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Abstract: - In the deregulated environment, transmission congestion is one major problem that needs to be 
handled in power system operation. This paper aims to alleviate congestion using the multi-objective load 
curtailment (MOLC) approach. The proposed MOLC approach optimizes the two objectives simultaneous, 
namely the security margin and load curtailment cost. The security margin is measured by a presented voltage 
instability indictor (VSI). A fitting coefficient is adopted to combine the two conflicted objectives. The primal 
dual interior point method (PDIPM) is adopted to solve the proposed MOLC model. The effectiveness of both 
the improved PDIPM and the MOLC approach has been tested and proven on the modified IEEE 30-bus 
system and IEEE 118-bus system. The results obtained show that the proposed technique is able to improve 
system security while yielding lower cost of load curtailment. 
Key-Words: - Multi-objective load curtailment, voltage instability indicator, security margin, cost of load 
curtailment, fitting coefficient, primal dual interior point method 
 
1 Introduction 

The restructuring and deregulation of the power 
industry has significantly changed the function of 
the power system resulting in significant 
competitive, technological and regulatory changes 
[1]. Congestion management [2] has been proposed 
to deal with the increased demand and competition. 
The congestion may be caused by a contingency, 
loss of generation or requirements for secure 
operation of the transmission network. It is crucial 
for a competitive power market to have the 
transmission congestion alleviated and controlled. 
To alleviate congestion in the network system, one 
possible solution is to adjust or curtail load. 

Load curtailment programs are functional in 
various markets across the world. In some countries, 
availability of load curtailment is viewed as an 
ancillary service [3]. In ref. [4-8], some rules for the 
load curtailment are proposed and discussed.  

The process of curtailing load by the system 
dispatcher is an optimal system dispatch problem, 
which is the focus of this paper, looks at the 
specified optimal load curtailment scheme to have 
the transmission congestion alleviated. 

In the field of load curtailment problem, single 
objective load curtailment models have been 
adopted and cost of load curtailment has been 
proposed to describe the curtail degree. Compared 
with single objective load curtailment approach, the 
multi-objective load curtailment (MOLC) in a 
deregulated environment is an appropriate way to 

handle several objectives simultaneously and also an 
efficient way to harmonize the usually conflicting 
objectives. Taking the security margin into account 
in the MOLC model is a valuable research topic 
which so far has not been considered and studied 
seriously. 

From the viewpoint of the overall system, this 
paper presents a MOLC model, which aims to 
improve the security margin and to alleviate cost of 
load curtailment simultaneous during contingency 
states. A security margin index namely voltage 
instability indicator is presented to measure the 
security degree and it is set as one of optimization 
objectives in the proposed mathematic model of 
MOLC. A fitting coefficient is presented to combine 
the two conflicting objectives into one equivalent 
objective. An effective primal dual interior point 
method (PDIPM) is adopted to solve the proposed 
MOLC model.  

This paper is organized as fellows: In Section 2, 
the voltage instability indicator is proposed to 
describe the security margin. In Section 3, the 
MOLC model is presented. In Section 4, the PDIPM 
and its application in the MOLC are presented. In 
Section 5, case studies carried out on both a 
modified IEEE-30 bus system and an IEEE-118 bus 
system. Finally, the conclusions drawn from the 
study is provided in Section 6. 
 
 
2 Security Margin Index 
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In this section, to analyze the voltage security of 
system, a voltage instability indicator is presented to 
describe the voltage security degree. 

Voltage instability indicator at any bus i , based 
on the maximum power transfer theorem can be 
defined as [9, 10]: 

Bus Bus

Load 2 cosφ
= =ii ii

i Li
i Li i

Z ZVSI P
Z V

                       (1) 

2 2 2
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= = =Li Li Li

i i
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Lower the instability indicator more is the 
security margin. Therefore, maximizing the security 
margin would entail minimizing the (maximum) 
instability index. As VSI tends to unity, the system 
tends to reach its load ability limit.  

The base case load at bus i  is as follow: 
= +Li Li LiS P jQ                               (3) 

The post-dispatch load at bus i is as follows: 
' ( ) ( )= + Δ = − + −Li Li Li Li ci Li ciS S S P P j Q Q       (4) 

ciQ  is computed from ciP  and φi  (in this paper, 
φi  is assumed as a constant). 

Therefore, the load impedance at bus i  after 
dispatching an additional load Δ LiS  is defined as:  

' 2 ' 2 ' 2
'Load

' '

cos cosφ φ
= = =

−
Li Li i Li i

i
Li Li Li ci

V V VZ
S P P P

            (5) 

Here, ' 0= + ΔLi Li LiV V V , 0
LiV  and '

LiV are the pre-
dispatch voltage and post-dispatch voltages of bus i , 
respectively. Therefore, the post-dispatch instability 
indicator is defined as: 

Bus Bus
' '

'Load '2 ( )
cosφ

= = = −ii ii
i Li i Li ci

i Li i

Z ZVSI P b P P
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Bus
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Due to the dependence of the state variables V  
on the variables Pc , it is envisaged that an iterative 
solution would be necessary. In enq.6, the bus 
voltage would be calculated and updated for the 
particular decrease in the load. So although LiV  is a 
variable quantity (a function of the decision 
variable), it would be constant (while optimizing) 
for a particular value of load during a particular 
iteration in the iterative process. So ib  is a constant. 

Denoting max{ ( )}λ = ⋅iVSI , ∈i NC , λ  represents 
the security margin of the system. In this paper, λ  
also be formulated as follow: 

max{ ( )}Pλ = i cVSI , ∈i NC                 (8) 
The security margin index λ  can quantitatively 

describe the level of system voltage security in a 

synthetic way. In this paper, it will be taken as a key 
objective in the MOLC model. 
 
 
3 Mathematic Model of MOLC 

Using the security margin index and cost 
function of load curtailment, a MOLC model is 
designed to implement the load curtailment in 
system operation. The specified MOLC mathematic 
model based on the AC power flow is presented in 
this section. 

In this paper, the primary aim of load 
curtailment would be safeguard the system security. 
At same time, it would be beneficial to minimize the 
“cost” incurred in the curtailment. Two objectives 
are included in MOLC problem, which are security 
margin and cost incurred for load curtailment. 
Maximizing the security margin 1( )f S and 
minimizing the cost incurred for load curtailment 

2 ( )f S , simultaneously, could be two conflicting 
objectives. 1( )f S  and 2 ( )f S  are described below 
for a given scenario S . 

Minimization of security margin index λ , which 
represents the security margin of the system from 
the point of view of voltage stability.  

1( ) λ=f S                                    (9) 
Minimization of the cost incurred for load 

curtailment. 
2 ( )

∈

= ∑ i ci
i NC

f S k P                        (10) 

To combine the two objectives, it has defined a 
multi-objective function f . 

1 1 2 2ω ω= +f f f                         (11) 
The constraints of OLC problem include 

equality and inequality constraints. 
Subject to equality constraints ( )g ⋅ : 
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min max

min max
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T T T T T T[ ]x P P Q V= C G G θ  is the vector of decision 
variables including the vector of state variables (V  
and Tθ ) and vector of control variables ( TPG , TQG  
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and TPC ). The model of MOLC problem (9)-(13) 
can be formulated as follows: 

min max

min ( )
s.t. ( ) 0

( )

x
g x
h h x h

⎧
⎪ =⎨
⎪ ≤ ≤⎩

f
                               (14) 

In the multi-objective function f, two terms are 
presented, with their influence on the final solution 
being determined by the value of the weighting 
factors 1ω  and 2ω . The first certain guarantees the 
security margin, whereas the second term presents 
the cost of load curtailment. Observe that 1 0ω > , 
since for 2 0ω =  there would be no representation of 
the market in the proposed MOLC formulation, 
rendering it useless. Notice that the two terms of the 
objective function are expressed in different units, 
since the cost of load curtailment affect the chosen 
values of 1ω  and 2ω  (typically, 1 2ω ω<< ). However, 
it is possible to assume that 1ω ω=  and 2 1ω ω= − , 
with proper scaled valued of ω  for each system 
under study ( 0 1ω< < ), as this simplifies the 
optimization problem without losing generality. 
 
 
4 The PDIPM Algorithm 

In eqn.14, the MOLC model involves nonlinear 
objectives and constraint functions so it can be 
regarded as a nonlinear optimization problem. Many 
proposed optimization methods can be used to solve 
this nonlinear optimization problem. Among the 
many variants of optimization methods, IPM has 
become an efficient solution algorithm due to its 
theoretical complexity properties and computational 
efficiency [11-16]. In this section, a PDIPM is 
presented in detail.  
 
 
4.1 The PDIPM 

The MOLC problem can be solved by an IPM 
based on a logarithmic barrier primal-dual algorithm 
defined in [5] and [6]. In this method, are first 
assumed to be continuous. Besides the slack 
variables, the Largrane multipliers are introduce  

First of all, by introducing slack variable vectors 
( , )y z ∈ mR  eqn.14 is transformed to eqn.15. 

min

max

min ( )
s.t. ( ) 0

( ) 0
( ) 0

0, 0

x
g x
h x y h
h x z h
y z

⎧
⎪ =⎪⎪ − − =⎨
⎪ + − =⎪

≥ ≥⎪⎩

f

                     (15) 

The slack variables vectors y and z are 
transformed to logarithmic barrier functions and are 
incorporated into the objective function of eqn.15. 
So enq.15 is transformed to eqn.16. 

1

min

max

min ( ) (ln ln )

s.t. ( ) 0
( ) 0
( ) 0

0 0

x

g x
h x y h
h x z h
y z

μ
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⎧
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⎪
=⎪

⎨ − − =⎪
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⎪
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∑
m

k
i i

i
f y z

         (16) 

In eqn.16, kμ  is represented barrier factor and k  
is represented  thk  iteration. Eqn.16 is formulated 
as an optimal problem with equality constraints that 
can be transformed to a Lagrangian function showed 
as eqn.17. 

T

1

T min T max

( ) ( ) (ln ln ) ( )

( ( ) ) ( ( ) )

w x g x

h x y h h x z h

μ μ
=

= − + −

− − − + + −

∑
m

k
i i

i
L f y z λ

γ π
  (17) 

Where { , , , , , }w x y z= λ γ π ; variable vector x , y  
and z are defined as dual variable; variable 
vector λ , γ and π are defined as primal variable. 
Where x∈ nR , ∈ nRλ , y∈ mR , z∈ mR , ∈ mRγ , 
∈ mRπ . 
According to KKT condition, when the gradient 

of Lagrangian function equals to zero it can reach its 
local minimum. That is shown as eqn.18. 

[ ]
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k
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L
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λ γ π
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Where Y ×∈ m mR  and Z ×∈ m mR  are all diagonal 
matrix, 0≥γ and 0≥π  can ensure dual feasible, 

0y ≥  and 0z ≥  can ensure primal feasible. 
The procedure of the interior point algorithm is an 

iterative process. From a given initial factor 0μ and 
initial point 0w , we can solve the non-linear 
formulation eqn.19 and get step on the corrective 
direction. After revised vector w , we decreased 
barrier factor μ k . In each iterative, we can get 
corrective vectors in the corrective direction. 
When μ k is closed to zero the function has reached 
its optimal and feasible value. 
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4.2 Solution procedure 
The proposed IP method may be summarized as 

follow: 
Step.1: initialization: set 0μ and 0w , 0w must 

satisfy the positive condition. 
Step.2: on the current point, solve eqn.11 and get 

a corrective direction. In this paper we use Newton-
R method to built corrective equations. That is 
shown in eqn.19, eqn.20 and eqn.21.  

Where 
1 2( , , , )γ γ γ= L mdiagΓ  

1 2( , , , )π π π= L mdiagΠ  
(1,1, ,1)I = Ldiag . 

In this step, we should notice that eqn.19 has 
already omitted the superscript of iterative counter. 
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Step.3: on the corrective direction, we revise 
vector of dual variables and vector of primal 
variables. That is shown as eqn.22 and eqn.23. 

Where β is a scalar quantity [0, 1]β ∈ , in this 
paper, to ensure the positive condition we set 

0.9995β = ; α k
p and α k

d are represented step of dual 
variable and primal variable respectively, they can 
be calculated by eqn.24 and eqn.25. δ  is 
represented a given permit error. 

( 1) ( )x x x
y y y
z z z
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 min 1, min , min
γ δ π δ

γ π
α
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Step.4: check convergence criteria: The 
convergence criteria are shown as eqn.26.  

0
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1
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( )

( ) ( )
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g x
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x x
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μ ε
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ε
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⎧ ≤
⎪ ≤⎪
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⎪ −
⎪ ≤
⎪⎩

k

k k

k

f f

f

                   (26) 

On the current point, if the results satisfy the 
convergence criteria, we will end the iterative 
process and print out the optimal solution. 
Otherwise we continue to Step.5. 

Step.5: according to eqn.27, we revise the barrier 
factor and return to Step.2:  

T T
1 ( ) ( )

2
y zμ τ+ +

=
k k k k

k k

m
γ π               (27) 

Where 0 1.0τ< <k , { }1max 0.99 ,0.1τ τ −=k k , 
0 0.2~0.3τ =   and m  is the dimension of vector y  or 

z . 
 
 
5 Case studies 

In this section the proposed MOLC model and 
primal dual IPM are applied to a modified IEEE-30 
bus system and an IEEE-118 bus system. The 
results of load curtailment program are discussed to 
observe the effect of the proposed MOLC model. 

The data (assumed) for the NC bus set and the 
generation available after the contingency (loss of 
generation) for each of the test systems are given. 
The curtailable portion is taken in proportion to the 
original load on the bus i  ( ∈i NC ). Cost factors of 
load curtailment are assumed to be monetary unit 
per MW, respectively, for each bus i  ( ∈i NC ). 

For case studies, the MOLC program and PDIPM 
program in FORTRAN were employed to analyze 
test cases. 
 
 
5.1 The modified IEEE-30 bus system 

Fig.1 depicts the IEEE-30 bus system, which is 
extracted from [17], representing 6 generations and 
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41 transmission lines. Generation data and load 
curtailable proportion data are given in Table.6 and 
Table.1, respectively. The contingency scenario is 
assumed as loss of generation 3. In this scenario the 
system is faced with power lines overloaded and 
power generation inadequacy. 

Results for the normal load curtailment program 
(without the consideration of security margin) are 
reported in Table.2; the normal load curtailment 
program value in this table was computed offline 
using the load and generation data. Table.3, on the 
other hand, shows the solution obtained for the 
proposed MOLC for 310ω −= , since the voltage 
security margin index of the system is not being 
really “optimized”, with mostly the cost of load 
curtailment being considered in the objective 
function. For both solutions, generator voltages are 
at their maximum limits, as expected, since this 
condition generally provides lower cost of load 
curtailments.  
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Fig.1. The modified IEEE-30 bus system 

 
Table 1 The data assumed for NC bus set of the 

modified IEEE 30 bus system 
NC Bus No. Bus-02Bus-05 Bus-07Bus-21

(MW)LiP  21.7 94.2 22.8 17.5
max (MW)ciP  10 30 15 10 
(M$/MW)cik  0.2 0.25 0.3 0.35

 
Table 2 Result of load curtailment of the modified 

IEEE 30 bus system after contingency 
NC bus  no. Bus-02Bus-05 Bus-07Bus-21

normal 9.5 27.0 9.8 3.9  (MW)ciP  ω=10-3 9.4 26.9 9.5 4.4 

However, in comparison with the normal load 
curtailment program, the solution of the proposed 
method provides better tradeoff between the voltage 
security margin and cost of load curtailment, which 
demonstrates that the MOLC results provide a better 
security level to the system operator, even though 
the costs of load curtailment are higher.  

Fig.2 shows the effect of the weighting factor ω  
in the total cost level of load curtailment and the 
minimum voltage security margin. Observe that, as 
expected, the more the weight, the higher security 
level, but, at the same time, the higher cost of load 
curtailment. This is due to the two conflicting 
objective functions, as ω  increases, congestion is 
minimized (security margin is maximized) by both 
the reducing 1f  and increasing 2f . Fig.2 depicts the 
load curtailment of each bus i ( ∈i NC ) as ω  varies, 
illustrating the transition from a market problem to a 
security problem. Observe how the cost of load 
curtailment increases as the security level increase, 
since the solution makes a tradeoff between the cost 
and the security.  
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Fig.2 The security margin and cost of load 

curtailment for the modified IEEE-30 bus system 
 

Furthermore, even though the cost of load 
curtailment is increase, the security margin level 
may slightly increase, accordingly to the power 
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dispatch which better matches the obtained security 
margin. Fig.2 depicts the security margin level as a 
function of load curtailment with respect to the 
value of the weighting factor ω , illustrating that the 
relationship between system security margin level 
and load curtailment level is not obviously and very 
much depends on the load curtailment level; in other 
words, as ω  increase (i.e., when system security 
becomes more significant in the optimization 
problem), the cost of load curtailment does not show 
any obvious relationship with respect to the security 
margin level.  

Fig.3 shows the effect of the weighting factor ω  
in the load curtailment of each bus i ( ∈i NC ). 
Observe that, as expected, he more the weight, the 
higher security level. But the load curtailment level 
of each bus i ( ∈i NC ) is not obviously and very 
much depends on the weighting factor ω . 
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Fig.3 Load curtailment of each bus i ( ∈i NC ) of the 

modified IEEE-30 bus system 
 
 
5.2 The IEEE-118 bus system 

The IEEE-118 bus system can be found in [18]. It 
has 54 generators and 186 lines. The contingency 
scenario is assumed as loss of generation 5. In this 
scenario the system is faced with power lines 
overloaded and power generation inadequacy. 

Results for the normal load curtailment program 
(without the consideration of security margin) are 
reported in Table.3; the normal load curtailment 
program value in this table was computed offline 
using the load and generation data. Table.4, on the 
other hand, shows the solution obtained for the 
proposed MOLC for 310ω −= , since the voltage 
security margin index of the system is not being 
really “optimized”, with mostly the cost of load 
curtailment being considered in the objective 
function. For both solutions, generator voltages are 
at their maximum limits, as expected, since this 
condition generally provides lower cost.  

Table 3 The data assumed for NC bus set of the 
modified IEEE-118 bus system 

NC Bus No. Bus-15 Bus-59 Bus-80 Bus-90
(MW)LiP  90 277 130 163 

max (MW)ciP  60 200 80 120 
(M$/MW)cik  0.2 0.25 0.3 0.35

 
Table 4 Result of load curtailment of the modified 

IEEE-118 bus system after contingency 
NC bus  no. Bus-15 Bus-59 Bus-80 Bus-90

normal 41.6 166.6 75.8 91.4(MW)ciP ω=10-3 41.2 164.6 76.1 91.5
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curtailment for the modified IEEE-118 bus system 
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IEEE-118 bus system 
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Fig.4 shows the effect of the weighting factor ω  
in the total cost level of load curtailment level and 
the minimum voltage security margin. Observe that, 
as expected, showing a similar behavior as in the 
case of the modified IEEE-30 bus system.  

 

Fig.5 shows the effect of the weighting factor ω  
in the load curtailment of each bus i ( ∈i NC ). 
Observe that, the load curtailment level of each bus 
i ( ∈i NC ) is not obviously and very much depends 
on the weighting factor ω . 
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6 Conclusion 
The phenomenon of congestion is such that it 

can adversely affect the physical transmission 
network and the related economic to a significant 
extent. In this paper a multi-objective load 
curtailment (MOLC) approach under deregulated 
environment is presented to deal with this problem 
and tested on two systems. The result obtained with 
the proposed technique, shows that proper 
representation of system security and overall cost of 
load curtailment. 

The results give the tradeoff between the 
security margin and the cost, which can help the 
system operator to take the appropriate decision 
regarding load curtailment. The tradeoff gives the 
range of secure operation of the system and the 
corresponding cost involved at different operating 
points. Therefore, depending upon the base case 
state of the system, the system operator can curtail 

loads in order to maximize the overall benefit (in 
terms of security margin and the cost incurred). 
Therefore, this methodology provides a way to 
mitigate congestion. 
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Table 5 Bus data for a modified IEEE-30 bus 
system 

Bus 
 no. 

PL 
[MW] 

QL 
[Mvar]

PG 
[MW] 

QG 
[Mvar]

01 
(slack) 0.0 0.0 110 ±70 

02 21.7 12.7 50 ±40 
03 2.4 1.2 -- -- 
04 7.6 1.6 -- -- 
05 94.2 19.0 30 ±20 
06 0.0 0.0 -- -- 
07 22.8 10.9 -- -- 
08 30.0 30.3 30 ±20 
09 0.0 0.0 -- -- 
10 5.8 2.0 -- -- 
11 0.0 24.0 30 ±20 
12 11.2 7.5 -- -- 
13 0.0 24.0 50 ±40 
14 6.2 1.6 -- -- 
15 8.2 2.5 -- -- 
16 3.5 1.8 -- -- 
17 9.0 5.8 -- -- 
18 3.2 0.9 -- -- 
19 9.5 3.4 -- -- 
20 2.2 0.7 -- -- 
21 17.5 11.2 -- -- 
22 0.0 0.0 -- -- 
23 3.2 1.6 -- -- 
24 8.7 6.7 -- -- 
25 0.0 0.0 -- -- 
26 3.5 2.3 -- -- 
27 0.0 0.0 -- -- 
28 0.0 0.0 -- -- 
29 2.4 0.9 -- -- 
30 10.6 1.9 -- -- 

 
Table 6 Line data for a modified IEEE-30 bus 

system 

Line 
i-j 

Rij 
[p.u.] 

Xij 
[p.u.] 

Bi/2 
[p.u.] 

Tmax 
[MVA]

01-02 0.0192 0.0575 0.0264 100 
01-03 0.0452 0.1852 0.0204 45 
02-04 0.0570 0.1737 0.0184 40 
03-04 0.0132 0.0379 0.0042 40 
02-05 0.0472 0.1983 0.0209 80 
02-06 0.0581 0.1763 0.0187 50 
04-06 0.0119 0.0414 0.0045 40 
05-07 0.0460 0.1160 0.0102 40 
06-07 0.0267 0.0820 0.0085 40 
06-08 0.0120 0.0420 0.0045 40 
09-11 0.0000 0.2080 0.0000 50 

09-10 0.0000 0.1100 0.0000 40 
12-13 0.0000 0.1400 0.0000 60 
12-14 0.1231 0.2559 0.0000 40 
12-15 0.0662 0.1304 0.0000 30 
12-16 0.0945 0.1987 0.0000 30 
14-15 0.2210 0.1997 0.0000 30 
16-17 0.0524 0.1923 0.0000 30 
15-18 0.1073 0.2185 0.0000 30 
18-19 0.0639 0.1292 0.0000 30 
19-20 0.0340 0.0680 0.0000 30 
10-20 0.0936 0.2090 0.0000 30 
10-17 0.0324 0.0845 0.0000 30 
10-21 0.0348 0.0749 0.0000 30 
10-22 0.0727 0.1499 0.0000 30 
21-22 0.0116 0.0236 0.0000 30 
15-23 0.1000 0.2020 0.0000 30 
22-24 0.1150 0.1790 0.0000 30 
23-24 0.1320 0.2700 0.0000 30 
24-25 0.1885 0.3292 0.0000 30 
25-26 0.2544 0.3800 0.0000 30 
25-27 0.1093 0.2087 0.0000 30 
27-29 0.2198 0.4153 0.0000 30 
27-30 0.3202 0.6027 0.0000 30 
29-30 0.2399 0.4533 0.0000 30 
08-28 0.0636 0.2000 0.0214 30 
06-28 0.0169 0.0599 0.0065 30 
09-06 0.0000 0.2080 0.0000 30 
10-06 0.0000 0.5560 0.0000 30 
12-04 0.0000 0.2560 0.0000 30 
27-28 0.0000 0.3960 0.0000 30 

 
 
Appendix B: List of Symbols 

Table 7 List of symbols 
N : Bus set of all bus 
NG : Bus set of generations 
NC : Bus set of load curtailments 
L : Set of transmission lines 

( )f ⋅ : Vector of objective functions 
( )g ⋅ : Vector of power flow equations 
( )h ⋅ : Vector of in-equations 
minh : Lower limitation of inequality constraints
maxh : Upper limitation of inequality constraints

x : Vector of decision variables 
V : Vector of bus voltages 
θ : Vector of bus phase angles 

cP : Vector of real load curtailments 
λ : Security margin of the system 

ik : Cost factor of load curtailment at bus i  
ciP : Real load curtailment of bus i  
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ciQ : Reactive load curtailment of bus i  
( )iP ⋅ : Real power injection at bus i  
( )iQ ⋅ : Reactive power injection at bus i  

LiP : Real power at load bus i  
LiQ : Reactive power at load bus i  

GiP : Real power generation at bus i  
min

GiP : Minimum real power generation at 
generation bus i  

max
GiP : Maximum real power generation at 

generation bus i  
GiQ : Reactive power generation at bus i  
min
GiQ : Minimum reactive power generation at 

generation bus i  
max
GiQ : Maximum reactive power generation at 

generation bus i  
( )lT ⋅ : Power flow of line l  
max

lT : Power flow limitation of line l  

iV : Voltage magnitude at bus i  
min

iV : Voltage lower limit constraint at bus i  
max

iV : Voltage upper limit constraint at bus i  

iφ : Power factor angle of load bus i  
Load
iZ : Load impedance of bus i  
Bus
iiZ : Self-impedance of bus i  
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