (26)

2

when gz(ky> ¢ we have that g7 (k +1)P, 3 (k +1) isan
A

ellipsoidal set. Now we consider ¢2(k) < g then
1-2

A.=0, substituting in (20) we have

ik
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P = 110[P O] R then Pk+11 Pkl'
6,(k+1) =6,(k)+0, then g(k+1) =4 (k), substituting in

07 (k +1)P 18, (k +1) we have:

6" (k+)PRG (k+1) =8 (PG (k) <1

when g2 (k) < * we have that 0" (k+1DP A (k +1) isan
A

ellipsoidal set. Thus E, , is an ellipsoidal set.

Remark 2 The ellipsoid intersection of E, and S, in
(19), it is an ellipsoid also, defined as

M= §00 | [a00-8] = [200-6]<1]

where Z;(K) is an unknown variable. The ellipsoid
intersection of E, ., and S, with the algorithm (20) is
defined as

2

(- /%m)éf (k+1) Pk+1_léi (k+1) "" Aigst

y(k + 1) BI k+1

1
<@1- /’ti,k+1)|:1_ ? Aia [1_ l]ez (k)}' Aika

=1- % ﬂ’i,k (1_ /1i,k+1)[1_ l]ez(k)

SO

., :{z,(k+l) [z:(k+1)- ef]T T ak+D -6 ]<1- Mez(k)}

The volume of IT, is defined as [21],[9].

VoI(IT, ) = /det(Z)U

where U is constant represents the volume of the unit ball
in R. Because A, (1— 4, )A—2)e’(k)>0, the
volume of II,,; is less than the volume of II, when
e(k) #0. From (17) and (18) we know, the common part

of IT, and II,,, are {6’:} Thus the set IT, will

convergent to the set {6?,* } when e(k) = 0, see Figure 3.
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Figure 3: The convergence of the intersection I1,.

Remark 3 The algorithm (20) is for each subsystem. This
method can decrease computational burden when we
estimate the weights of the recurrent neural network, the
similar idea can be found in [1] and [7]. By (6) we know

the data matrix B, depends on the parameters VkT, this
will not effect parameter updating algorithm (20), because
the unknown parameter &,(K +1) is calculated by the

known parameters &;(K) and data B, . For (20), we have

A
Vg =V + __; Pk+1O-[WkX(k)]e(k)
d i (27)
Wi, =W, + ?—5 P [W i x(K) ]V, X" (k)e(k)

It has the same form as the backpropagation [1], [23],

[25], [26], [28], [29], [33], but the learning rate is not

positive constant, it is a matrix ﬁF’k which changes
—2 +1

through time. That may be the reason why OBE algorithm
is faster.

Remark 4 The OBE algorithm (20) has the similar
structure as the extended Kalman filter training algorithm
[61,[3] and [4]. The extended Kalman filter algorithm is
(6], [27]:

6,(k+1)=6,(K)+ P,B,, (R, ~ B,P,B,,) "e(K)

(28)
Pea=R + [Pk - PkBi,k(Rz - Bi.l,-kPkBi,k)_lB:,-kPk]

where €(K) is the same as in (12), R, can be chosen as
al, where ¢ is small and positive, R, is the covariance
of “process noise’ . When R, =0, it becomes the least
square algorithm [27]. If R =0 in (23), then
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(Rz - BIkPkBi,k)A
Ak
(- Zi,k)gz + ﬂ’i,kB:,—kPkBi,k

difference, the OBE algorithm is for deterministic case and
the extended Kalman filter is stochastic case.

corresponds to

in (20). There is a big

The following steps show how to train the weights of
recurrent neural networks with the OBE algorithm:

1. Construct a recurrent neural networks model (2) to
identify an unknown nonlinear system (1). The matrix A is
selected such that it is stable.
2. Rewrite the neural network in linear form
y(K) =o' OV, +V, o'W, x(k)
T i
0, =[000).6,00], 6(k)=[MW}]
BY =[Buo Bk} Bl =[o.xV, o' ]e R

3. Train the weights as

0,(k + 1) = 6,(k) + 21 p,_B, e(k)
g
=2 =2
AT ey S
P P -2
0 it e?(k) <2
(k) T

4. is changed as OBE algorithm :

L P, —P.B,, - Aix _
1- Ay T (- ﬁ’i,k)g + 4 BikPiBix

BIkPJ

With initial conditions for the weight &,(1) and P, >0,

we can start the system identification with the feedforward
neural networks.

Pk+l =

3 Simulation

In this section, the suggested on-line optimal bounded
ellipsoid algorithm proposed is applied to nonlinear system
identification.

Example 1 Consider the nonlinear system given in [24]
and [25]:

y(k) =0.52 +0.1x, + 0.28x, —0.06 X, X, (29)
with xl(k):sinz(l%) and Xz(k)zcosz(l%)- We use the

neural network given in (10) to identify the this nonlinear
system, we use 10 nodes in the hidden layer, i.e.,
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.
v, € R¥C, W, W, e R, 0=[0,,0,,,0y] . The
initial weights w, and Vv, are chosen in random between
0,2) and (0,0.2) respectively. We  select
P(1) = diag(100) € K™%, 2=0.9, £°=1x10® such
that A g‘z <1. We compare the OBE training algorithm (20)

with the standard backpropagation algorithm [1], [28]-[29],
the learning rate for the backpropagation is 0.2. The
identification results for y(k) are shown in Figure 4. If we
define the mean squared error for finite time as

1 T -
J(T)=Ezez(k)’ the comparison results for the
k=1

identification error are shown in Figure 5.

J _

£ Ly H o

055 — g
ot Ybacprupagaiiun |
== Yellipsaic
045 1 1 Il 1 1 1 1 1 1
0O 20 40 60 &0 100 120 140 160 160 200
iterations
Figure 4: Identification results in example 1.
0.045
] __ Jbacpropagaﬁon |
ellipzoid
0.035 .
o.0a i 1
ooz 1
= N
= H
no2f i 4
omsE G 1
om 1
0.005 1
J— R -
0 20 40 &0 &0 100 120 140 10 180 200

iterations

Figure 5: Identification error in example 1.

Example 2 Consider the nonlinear system:

*(k=3)+y*(k=2)+y*(k=1) +tanh(u(k)) +1 3

_y
y(k)_ yZ(k_3)+yz(k_2)+y2(k—1)+1

where U (k) = 0.6sin(9kTs) + 0.2sin(12KTs) +1.2sin(37KTs),
Ts=0.01, x,(k)=y(k—-1), x,(K)=y(k=2), x,(k)=y(k—3),
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x,(k) = u(k). We use the neural network given in (10) to
identify the this nonlinear system, we use 10 nodes in the
hidden layer, ie, v, e®R™, W, W, e R,

o= [0'1,02,,---,0'10]T . The initial weights w, and v, are
chosen in random between (0,1) and (0,0.2) respectively.
We select P(1)=diag(100) € R*¥*?®,  2=0.9,

;2 =1x10° such that A ;2 <1. We compare the OBE

training algorithm (20) with the standard backpropagation
algorithm [1], [28]-[29], the learning rate for the
backpropagation is 0.1. The identification results for y(k)

are shown in Figure 6. If we define the mean squared error
for finite time as J(T):iiez(k)’ the comparison results

k=1
for the identification error are shown in Figure 7.

We have that the OBE algorithm has better behavior than
the backpropagation.

0.9t
o8t
=

0.7

06

05t S 8
¥ i
Ybacpropagaﬁon i

0.4F

==+ Yalipsaig

0.3 1 I 1 1
1]

1 1 1 1 1
80 100 120 140 160 180
iterations

Figure 6: Identification results in example 2.

200

In the future we pretend to apply this identification
algorithm for some real systems as the robotic systems [30]
and the mechatronic systems [31], [33] or for pattern
recognition [23], [32], [34].
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012

Jbacpropagaﬁon

* “ellipzoid

01
0.08 |5

=o0sf
=

onali

oozb &

—_ T I
D I I i imn =
0 20 40 &0 a0 100 120 140

iterations

Figure 7: Identification error in example 2.

4 Conclusions

In this paper a novel training method for neural
identification is proposed. We give a modified
optimal bounded ellipsoid (OBE) algorithm for
feedforward neural networks training. Both hidden
layers and output layers of the neural network can be
updated. From a dynamic system point of view, such
training can be useful for all neural network
applications requiring real-time updating of the
weights. In the future we will prove the stability of
the algorithm and we will apply this algorithm for
identification of some nonlinear real systems as are
the robotic or the mechatronic systems or for pattern
recognition.
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