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Abstract: - Interpolation for sampled-values with non-uniform sampling points is required for various cases of
signal processing. In such a case, sampling functions are useful to interpolate sampled-values and then to generate
signals as a linear combination of the sampling basis weighted by a sequence of the sampled-values. This paper
proposes sampling functions for non-uniform sampling points, each of which is composed with piecewise
polynomials of degree 2. We name the sampling functions the fluency DA functions of degree 2. The fluency DA
functions generate smooth and undulate signals from a sequence of sampled-values.
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L,, where L, is the space spanned by square
integrable functions.
Shannon’s uniform sampling theorem which
guarantees isomorphism between band-limited
analog signal space and digital signal one of a

1 Introduction

Multimedia, such as audio, still images and video,
which exists in the real world is generally treated as
analog signals. In order to treat the analog signals in
the computer world, they must be converted into '
digital signals. The digital signals are converted into sequence of sampled-values is well-known[1],[2]
analog signals and then original multimedia is and is also considered in the analytic function space

reproduced. S

Therefore, both of analog-to-digital(A/D)
converter and digital-to-analog(D/A) one play
important role in signal processing.

In the conventional signal analysis and processing,
Information Communication and
Technologies(ICT) such as A/D and D/A
technologies have been designed in the analytic
function space S as subspace of typical Hilbert space
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One of authors proposed and established Fluency
Information Theory [3],[4],[5] that generalizes
Shannon’s sampling theorem. The Fluency
Information Theory —based signal analysis and
processing are considered in the dual space for the
function space spanned by piecewise polynomials
This paper proposes sampling functions for
non-uniform sampling points, each of which is
composed with piecewise polynomials of degree 2.
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We name the sampling functions the fluency DA
functions of degree 2. The fluency DA functions are
designed based on geometric criterion of curve. The
fluency DA functions generate smooth and undulate
signals from a sequence of sampled-values.

2 Preliminaries

2.1 Signal Space D, composed of Piecewise
Polynomials of Degree (m-1)

In the conventional signal analysis and processing,
Information Communication and
Technologies(ICT) such as A/D and D/A
technologies have been designed in the analytic
functions space S as subspace of typical Hilbert
space L,, where L, is the signal space spanned by
square integrable functions.

Dirac’s delta functions have been often used in
making discussion on isomorphism property
between analog signals and digital ones. Moreover,
sin and cos functions have been also used in
DCT-based multimedia coding like as JPEG and
MPEG. However, these functions for signal analysis
and processing do not belong to L.

So, in treating these kinds of functions, it is
necessary to expand the conventional signal space
L,.

If X is a function space we can define its dual
space X' to be the set of continuous linear functions
T from X to Ror C, where R and C are the sets
of real and complex numbers, respectively. Such
mappings themselves form a normed linear space
using the operator norm

]

X

If XY, then Y'c X', since there are fewer
continuous functions on a larger function space.
Therefore, a highly restricted Schwartz function
space S, which is the set of rapidly decreasing
functions, i.e., the functions x = X(t) satisfying the

following two conditions for each k,n e {0,1,2,...}:

[T]}= sup

xe X, x=0

<1> X e C*(~m,)

ISSN: 1109-2734

126

Kazuki Katagishi, Kenichi Ikeda, Mitsuteru Nakamura,
Kazuo Toraichi, Yasuhiro Ohmiya, Hitomi Murakami

dn

limit* —
dt

M—)oo

<2>

x(t)| =0,

has a very large dual space. The dual space S' for the
Schwartz function space S is larger than L, .

However, the dual space S' is too tempered.
We introduce appropriate signal space D,, for the

signal analysis, which is composed of piecewise
polynomials of degree (m-1) with only (m-2) times
continuous differentiability in this paper, where
me {1,2,3,...}. In case of m=1, the signal pace D, is
a function space spanned by discontinuous functions.
In case of m=2, the signal pace D, is a function space

spanned by continuous functions which are not
differentiable.

It had been shown [5] that the signal space D,

identical with a band-limited function space, which is
treated in the Shannon’s uniform sampling theorem,
when the parameter m tends to infinity. Based on this
fact, it became possible to deal with piecewise
polynomial function spaces and band-limited function
ones as a unified series of signal spaces of which
characteristics vary with the parameter of degree of
the polynomials. This series is fluent in the sense that
we can choose a signal space out of the series which
matches with each purpose of signal analysis and
processing. So it was named as “fluency”. The signal

spaces D;, D, and D_ are identical with the sets of

staircase, polygonal and band-limited functions,
respectively.
The Fluency information theory-based signal

analysis and processing are considered in the dual
space D, for the signal space D, .
The dual space Dr'n contains arbitrary derivatives of

certain discontinuous functions. Figure 1 shows
signal space and its dual space.
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Signal space
(M=1,2,..., )

dual space for each signal space

Fig.1 Signal space and its dual space

The signal space D, and its dual space D, are

appropriate function spaces for signal analysis and
processing.

Let {tk}f:_w be sampling points, then the

sampling basis in the signal space Dr'n is defined by

the functions {[DA"]“wk }:;w satisfying

ueD' ,u(t)= Z::_wu(tk) : [DAn]]l//k )
1)

Equation (1) gives a representation formula as a

linear combination of the sampling basis in D,

weighted by a sequence of sampled-values

ut)} . We named each function of the
k

sampling basis {[DA?V/k} the Fluency DA

function. In case that the interval between adjacent
sampling points is constant, that is, t, —t,_, =h(h

>0), sampling functions in D, are called by

uniform Fluency DA functions of degree (m-1). In
case that the interval is not constant, then those are
called by non-uniform Fluency DA functions of
degree (m-1) in this paper.

=—00

2.2 Compactly Supported Uniform Fluency
DA functions of Degree 2

We proposed and developed an impulse response that

is suitable for DVD-Audio with a maximum sampling
rate of 192KHz . It had been designed in the dual
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space D," for the signal space D, . The impulse

response is composed of the compactly supported
uniform Fluency DA functions of degree 2 [6].
Practically, DVD-Audio players equipped with the
Digital-to-Analog converters designed by the uniform
Fluency DA functions of degree 2 have been
commercialized. The 53 awards have been received.
There have been many ICT applications [7], [8], [9].

[10] designed in the signal space D,".
The quadratic uniform Fluency DA function
[DA]31//0 (t) as a sampling function in the signal space

D," was designed as is satisfied the following 4

conditions <1>,<2>,<3> and <4>.
<1> It is represented by the linear combination of
quadratic B-spline functions.
<2> It is only one time continuously differentiable
at (—o0,0).
<3> It converges to 0 at the left and right second
sampling points from the origin, that is, at

t ,(=-2h) and t,(=2h).

<4> |t takes the value of 1 at the origint=0. It
takes the value of 0 at sampling
pointst =+h,+2h .

Let ¢(t) denotes the quadratic B-spline function
defined as follows [11],[12]:

)

The quadratic B-spline function is expressed by
piecewise polynomials of degree 2. Then, the
compactly supported uniform fluency DA function of

degree 2,1/, (t) is represented in the form of linear

combination of the function systems {p(t—Lh)};
as follows:

oi¥a(®) =~ —30) + 200~ S gt + 1)
©)

The DA function 5,51, (t) was derived as
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[DA]3'//o(t)=

—t?/(4h?)-t/h-1, —2h<t<-3h/2,
3t /(4h*)+2t/h+5/4, —3h/2<t<-h,
5t2 /(4h®)+3t/h+7/4, —h<t<-h/2,
—~7t? /(4h*)+1, —h/2<t <0,
—T7t?/(4h?) +1, 0<t<h/2,

5t2 /(4h®)—=3t/h+7/4, h/2<t<h,
3t% /(4h?)-2t/h+5/4, h<t<3h/2,
—t?/(4h?) +t/h -1, 3h/2<t < 2h,

0, otherwise.

(4)
Figure 1 shows the quadratic uniform Fluency DA

function 0w, (t) .

1

DA]39 ot

0

-3h -2h -h 0 h 2h 3h

Fig. 1 Quadratic uniform Fluency DA function

It is noted that the quadratic uniform Fluency DA
function .y, (t) is only one time continuously

differentiable at t =+1h,+h,+3h,+2h, which are
connecting points of each piecewise polynomial .
The sampling basis {[DA]‘"*(//,( }:l_w in the signal

space D,'are derived as follows.

[DA]3WI< (t)= [DA]3‘//o (t—kh). @k=@+1,....

Thus the any signal uin D," is represented by

ueD',,u(t) = z:}wu(tk). [DA]3Wk (t)
- Z:(o:—oc u(kh)- [DA]3W0 (t—kh).

ISSN: 1109-2734

Kazuki Katagishi, Kenichi Ikeda, Mitsuteru Nakamura,
Kazuo Toraichi, Yasuhiro Ohmiya, Hitomi Murakami

3 Criterion for Designing Compactly
Supported Non-Uniform Fluency DA
Function Composed of Quadratic
Piecewise Polynomials

3.1 Formulation of Compactly Supported
Non-Uniform Fluency DA Function of
Degree 2

The non-uniform Fluency DA function of degree 2 is
designed by expanding the compactly supported
uniform Fluency DA functions of degree 2.

As is understood from Eq.(4), the uniform

Fluency DA function of degree 2, that is, (11, (t) .
can be generally considered to be composed of 8
piecewise polynomials in [-2h, 2h]. We formulate a
compactly supported non-uniform Fluency DA
function of degree 2 by s(t) in this paper.
The function s(t) is designed as is satisfied the
following 4 conditions <1’>,<2’>,<3’> and <4’>,
<1’> It is represented by the linear combination of
quadratic piecewise polynomials.
<2’> It is only one time continuously differentiable
at (—o0,0).
<3’> It converges to O at the left and right second
sampling points from the origin, that is, at t

and t,.

<4’> |t takes the value of 1 at the origin t=t, =0.

It takes the value of 0 at sampling
pointst=t ,,t ,t,t,.

Taking account of the above conditions <1’> and

<3’>, the function s(t) can be formulated as
follows.
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s(t) =

at’ +bt+cAs (t), t,<t<(t,+t,)/2
at’ +b,t+C,As, (1), (t,+t )/2<t<t,,
at? +ht+cyAs, (1), t, <t<(t,+1t))/2,
at’ +bt+c,As, (1), (t,+t)/2<t<t,,
agt’ + bt +CAS (1), to St <(ty+t)/2,
agt’ + bt +c As (1), (t, +1,)/2<t<t,
a,t’ +bt+c As, (1), t, <t<(t +t,)/2,
agt? +bgt + CgAs (t), (t, +t,)/2<t<t,,

0, otherwise.

(5)
Figure 2 shows general waveform of the function s(t).

[

[

Fig.2 Quadratic Non-uniform Fluency DA Function

Taking account of the above condition <4’>, the
following relations are obtained.

51(t-2) =0 (6)
S (t—l) =S (t—l) =0 (7
Sy (to) =Ss (to) =1 8)
Se (tl) =S (tl) =0 ©)

sg(t,) =0. (10)

Taking account of the above condition <2’>, the
following relations are obtained.

s (t5s)=5, (20 Jadt, (11)

S (le+ o ) =3, (%)éd ) (12)

55222 )= 5, (222 Jad, (13)

s, (1) = 5, (5% ad.. 14)
ISSN: 1109-2734
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s, (t,)=0 (15)
SH (Lz;t’l ): s (%) (16)
s (ty) =s%(t) (1
S's (Ll; . ): S's (%) (18)
§' (t) =s's (t) (19)
s ()= 57 () (20)
§'s () =5 (t,) (21)
5y (152) =50 (452) (22)
s, (t,) =0. (23)
Moreover, from Eqgs.(6)-(23), the following

simultaneous equations EQq.(24) concerning to 24
unknown parameters {ak }8 {bk }izl and {ck }izl are

k=1
derived.

at’, +bt,+c, =0
a(t,+t,)>+2b(t,+t,)+4c =4d,
a,(t,+t ) +2b,(t,+t,)+4c, =4d
at’ +ht, +c,=0

at’ +bt, +c,=0

a,(t, +1,)° +2b,(t, +t,)+4c, =4d
a,(t, +1,)* +2b,(t, +t,)+4c, =4d,
ati +bt, +c, =1

at; +bt, +c, =1

ag (ty +1,)% + 20 (t, +1,) + 4c, = 4d,
a, (t, +t,)% +2b, (t, +t,) +4c, = 4d,
agty +bgt, +c, =0

at’+bt +c,=0

a, (t, +t,)> +2b, (t, +t,) +4c, = 4d,
ag(t, +1,)° +2b, (t, +t,) + 4c, = 4d,
at: +ht, +¢,=0

2at,+b =0

a(t,+t,)+b =a,(t,+t,)+b,
2a,t ,+b, =2a;t , +b,

a,(t, +t,) +by =a,(t, +t,)+b,
2a,t, +b, = 2a.t, +b,

Issue 1, Volume 8, January 2009
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as(t, +t)+b, =a,(t, +t,)+Db, (45)
2at, +bs =2a,t +b, (46)
a7(t1+tz)+b7:ag(t1+t2)+b8 (47)
2at, +b, =0 (48)

The 24 unknown parameters {a, }k oy {b, }i=1 and

{ck}k=1 are obtained by solving the above

simultaneous equations.
From Eqgs.(24),(25) and (40), &, b,and c, are
obtained as follows:

4d_,
q =
_ Btod,
b1 - (1,1—t,2)2 ] (49)
_4t%d,
1 (ty-t,)?"

From Eqs.(26),(27),(41) and (40), a,, b,and c,
are obtained as follows:

_ -l2d,
27 (-t )7
_8(t,+2t4)d,
b, == (50)
A2ty Hty)d
2 (ty-t,)?

From Egs.(28),(29),(42) and (50), a,, byand c,
are obtained as follows:

__ 4 d, 4d_, )
a T ty-ty (lo—t,l + ty-t, /!

b _ _-8 It 1d71+d72(3t71+t0)}’

to—ty (-t t,-t,
_ Ay Itfldfl 2d_, (t—lthO)}
C; = to—ty (-t + ta-t, J
(51)

From Eqgs.(30),(31),(43) and (51), a,, b,and c,
are obtained as follows:
1-3d,  4d_
a, = toft,l (to—t,1 - t,l—t: )'
__ 4 (ta+tg)—2d 4 (t4+2t) | 2d,(t,4+3ty)
b, = — + ,

to—t to—t t-t,

1 !(LIHO)Z Atd 4 (2t +ty)  8d_pty (Ll*to)}
to—ty (ot th—ty ty-t,

(52)

C, =
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From Egs.(32),(33),(45) and (54), &, b.and ¢,
are obtained as follows:

—_4 (kBd;  4dy
as to( i t241)’

4 (tg+)-2ch (4+2y) | 205(4+30)
= &
c, =L (o)’ _ 4toth(2itty) _ 8io(ti+t)

4T | b it bty "

From Eqgs.(34),(35),(46) and (55), a,, byand ¢,
are obtained as follows:

4 (d | ad, )
&= ti-t, (tl N +t2—tl d
_ -8 ldt d2(3t1+to)}
bG Tt {trto + t,-t, ) (54)

_a (9 4dz)
G b (t1t0+t2 -4

From Eqs.(36),(37),(47) and (56), a,, b,and c,
are obtained as follows:

_ -12d,
a; = (t,-1,)*
b _ 8(24+t,)d, 55
(t,-4)? ( )
4t (4 +2t)d,
¢ = (tr—)?

From Egs.(38),(39) and (48), a,, byand c, are
obtained as follows:

4d,

a8 - (t,—)*’
_ —8td,
b8 - (t,-1,)?’ (56)
_ _4t3d,
8~ (t,-t)*

As the results, it seems that 24 unknown
parameters {a, }k o {b, }izl and {c, }ﬁzl can be
obtaiend. However, 4 parameters d ,,d ,,d; and
d, defined by Egs. (11), (12), (13) and (14),

respectively can be arbitrarily set. It is noted that
Eq.(44) has not been used in the above processes.

This means that the 4 parameters d ,,d ,,d, and
d, are not independent. By substituting a,,as,b,
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and b, for Eq.(44), the following relation is
obtained.

2d_,
t,—t,

(57)

1-2d, _ 2d,
th-ty ~ th-ty

1-2d,
b1

We consider a criterion for deciding any three
parameters out of d_,,d ;,d, and d, in the next
section.

3.2 Criterion  for deciding  Compactly
Supported Non-Uniform Fluency DA
Function of Degree 2

We consider how is the compactly supported
non-uniform Fluency DA function of degree 2
S(t) obtained in the section 3.1, in case that the

sampling interval is constant, that is, h=1.
As is understood from Eq.(4), the quadratic
uniform Fluency DA function has the property of

& om0 (0) =0. So, in deciding the function s(t),
the property of s'(t,) =0 is also used. By applying
the property and t, =0 to Eq.(19), the following
relation

(58)

is obtained. Moreover, t ., —t, =1 for arbitrary

integer k holds good. From Egs.(52) and (53), the
following relations

N~

—d,

59
i, (59)

d.,
d,

are derived. Moreover, by using the property that the
quadratic uniform Fluency DA function are symmetry,

that is, put/o(—t) = paW,(t) . the relations
d,=d,and d,=d; hold good. When we put
d, =d;Ad, the following relation

N[~
|
o

(60)

is derived. As the results, the quadratic uniform
Fluency DA function s(t) is represented as follows:

ISSN: 1109-2734
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s,(t) =2(1-2d)(t+2)?, —-2<t<32,
s,(t) =2(2d -1)(3t* +8t+5), 2<t<-1,
5;(t) = 4{(2-3d)t* + (3-4d)t — (d -1},
QEQEQERERCACRAAEAA]1 <@< 5,
s,()=4(d -Dt*+1, 2L <t<0,
s;(1)=4(d -1t*+1, 0<t<?i,
se(t):4{(2—3d)t2—(3—4d)t—(d—1)},
QEQEREREREREACAEE< t @1,
s,(t)=2(2d -1)(3t* -8t +5), 1<t<3,
S(t)=2(1-2d)(t-2)*, 2<t<2,

0, otherwise.

(61)
[Proposition 1] Under the condition of
t. =k, (k=0,£1,%2,...), the quadratic non-uniform

Fluency DA function s(t) is identical with 5w, (t)

in the criterion of J‘_Oo {s'()}*dt — min.

(Proof) By substituting s(t) of Eq.(61) for the

relation J-_a;{s '(t)¥ dt, the following relation
[ oy
=[s de ] (s de ] s ) o
s O dt [ s OF dt [ {s, ) o
s o) de (s, )
=8d*-24d +10

=% (d-g) +%

3 16

(62)
is obtained. As the results, the parameter ‘d” which
minimizes Eq.(62) is obtained as d =% . When we
substitute d =2 for ‘d’” of Eq.(61), the uniform
Fluency DA function of degree 2 s(t) is identical
With (o1, (t) described in subsection 2.2.

(QED.)
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As is described in section 2.2, the compactly
supported uniform Fluency DA function of degree 2 is
useful for generating analog signals as continuous
signals from digital signals as discrete signals.

We use the criterion of Jm {s'(t)}dt — min. to

design the compactly supported non-uniform Fluency
DA function of degree 2 in this paper.

4  Design of Compactly Supported
Non-Uniform Fluency DA Function of
Degree 2 based on Geometric Criterion
of Waveform

In the previous section, the criterion for designing
non-uniform Fluency DA function of degree2 is
discussed. We use the criterion of

f {s'(t)}*dt — min.to decide any three parameters
outof d ,,d ,,d, and d,.

4.1 Non-Uniform Fluency DA Function of
Degree 2 with s'(t,) =0

The non-uniform Fluency DA function of degree 2 is
formulated by s(t) in section 3.1. The parameters
d ,,d ,,d and d,are not fixed. So, taking account of
the condition s'(t,) =0, the following relations are
obtained from Eq.(57).

d, =G -dy),
i (63)
d, = E, ttz1 3-d,).

The non-uniform Fluency DA function of degree
2 s(t) is reduced by substituting d , and d, of
Eq.(63) for Eqs.(49)-(56) as follows.

Sl(t):%(t tz) [t 2?1

8, (0) =gty G —ts —2,)-ty),

(tot)Ests)
[t,Z;rLl ,til]
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0= [ 42 +{2@, +)d
@, +t)x-2td, _tfl d,-D+tt]
L

-1ty 't ]

4(-1+d_4
(to—t_y

5,(1) = T2 (t=1)* +1 [
S (t) A(lt( 1t+d)12 (t t ) +1, [tOI fotty
Ss(t) :W[(_?’dl +2t° +{2(2, +1)d, -

(3t +t) -2t d, _t12 (d, -]+t ]

[e.4]
5, (t) = oy (Bt =t —2t,)(t—t,),

[t %3]
ss (1) = ooy (t—1,)7, [55% 1]
0, otherwise.

(64)

As is understood from Eq.(64), the 2 parameters
d,and d, are not fixed.

4.2 Non-Uniform Fluency DA Function of
Degree 2 with s'(t,) =0 and

[ {s'@®¥ dt > min.

The non-uniform Fluency DA function of degree 2 is
decided by using the criterion of

[ {s'@®¥ dt > min.

By substituting Eq.(64) for f {s'(t)}*dt , we get

[[sora=] s0O¥e
= e | At A -8 42
s | A~ (A, 18 -2
(65)

Based on the criterion of Jm {s'()}*dt — min. the

parameters d_,and d, are fixed as follows:

Issue 1, Volume 8, January 2009
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d . = At
47 Bty

66
d. = Hart-St (66)
17 8(t,t) °

Based on the geometric criterion of waveform, all of
the four parameters d_,,d ;,d, and d, are fixed

from EQs.(63) and (66), Therefore, the compactly
supported non-uniform Fluency DA functions of
degree 2 s(t) is derived as follows:

$,.(0) = sty (- ) " [t 5]

$,(0) =gy G-t —2,)E-ty),
[LZ;Ll ]
55(1) = st — At — D) — o (t+2t)
+t,(5t, —3t)}, [ t,]
5,(t) = s (t —t,)" +1 [ ]
5 (t) = H(t —t,)" +1 [ty ot

s.ﬁ(t)—z(t ~c (t t){tz 4t (t, —t) —t, (t + 2t,)
+1,(5t, — 3t)}, [, t]
$; () =25 @ —tL-2,)t-t),
[t 52
ss(1) = oy - 1)° [45= 6]

0, otherwise.
(67)

Figures 3 demonstrates the non-uniform Fluency
DA Function of degree 2s(t) for sampling points
—5,t,=-2,t,=0,t, =4
Since the non-uniform Fluency DA function of
degree 2 s(t) at t=t, is obtained in Eq.(67), the
interpolation of any signal u with non-uniform
_in Dy’

sampling points {t, } is also formulated.

k=—
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s(t

/ ST

[sa(t)
“3(')“3‘“

\\ss(r)

s2(t) sg(t)

-5 -2 0 4 6
t

Fig.3 An example of the non-uniform fluency DA
function s(t)

[Proposition 2] Let [pnSc(t) denotes the

non-uniform Fluency DA function of degree 2 at each
non-uniform sampling point t =t,,(k =0,%1,...) .

Then any signal u in D," is expressed as

ueD’,u(t) = Zf:_wu(tk) “ 1oar S (1),

where each Fluency DA function s (t) is
expressed by eight quadratic piecewise polynomials
{sk,, (t)}?=1 as follows.

t 2+tk1
Sk,l(t):m(t t )% [t o]

S0 =250y (Gt — 2 )t ),
[45 tl
Sa(t) = m{t@ =4t (L, —t) -t (t+2t)
+t, (5t —3t)}, [ t,]
Sal) = g (-t ) +1 [ 4]
S5 (1) = g (t=t, ) + LIt 2 5]
Ses(t) = m{tkﬂ te., (g — ) -t (t+2t)
+t., 05 =30 [t
S7 (t) = m (3t _tk+1 - 2tk+2)(t _tk+1)1
[tk+l %]
Se(t) = m (t-t.,)° [% o]
0, otherwise.
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By using Proposition 2, any signal u with

non-uniform sampling points {t_}__in D," cab
be interpolated.
Figures 4 demonstrate an interpolation by using

Proposition 2.

> ' ' Inter;')olated éignal
(t) sample v
Sy o
[DA]Sk—Z(t) [DAT"k~1 \\ [DA]sk+1(t)
3 F o ——"V\ l“,‘ \\\ 7
\ ; ) N
24 v \ .
’ [DA]Sk (t)
1} -
0
_10 1 1 1 1
tk—2 tk—l t tk tk+1 tk+2
Fig. 4 Interpolation by using the
non-uniform  fluency = DA
function

5 Discussions

This section discusses interpolation results by
using the non-uniform Fluency DA function which
is derived in subsection 3.2. In order to evaluate
their effectiveness, interpolation results by using
cubic splines are also demonstrated.

In the field of computer graphics, cubic splines
have been often used to interpolate a sequence of
sampled-values with non-uniform sampling points.
This is because a cubic spline u(t) interpolates the

sampled-values with the most smooth in the sense of

[ Lmdt_j“’{u "(t)}dt — min.

(68)

The curve smoothness J-_w {u"(O)}dt in Eq.(68)

is an upper bound of square of curve curvature .
Figures 5 and 6 demonstrate interpolation results
for a kind of step function and for a typical case,
respectively. Interpolated curves by using the
non-uniform Fluency DA functions are drawn with
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solid lines, and then those by using cubic splines are
drawn with dotted lines.

2 : . |
15 ) |
05 | ! |

Oy v — /7 i
> proposed method

. cubic spline ——-----
sample v
-1 1 | |
0 05 1 s A
t
Fig. 5 Interpolation results for step
function
5 : : | |
proposed method
cubic spline --—-—----
T - sample v
N\
\\
3T /,/:j/ iw\\\ \\\\ |
o \ S

2 {// &\’Rf//, .

l I 4

0

-1 I | | |

0 2 3 : - )

t
Fig. 6 Interpolation results for a typical
case

As are understood from these results, we draw
interpolated curves with less overshoot or undershoot.

Furthermore, we evaluate the interpolated results
from the view of curve length. For fig. 5, the ratio of
curve length by cubic splines to curve length by
proposed method is approximately 1.59. Furthermore,
for fig. 6, the ratio is approximately 1.03. From these
results, interpolated curves by non-uniform fluency
DA functions pass through sampled-values shorter
than those by cubic splines.

6 Conclusions
This paper proposed fluency DA functions as
sampling functions for non-uniform sampling points,

Issue 1, Volume 8, January 2009



WSEAS TRANSACTIONS on CIRCUITS and SYSTEMS

each of which is composed with piecewise
polynomials of degree 2. Each of them was designed
based on geometric criterion of curve. The fluency DA
functions of degree 2 generate smooth and undulate
signals from a sequence of sampled-values.
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