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Abstract- The formulation for the radiation pattern and conductance of axial slots array antenna on a dielectric-
coated elliptic cylinder is presented. The coating is assumed to be non-confocal. The analytical solution, given here,
is based on the eigen function technique and the addition theorem of Mathieu functions. The excited apertures are
assumed to generate a TM polarized wave. Accordingly, the obtained series solution is truncated to generate
numerical results. Sample of calculated azimuthal radiation patterns and radiation conductance are presented for
different antenna and coating parameters. The elliptic cylinder has one extra degree of freedom compared to a
circular cylinder to control the radiation pattern and conductance. The computed results show the flexibility of the
antenna to control the shape and direction of its radiation pattern by changing the frequency, the excitation, the
coating thickness of the cylinder, and the constitutive parameters of the coating.
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1. Introduction The analytical developments of the solution for far
Arrays of antennas mounted on vertical structures are field patterns of the multi-slotted elliptic cylinder with
useful for the broadcasting of waves and for base concentric coating have been presented in [12].
stations [1-3]. Many such geometrical structures have

been analytically treated. The axial and circumferential The studies presented in this paper are focused
slots on circular and elliptical cross-sectional on the analysis and design of a finite array of axial
conducting cylinders were treated in [4-6]. The slots on a non-confocal dielectric-coated conducting
dielectric-coated circulars or elliptical cross-sectional ~ elliptic cylinder. The work is an extension of the
conducting cylinders were considered in [7-13]. The  formulation for a single slot antenna on an elliptic
elliptic geometry is becoming more popular since it cylinder [11]. One of the motivations for this work is to
allows a better control of the polarization study the effect of a dielectric layer on the performance
characteristics and facilitates the design by changing  of antennas mounted on a space shuttle. We assumed
both eccentricity and focal length to tune the that the aperture field i.e., the excitation voltages, is a
parameters of interest. In addition, the non-uniform specified function on each slot. The fields in the
coating offers another degree of design freedom. Also,  dielectric coating and exterior regions are expanded in
elliptic cylindrical cavities excite more propagating terms of Mathieu and modified Mathieu functions with
modes compared to circular cavities [14]. For the unknown expansion coefficients. These unknown
analysis of such antennas, the homogeneous Helmholtz expansion coefficients are determined by enforcing
equation in the elliptic coordinates is employed. appropriate boundary conditions at the interface
Solving field problems of structures with elliptical between the dielectric coating and free space and at the
geometries requires the computation of Mathieu and slotted cylinder. In order to generate numerical results
modified Mathieu functions [15]. These are the eigen and from a practical point of view, the series solution
solutions of the wave equation in elliptical coordinates. ~ must be truncated in a suitable fashion to obtain a finite
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size matrix. The order of such a matrix depends on the
electrical size and properties of the coating region.

2. Problem Formulation

The configuration of the axial array antenna mounted
on elliptic cylinder is shown in Fig. 1. The antenna
radiates through a non-confocal dielectric coating
(region II) to free space (region I). Two systems of
coordinates are used. The global coordinates at the
center of the outer surface of the dielectric coating are
identified by (x, y). The local coordinates at the center
of the slotted conducting cylinder are (x., y.). The
semi major and semi minor axes for the conducting
cylinder are denoted by a. and b.. The corresponding
parameters for the coating region are a and b. The
focal length of the dielectric outer surface is 2F and
that of the conducting cylinder is denoted by 2F.. The
major axis of the cross section of the conducting
cylinder is inclined by an angle  with respect to the x
axis and its center is located at (d, y) with respect to
the global coordinates. The elliptical coordinates (u,
v, z) are employed throughout with x = F cosh (u) cos
(v) and y = F sinh (u) sin (v) where F is the semi focal
length of the corresponding elliptical cross section.

Region 11
4707, Region I

Fig. 1: Configuration of axial slotted-elliptic cylinder
array antenna coated with a non-confocal dielectric.

This paper considers the TM polarization in which the
non zero field components are E,, H, and H,. It is
assumed that the filed distribution on the slots depends
on the angular variable v. In region I and using the
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global coordinates (u, v), the electric field component
is given by

ED =3 Be,, Rel) (g, £)Sey(co. )
m=0

" (1)
+ > Bo, Roi (¢, €)S0,(co.m)

m=1

where & = cosh (u), n=cos (v)and ¢, =k, F,k, =27/A
So,,
respectively, the even and odd angular Mathieu
functions of order m, Re%‘)

odd modified Mathieu functions of fourth kind. The
corresponding magnetic field components are given by

and A is the free space wavelength. Se

m?

are,

, Ro,(qf ) are the even and

2ou,h 08
Hy=——J O (2b)
2ou,h 08

The electric field component in region Il must
vanish on the conducting part of the core cylinder
except at the slots. In region II and using the local
coordinates, we may express it in the form

Ce,, Rel)(c3,£,)
R S ey (enne)
£ _ * ||+ De,, Rey,’ (¢c3,¢,)
Y (1)
m=0 CopRop,’ (¢3,8¢)
+ 2 SOm(C3,770)
+ DomRo,(n )(03, &)

€)

where & = cosh (uc), N = cos (v) and c3 = kF, with
k=ky\¢, . Re%) , Ro,(,ll.) are the even and odd
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modified Mathieu functions of the/”kind. The
corresponding magnetic field components are given by
(2) but using the local coordinates. In (1) and (3) B,
C and D are unknown expansion coefficients to be
determine by enforcing proper boundary conditions on
the antenna and the interface between the dielectric and
free space.

2.1 Boundary Conditions

The three sets of unknown expansion coefficients are
determined by applying boundary conditions on the
two surfaces: the core conducting cylinder and the
interface between the coating material and free space.

2.1.1 Core (antenna) boundary

On the conducting surface § = &,, the tangential electric
field component must vanish except on the slots. Using
the local coordinates, the boundary condition may be
expressed as:

EUD - {F (n.)  ontheslots

4)

0 otherwise

Where

N
F(UC)ZZFZ'(UC) ®)
i=1

is the aperture field distribution on the slots.
On the i"slot, it is assumed that the excitation
voltage is varying as

F (n,)=V e cos(z(v,—v,)/2A,),  (6)
Viejg" is the applied voltage, v, is the
angular coordinate of its center, A; is its

width and m, = cos (v in the (x,, y.) local
coordinates. Substituting (3) and (5) in (4),

multiplying the results by S. (c3,77.) and

applying  the  orthogonality = of Mathieu
functions [16], the terms involving even
functions  decouple  completely  from  those
of odd functions. Thus, one obtains two
subsystems of linear equations for the even
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and odd unknown  expansion  coefficients.
For the even functions the resulting
subsystem of equation is given by, n = 0, 1,
2,y
1 2
N, (c3)[Ce, Rel) (c3,6) + De, RelP) (¢, 6)]
= SZOtSF(nc)Sen(C:Sanc)dnc =Fe(c3) (7)
For the odd functions case and for n = 1, 2,
3, ...
N, (¢3)[Co,RoV (c3,&) + Do,RoP (¢1,&)
0, c3)[Coy,Ro;, 7 (c3,8, oyRop~(c1,83)]
= LlotsF(nc)Son(C:%nc)dnc = Fo(c3) 3
Ne,, , No,, are  normalized  constants  and
given by [12];
2r
Ne (c3)= I[Se (c3,77)]2dv, n=cosv (9)
On O Io) n
And Fe, Fo are the slots excitation vector
and given by;

N
Fe (e3)=2 [, FinSe . (exmdv— (10)
i=l1

2.2.2 Coating — fre space boundary
On the outer surface of the dielectric
coating, i.e., & = §;, the continuity of both E

and H field tangential components must be
enforced. The field components inside the
coating region can be expressed in terms of
the  global coordinate  system  using the
transition theorem of  Mathieu functions
[17], see the Appendix. Again using the
orthogonal properties of Mathieu functions,
one obtains from the tangential E, filed
component:
Issue 11, Volume 7, November 2008
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0
ZMenm (¢3,¢0)Bey, Reg:zl)(COa &)=

m=0

Ne,(c3)Rel)(c3,£) 0

o0 0
[ > WEeu,Ce,y + Y WE0,,,Co,,]
m=0 m=1
+ Ne, (c3)ReP (c3,&)) o
0 o0 (1 1)
[ > WEe,,De,, + > WEo,,,Do,,]

m=0 m=1

And from the tangential H, filed component, we
obtain:

o0
4),
A D Mey,(c3,¢0)Bey, Rel ' (co,&1)
Ho 1y=0

= Ne, (c3)RelD'(¢3,4) 0

o0 o0
[ ZWEenmCem + ZWEonmCom]
m=0 m=1

+ Ney(c3)RelP) (c3,¢) @

- s (12)
[ > WEe,,De,, + > WEo,,,Do,,]
m=0 m=1
S (4)
> Moy, (c3.¢0)[Bo Ry, (. &)]
m=0
= Noy(c3)Rel)(c3,61) @
[ > WOe,,,Ce,y + Y WO0,,,Cop ]
m=0 m=1
+No,(c3)RoSP (c3,4)) @
(13)

o0 o0
[ ZWOeanem + ZWOoanom]
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Ll ZMOnm(ClaCO)[BOmROI(;)'(CO"fl)]
Ho =

= No, (¢ )RoD'(c1,&) o

0 e 0]
[ > WOe,,,Ce,, + > _WOo,,,Co,,]
m=0 m=1

+ Noy(c))ROP) (¢, &) »

© o (14)
[ Y WOey,,Ce,, + > WO0,,,Co,,]
m=0 m=1
Where ¢ =kKF, the prime denotes

derivative with respect to & and

2z
Mimn(ciacj): ISgn(cian)Szm(c_jan)dva (15)
0

Equations (7)-(8) and (11-14) constitute a
system  of linear equations of  unknown
expansion coefficients of the fields: namely:
Be,,,Bo,,,Ce,, Co,, De, and Do,,.
Expressions for the transformation
coefficients WE, and wo, are given in
the appendix.

3 Radiated Power Density

Employing the asymptotic expansion of
Ref:) and Roif) in equation (1), the far
radiated field, which is of particular interest,
is given by;

E. =\jlkp) e j"[Be,Se, (cy:n)

+ Bom Som (CO s 77)]
(16)
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The time-average power density radiated by
the antenna is then given by:

Z .]m [Bemsem (CO s Cos ¢) ’

1
P(p,¢):m 1 (17)
P + Bo,,S0,,(c,,cos @)]

The average power density is defined as

1 2
P,(p)==—|"P(p,$)d¢ (18)

27 0
The antenna directivity is then given by

P(p,9)
D(p,§)=——= (19)

F.(#)
For a single slot antenna, we define the radiation
conductance per unit length as

P
G=2mp ‘”(¢2) (20)

|7, |
Where V, is the slot voltage.
4 Numerical Results
For illustration purposes, we consider the
case of two slots each with width A=2°.  For
all considered  cases, the  electrical and
geometrical  parameters are given in  each
figure caption. Fig. 2 shows the radiation
pattern for a single slot case and when the
two slots are on the minor axis of the
conducting cylinder. The pattern is similar

The effect of
the pattern is
case the outer
dielectric of
the effect

to that of a pair of dipoles.
location of the slots pair on
shown in Fig.3. For this
boundary of the coating
circular shape. Fig. 4 represents

1S
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of the excitation phase on the radiation
pattern. It is seen that the main beam
direction is steered 90° when the phase is
switched from the in-phase status to out of
phase condition. Figure 5 shows the
radiation  patterns for an  axially  slotted
elliptic cylinder with no coating but with in-
phase excitation. The effect of the location
of the two slots on the radiation patterns for
an axially slotted elliptic cylinder is shown
in Fig. 6. In Fig. 7, we compare the effect of
the core shape on the radiation patterns for
an axially slotted circular and elliptical one
both coated with the same material. Figure
8 shows the radiation patterns for an axially
slotted  elliptic = cylinder = coated with a
dielectric for two types of excitation: in-
phase and out of phase.

Finally, we investigate the effect of different
design parameters on the radiation conductance of s
single slot antenna. In the following two figures A/A
represents the electrical thickness of the coating.
Figure 9 shows that the radiation conductance depends
on the coating material and its thickness. The effect of
the slot location is demonstrated in Fig. 10 where the
two cases considered are when the slot is located at the
end of the major and minor axes. It is very clear from
Figs. 9 and 10 that the radiation conductance depends
strongly on the coating parameters: dielectric type,
thickness of the coating and its shape.

5 Conclusion

An analytic solution is given for the radiation by an
array of axial slots mounted on a conducting elliptic
cylinder coated with a non-confocal dielectric. Results
are presented for both the radiation pattern and
radiation conductance for several geometrical and
material parameters. The computed results show the
flexibility of the antenna to control the shape and
direction of its radiation pattern.
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180

Fig 2: Radiation pattern for an axially slotted elliptic cylinder (a.=0.154, a./b.=2) coated with a dielectric (=4, a
=0.44, a /b=2, d=0, y=0, =90°). The two out of phase slots with equal amplitude are located at the ends of the
minor axis.
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180
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R “| ——- slots
on minor axis
— slots on
major axis
300

270

Fig. 3: Radiation pattern for an axially slotted elliptic cylinder (a.=0.254, a./b.=2) coated with a circular dielectric
(e~4, a=b=0.34, d=0, y=0, f=0). The two slots are fed with out of phase equal amplitude voltages: effect of the
slots locations.
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180

270

Fig. 4: Radiation patterns for an axially slotted elliptic cylinder (a.=0.25/, a./b.=2) coated with a dielectric (e~4,
a=0.34, a/b=2, d=0, =0, =0). The two slots are located at the ends of the major axis: in-phase and out of phase
excitation comparison.
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Fig. 5 Radiation patterns for an axially slotted elliptic cylinder (a.=0.54, a./b.=2) with no coating. The two slots are
located at the ends of the major axis with in-phase excitation.
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270

Fig. 6: Radiation patterns for an axially slotted elliptic cylinder (a.=0.54, a./b.=2) ) coated with a dielectric (e~4,
a=0.64, a /b=2, d=0, w=0). The two in-phase slots are located at the ends of the major axis (solid line) and at the
ends of minor axis (dashed line).

27

Fig. 7: Radiation patterns for an axially slotted circular (a.=0.254, a./b.=1: red dashed line) and elliptical (a.=0.254,
a./b.=2: solid blue line) cylinder coated with a dielectric (=4, a=0.64, a /b=2, d=0, w=90°). The two out of phase
slots are located at the ends of the minor axis major axis (solid line) and at the ends of minor axis (dashed line).
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Fig. 8: Radiation patterns for an axially slotted elliptic cylinder (a.=0.125/, a./b.=2) coated with a dielectric (e~4,
a=0.64, a/b=2, d=0, =0, =0). The two slots are located at the ends of the major axis: in-phase (solid blue line)
and out of phase ( dashed red line) excitation comparison.

0.25-[j:‘_2
— -0-&=

1 -X- & =4
| - i

Fig. 9: Effect of coating material and thickness on the radiation conductance (a.=0.254, a/b=a./b.=2, a=a.+4,
d=0, w=0, =0). The slot is located at the end of the major axis.
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Fig. 10: Effect of slot location on the radiation conductance (a.=0.54, a./b.=2, a/b=a./b.=2, a=a.+A4, d=0, y=0,
P=0). The slot is located at the end of the major axis (xx) and minor axis (00).

Appendix
Consider two  elliptic = coordinate  systems:
(&..1.,2) and (&,91,52)- Outside the

region which is bounded by the circle C,(

center at (., radius d,) and outside the
circle  C (center at O,, radius = semimajor
axis of the g¢gth cylinder), the fields
described in the g¢gth cylinder coordinates

can be expressed in terms of the rth
cylinder  coordinates. Saermark  [17] has
shown that the following relation will hold
within the above mentioned region:

Réi)m (cqﬁgq)SZ m (cqﬁnq) =

Z WE;,]I:F Regl) (cr ’ 5}’ )Sel (cr ’ 77r )

=0

+ ZWO‘H’RO Ye,,&E)So,(c,,n,) (A1)

/=1
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Where

~NI-m 0
WE:]—)V 72-(]) z z l+po (C )De (C )Xq—>r
o N ( ) i=0 p=0 i
(A2)

>r ﬂ(]) SIS 1+ m >r
Wwo " = ”D c c.)Y?!
= ) 2 2 DL D, @)X,

(A3)

cos . cos
X = Jp_,-(kdc){ . ‘//_} + (—l)lJpﬂ-(kdc){ . ‘/’ﬂ
o sin sin
(A4)

gor sin _ ; sin
Yert=J, (kd,) v |=(=D'J,(kd,)| v
o cos cos

(AS)
+ .
l/l = lV/qr + pV/rq >
y =iy, -py,
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and d. is the distance between the center
lines of the g¢gth cylinder and the rth
cylinder, y, ~ is the angle between the
x—axes of the rth and the ¢th cylinders
measured from the 7th cylinder's x—axis
and J,(u) is the Bessel function of order

p and argument u. The prime over the
summation  sign z indicates that the sum
is over only even or odd values of i (p)
depending on whether m (/) is even or
odd. The coefficients D, and D, are the
Fourier series coefficients of the Mathieu

functions [15].
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