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Abstract. New algorithm for estimation of parameters of communication channel in the circumstances of
existence of intensive impulse noise within measurement sequence is proposed in this paper. Proceeding from
the theory of robust estimation, a simple, adaptive, practically applicable algorithm is derived that in the
circumstances of contaminated normal distribution of measurement noise demonstrates high level of
efficiency. QQ-plot technique is used as a framework for estimation of contaminated measurements
distribution providing the algorithm adaptation. Application of proposed algorithm is broad, both in the field
of wireless communications, equalization of transmitting channels, suppressing of noise and in modeling

communication and control systems.
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1. Introduction

In wireless communication systems, the transmitted
signals usually experience fading which either
attenuates the received power or causes dispersion.
Therefore, it is necessary to obtain the fading
channel information, i.e. the channel gains of
different resolvable paths. However, the channel
state estimation is unknown to both the transmitter
and the receiver in many practical applications, thus
necessitating channel estimation at the front end of
the coherent receiver [1]. A variety of channel
estimation algorithms have been developed, based
primarily on one of two aspects of random variables:
the distribution and the moments. When the
distribution of the received signal conditioned on the
channel state information is known, the maximum
likelihood (ML) criterion can be applied to yield
asymptotically optimal performance [2]. Such ML
channel estimation algorithms are suitable for
training-symbol based systems, in which a subset of
the transmitted symbols is known to both the
transmitter and receiver [3]. The main concern with
such a ML channel estimation is the necessary
amount of training data [4]. When only the
information symbols are available, this is usually
called blind channel estimation. In the recent past, a
large number of blind channel estimation algorithms
have been developed using moment estimation,
particularly the second-order statistics or SOS [5].
Usually, based on SOS estimation, the subspace
method and moment matching are applied.
However, the subspace technique is suitable only for
stationary channels, since it requires the signal
subspace to be time-invariant. However, in many
practical code division multiple-access (CDMA)

ISSN: 1109-2734

600

systems long codes are employed, thus making the
overall channel nonstationary. On the other hand,
SOS-based estimation techniques are commonly
recognized as the natural tools to be used in the
presence of Gaussian noise. Research efforts on
higher-order statistics (HOS) have led to the
development of improved estimation algorithms for
non-Gaussian  environments.  Important  non-
Gaussian impulsive processes are found in a variety
of practical problems that include wireless
communications and teletraffic. These processes can
be efficiently modeled by heavy-tailed distributions
with a huge variance, for which neither the classical
SOS theory nor the theory of HOS are well-defined
[6]. Additionally, in many applications one expects
that channel estimation can be made adaptively so as
to accommodate time-varying environments and
system parameter variation. The recursive least-
squares (RLS) algorithms may be one of the most
interesting and powerful techniques that implement
adaptive parameter estimation [7]. However, when
an impulsive noise in the system output exists, the
RLS algorithm usually fails to yield an unbiased
estimate of the system parameters, thereby causing
the performance of adaptive filtering to be
significantly degenerated. The robust estimation
theory represents a suitable tool to cope with an
impulsive noise environment. In this paper the
problem of robustified adaptive parameter channel
estimation in the min-max robust estimation context
is considered.
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2. Formulation of problem

This paper deals with the problem of identification
of communication channel by estimation of
parameter on the basis of measurable input and
output signal. Therefore, let us represent a channel
by the abstract, linear, dynamic, stationary, discrete-
time system, which can be modeled by difference
equation with constant parameters:

y(i) ==L ay(i—k)+ Lbu(i—k)+£00) Q)

whereas y (i) € R', u(i) € R', £(i) € R' are the

sequences of system output, measurable input signal
and stochastic input, respectively, while the
constants  a,i=1..,n and b, j=1..m
represent system parameters. If backward operator is
introduced ¢ “y (i) = y (¢ — k), relation (1) can be
written in the following polynomial form

Alg)y(@) =B )u@+£0H), (2
where
Alg) =1+ aq™,
LT 3)
Blg')=3ba"

are so called characteristic and control polynomials.
Relation (1) can be also written in linear regression
form

y(i)=2" ()0 +£(i) (4)
where
Z' (i) =[-y(i—1),.,—y(i—n),u(i—1),...,u(i —m)]
represents vector of input and output samples, and

@T:[aln-anbl---bm] represents a vector of

constant system parameters. The problem of
recursive system identification described by relation
(4) is actually the problem of estimation of unknown
parameters included in vector © in real time, and on
the basis of measuring signals at input and output of
the system. On the basis of incomplete a priori
information about the nature of stochastic input
(disturbance), a min-max optimal  robust
identification  algorithm can be constructed. It
minimizes the adopted performance index V (T, p)

which represents the asymptotic estimation error
covariance matrix whereas the form of estimator T
comes from the class of possible estimators 7 and
for some particular probability density function p
from a prespecified class P. Therefore, we choose
the estimator form7 €7, while a particular
probability density function (p.d.f)p € P is defined
by the nature of the system and measuring, so that
V (T,p) represents a final result of a such strategy.
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A such selection has a saddle-point (7),p,) if

estimator 7, and p.d.f p, satisfy the following

0

equation
minmax V (T, p) =V (1,

Ter peEP 0’

)

5
= maxminV (7, p) ©)

peP Ter

Such T; estimator is denoted in the literature as the
min-max optimal robust estimator, while p, is
named the least favorable p.d.f [8,14]. In particular,
if the class of 7 estimators was chosen in the set of
stochastic gradient recursive estimators, then a
recursive relation by which parameters of © vector
are estimated can be written in the form [9,14]

O3) = é(z’—l)+F(i)Z(i)¢(u(i,é(i—1))) (6)

where u(i,é) = y(i)—©"Z (i) is the predication

error or the residual, while the min-max robust
estimator 7 is defined by the following relation

YO =1, ) =—[logp, ] (7)
D(i) =T, () =[iE{¢, O} E{Z (i) 2" ()}] (8)

The least favorable probability density function
p, ) is the one which minimizes the Cramer-Rao

bound within the considered distribution class P.
Thus 1, (> in relation (7) represents a maximum

likelihood (ML) type function which corresponds to
the specific p.d.f p,, and the estimation procedure

(6) is led down to the ML identification method.
However, the problem is how to define the least
favorable p.d.f p, ), since for that purpose a

nonclassical variation problem must be solved,
mostly by numerical methods. This problem can be
solved analytically only in a case of final memory
system (A (> =1 in relation (2)) where the problem
is led down to the minimization of the Fisher

I(p)= E{(p '/p)Q} within  the

adopted distribution class P. A lot of different
examples for P class and corresponding p.d.f p, )

which minimizes the Fisher information I (p)

within P class, can be found in the literature [9].
Moreover, practical selection of the weighted matrix
I', (> in relation (8) is not possible without the

information about the real distribution of stochastic
input. Therefore, the robust estimation practice
requires a such estimator that will be efficient in a
case when the distribution of disturbance is the
normal one, but at the same time it should have good
features even in a case when the disturbance
distribution significantly deviates from the normal

information
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one, possessing the so called ,, heavy tails* which
result in extremely high values in the output
sequence. This is the so-called efficiency robustness.
For that reason, aiming to design a practically
applicable recursive robust estimator, an additional
effort must be made in approximation of the min-
max optimal solution. One of possible approaches is
based on the method of weighted least squares,
which can reduce the impact of extremely bad
measurements [10, 15]. An alternative approach is
stemmed on the stochastic gradient algorithm, and
this method is presented in the paper. Recursive
estimator assigned by the relation (6), which for the
particular function «» does not use a ML type
function assigned by the relation (7), is named an
approximate  maximum likelihood  recursive
estimator or M-estimator in short.

3. Robust stochastic gradient recursive
algorithm

In order to realize the min-max optimal robust
recursive algorithm (6)-(8), it is necessary to make

selection of nonlinear function v(-) with the basic

aim to recognize somehow irregular measurements,
the so called outliers, and to belittle their influence
to the identification quality of system parameters.
As mentioned before, nonlinear () function,

which is also named the influence function, must be
selected so to provide the efficiency robustness
property. In addition, it is suitable this function to be
bounded and continuous [11]. Boundedness of
function ¢(-) provides that any individual

observation or outlier cannot have unlimited
influence to the quality of estimation, while the
continuity of function enables that effects of
rounding and quantization errors or patchy outliers
are minor. This is the so-called resistant robustness.
Thus, the function () must be linear for low

values of arguments, and to increases slower than
the linear one for large absolute values of
arguments, which corresponds, for example, to

Y (z) =min(z /0%, k/0*)sgn () 9
where o denotes the standard deviation of
measurement noise, and parameter Kk represents a
constant which should be selected with the aim to
reach the wanted efficiency robustness. Since the
value of variance o® is mostly unknown, it is
indispensable to estimate it somehow. A popular and
frequently used form of robust variance evaluation
o’ is the median [11]:
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. median {‘y(l) - median{y(i)}‘}
- 0.6745

The other, applicable types of nonlinear function
1 () can be found in literature [9,11]. The proposed

recursive robust estimator has the following
characteristics. Namely, if the following ML form is
chosen for non-linear influence function:

YO =19 0 =-[log(p O
p =argmin(p)

such a selection does not satisfy optimum in regard
to the min-max condition (5), but it minimizes the
conditional estimation error covariance matrix

E{[é(z’) ~6(i-1)[6 (i)—é(z’—l)ﬂﬂl } for

the worst case p.d.f p  in (11). Furthermore, the
idea of introducing nonlinear influence function
1 () in the form of relation (9) corresponds to the
function form " (» from relation (11) in the case
when P class defines the so called ¢ — contaminated
p.d.f family, defined as:
P=P = {p|p = (1—6)N(0,0’2) +5h}, e €[0,1)
(12)
where h () is a symmetrical p.d.f with zero mean,
while N (0,0°) represents the Gaussian distribution

(10)

(11)

with zero mean and variance o°. The least favorable
p.d.f p° from this class is zero mean normal with
exponential Hheavy  tails”, resulting in
I''(p')=2(1—¢)erf(k)o*, where erf denotes
the error function.

4. Adaptation of robust recursive

algorithm
The & —contaminated p.d.f family is extremely
important for the field of robust estimation, since it
models a number of various applications in which
there is a sporadic phenomenon of high intensity
irregular measurements. Moreover, in a such
situation it is appropriate for contaminant A () from
relation (12) to adopt the Gaussian distribution of
zero mean and variance which is considerably
higher than the nominal one. In accordance to that,
the model of p.d.f of measurement noise in the
following form is adopted:
p=(1—¢)N(0,0°)+eN(0,02)  (13)
which is described with three unknown parameters:
contamination intensity or degree ¢€][0,1),

nominal variance of regular measurement noise o*
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and outlier variance o > o”. Due to no a priori

knowledge on these parameters, a robust estimator
defined by (6,8) is usually adopted with influence
function (9), where the unknown variance is
replaced with median (10) and parameter k is
selected so to be 1.42 x d for the sake of providing
95% of efficiency of estimator. Such a selection is
reasonable in lack of a priori information on
parameters of real measurement noise p.d.f, however
it also has considerable shortcomings. The first one
is that it is impossible to prove properties of
estimator (10) and therefore the expected efficiency
is jeopardized. The other important shortcoming is
that it is intuitively clear that the influence function
must be susceptible to intensity of contamination
and variance of outlier changes, what is not provided
with the selection of function (9). In order to
illustrate the influence of parameters &, c*and o7,

in the noise model (13), to the selection of influence
function, let’s look at Figures 1.a,b and c obtained
by wusing the method of ML likelihood

(v = [—ln(p)]' , Where p is given by (13)).

These ideal ML influence functions are sketched in
these figures, where in the Figure 1.,
e =5%, o2 =10 is adopted, while the variance of

nominal model has different values o* € {1,2,3,4}.

In the Figure 1.b the variances of nominal model
and outliers are constant ¢° =1, o> =10, while

intensity of contamination alters
e[%] € {2.5, 5,7.5,10} .In the Figure 1.c, variance of

nominal model o¢°=1 and intensity of
contamination ¢ = 5% are constant, while outlier
variance is changed o” € {5,10,15,20} .

The following conclusions may be derived on the
basis of presented influence functions. Each of the
presented function forms has three distinct regions.
The first region is the field for low value of
arguments (from both sides of the origin) in which
the influence function is almost ideally linear. The
variance of nominal model o is exclusively
responsible for the slope of linear segment in this
region. Third region is in charge of presence of
outliers in the structure of measuring signal (13) and
it is also linear, but within the ranges of intensive
residuals of big, positive or negative values.

On the basis of presented figures, it is evident that
the slope of linear segments in the third region
comes as a  consequence  of  outlier
variance o .Finally, there is also another region,

transitional field between the first one and the third
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one, which mostly depends on the intensity of
contamination ¢ and the variance of nominal model
o, while it is quite insensitive to the variance of
outliers o”.

» (), €=0.05 o’

ED 20 (C)
Figure 1: ML influence functions for different

parameter values ¢, o> and o in noise model (13):

a) for different nominal variance o°, b) for different
contamination intensity e, c) for different outlier
variance o’
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This is a domain in which both regular
measurements and bad measurements may occur
with almost equal probability; so that the influence
function in this domain has a negative gradient,
since with the increase of the residual value the
probability of regular measurement is constantly
decreased.

Having in mind the aforesaid, it becomes clear that
estimation of noise parameters o*,¢ i o help much

in the right choice of influence function, what would
ultimately result in an  estimator of system
parameters with efficiency and resistant robustness
properties. A suitable theoretical scope for
estimation of these noise parameters is QQ-plot,
which is usually used as a validity test that p.d.f of
random variable corresponds to the adopted one
[12,13]. If we assume to have at disposal the
sequence of the last N residuals:

v(k,0)=y(k)-O"Z(k),k=i-N+1..i (14)
where i denotes the current instant, y (k) represents
measuring in the k-th instant, while © and Z (k) are
defined by (4) and (7).

§;

N

Figure 2: An example of QQ-plot for residual
sequence belonging to contaminated normal p.d.f of
measurement noise (13)

If for the residual sequence obtained in that way, we
form QQ-plot ( typical illustration of QQ-plot is

given in the Figure 2) where values F.'(p,),
j=1,...,Nare put on the horizontal axis with

F~ () being the inversed distribution function for

the Gaussian distribution with zero mean and unit
variance and

p,=0G-1)/(N-1),
and on the vertical axis values s, j=1,...,.N

which represent sorted non-decreasing residuals
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u(k,é)), k=1i—N+1,..,7 we will get a graphic
design with information about all three required and
unknown noise parameters (s, o’, af).

It can be seen in the Figure 2 that the most of
residual samples (theoretically (1—¢)N of them)
will be concentrated along the linear segment, while
the rare outliers (theoretically N of them ) will
considerably deviate from this linear segment.

The upper and lower limit of QQ-plot, within which
measurements can be considered regular can be
found by minimizing an additional criteria, as is
suggested below:

B, =argminJ, (8);

J(B)=|g-F" (~p+E(3/0); (5
a =F'(F (B8 /i)-p/i); i=1..,N

where parameter p is taken in the range [0.7,0.8]. A
suitable value of this free parameter in the proposed
optimization  procedure is  determined by
simulations. In this procedure o, and 3, are chosen

so that the probability mass in the region («,,5,) is

equal to a prespecified limit p:
p=/"f(y/i}dy="F(8/i)—F (/i)

The value of p determines the desired efficiency

under the nominal Gaussian model. However, this

does not define two parameters uniquely, so we need

additional requirement. A reasonable choice is to
find a such solution for which the distance
d =|6—ql i=1..,N

is minimal. In this way, it is found that the most
probable observations, i.e. the observations which
are not outliers, propagate unchanged through the
parameter estimation algorithm. The posed
minimization problem (15) is nonlinear and iterative
methods are required to solve it. The minimization
of the adopted criterion J, in (15) can be done by

using the Newtqn-Raphsop type method:

B (k+1)=3 (k)—AB (k)

ABi (k) = [‘]i“ (Bu (k))}i [Ji' (B- (k>>} ; k= 0’1’2""
starting from some initial value /3 (0).

Counting the number of points N, on QQ-plot

which do not satisfy the condition
o <s <pB,i=1.,N (16)

and dividing by overall number of data N, we get the
estimate of the contamination intensity ¢ :
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E=N,/N an
According to that, the set of all sorted residuals
s, j=1,...,N can be divided into two subsets. The

firstoneis s/, j=1,..., N — N_, which includes the

regular samples satisfying the condition (16). The
second one is s’, j=1,..,N, which covers the

0

samples under the influence of outliers and do not
satisfy the condition (16). It can be shown that the
slope of linear segment modeling the most of the
points of QQ-plot is an estimation of the standard
deviation of nominal noise model. This estimate can
be reached by using the method of least squares
[12]:

m T -1 T

5| =(EE) s

$" =5l s s (18)
1 1 1

> =

E'(p) E'(p)  F'(pys)

where m denotes the estimation of mean of the
nominal noise model, and it should be
approximately equal to zero, whileg denotes the
estimation of standard deviation of the nominal
noise model.

Moreover, it can be demonstrated that such an
estimation of standard deviation of the nominal
noise mode is biased, whereas the relative bias
depends on the sequence size N, and that for
N > 100 a relative bias is less than few percents.
Finally, separating those residuals which are under
undoubted influence of outliers, and with estimation
of their variance by the arithmetic mean

Laf, 1)
, —Z[Sj—ﬁakzlsk]

ol = 19
N (19)
we get the required estimate of parameter o° .

With periodical estimation of these three noise
parameters and their substitution into the ML
influence function

Y =—[log(pO)]";

(20)
p=([1-¢e)N(0,0°)+eN(0,07)
the robust recursive identification algorithm (6-9)
becomes adaptive, thus increasing significantly the
quality of system parameters identification, what
will be illustrated by the following numerical
example.
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5. Results of simulation

Aiming to analyze practical robustness of the
proposed algorithm, the following experiment was
carried out. Let us consider the fourth-order system
model which is presented in the form of relation (4):

2" (i) = |~y (i=1)..— y(i—4) u(i- 1),
with
©" =[-1.48 1.28 -1.09 0.37 2]

vector of parameters. Sequence {u (i)} is generated

as a white noise sequence with Gaussian p.d.f of
zero mean and unit variance, while disturbance ¢ (i)

is generated as the - contaminated p.d.f in (13),
with intensity ¢ = 10%, nominal variance ¢® =1
and  outlier variance o’ =10. The following

algorithms are tested: 1) recursive least-squares
algorithm denoted as RLS; 2) recursive robust
algorithm defined by relations (6)-(9) denoted as
RRA. 3) adaptive robust recursive algorithm defined
by relations (6)-(8) and adaptation mechanism on
the basis of relations (14)-(20), denoted as ARA. A
cumulative relative error of parameters estimation is
introduced as a measure of algorithms goodness:
CPEE (i) = %z |©.m-o)/e] @

where ©,, [ =1,...,5 denotes the I-th element in the

vector of unknown parameters ©, while ©, (k)

denotes the estimate of this parameter in the k-th
iteration. Typical value trajectories of these criteria
for the proposed algorithms are presented in the
Figure 3.

This figure illustrates the efficiency of the suggested
ARA algorithm when an impulsive noise in the
measurement signal is present. It is noticeable that
this algorithm is less susceptible to sporadic
phenomena of outliers, what results in minor
cumulative error in total. It is also noticeable that
RRA algorithm is less susceptible to such kind of
measurement noise, in comparison to classical RLS
algorithm. However, since RRA does not have the
corresponding information about the statistics of
contaminated p.d.f of measurement noise, parameter
k in the relation (9) is the fixed one and ,therefore,
RRA is less efficient in comparison to ARA.
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CPEE (i)

1

0.9

0.8

0.7

0.6

0.5

0.4

ARA

100

0 5‘0 150 'L 200
Figure 3: Values of cumulative criterion CPEE for

different algorithms

Suggested ARA algorithm demonstrates high
efficiency for the values of contamination intensity
e < 20%, disregarding the variance of outlier o*.

In case when this parameters is higher than 0.2, the
assumption on sporadic phenomenon of outliers is
not tenable anymore, and for that reason the
estimations of parameters are degraded.

6. Conclusion

New algorithm for estimation of communication
channel parameters in the presence of intensive
impulse noise within measurements is proposed in
this paper. Proceeding from the robust estimation
theory, an adaptive, practically applicable algorithm
is derived, that in the cases of contaminated normal
distribution of measurement noise demonstrates high
efficiency. Characteristics of adaptation are derived
on the basis of estimation of intensity of
contamination and variances of both nominal and
contaminated noise. Estimations of these parameters
are generated using QQ-plot, which when applied to
the sequence of residual gives the form that directly
depends on the unknown noise parameters. In order
to analyze the performances of the algorithm, its
simulation is carried out and comparison with the
classical method of least squares and Huber robust
estimator is performed. Results of simulation have
shown that the proposed algorithms is more efficient
for typical values of contamination level, regardless
the variance of contaminated distribution.
Application of proposed algorithm is broad, both in
the field of wireless communications, transmitting
channels equalization, noise suppressing and in
communication and control systems modeling.
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Appendix A:
Review of QQ-plot procedure
Let us consider the case of the random samples
{z,},i=1..,n from a distribution F(z) having the
corresponding probability density function (p.d.f.)
f(z). By ranking the samples {z,} we obtain the
non-decreasing sequence {yi}, i=
y, <y, for i<j. The probability that some

observation y will have rank i in the ordered
sequence {y,} follows directly from the Bernoulli

experiment [7,8]

e[ e mia-Fo)

Starting from relation (Al), the mathematical
expectation of the random variable i, assuming the
observation y, is given by

1,...,n such that

E{ily}=(1-F(y))" x
Lo il ((F(y) | A2
S -1 F(y)
By introducing the notation
g)y) )
one obtains
m,, =(1-F (y))"f1 X
;—az—( <f>!(r? et da (A

= (1— F (y))nil%(a(l-i- oz)H)

Starting from (A2) and (A3), one obtains, after
differentiation, the following expression for the
conditional expectation of the random variable i
assuming the observation y:

m,, =E{i/y}=1+(n-1)F(y)  (A5)
The a posteriori conditional variance of the r.v. i
assuming y is defined by

of, =E{i*/y}—E*{ily}

no(n=1}) 2n-1 (AG)
Under (A1) and (A3), one further concludes
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(A7)
“a ozdd—a(a(l— oz)“)] -m},

Starting directly from (A5), (A3) and (A7), one
obtains the expression for the conditional variance
of the random variable i assuming the observation y

of, =E{i*1y}—E*{ily}
=(n-1)F(y)1-F(y)
It is worthwhile noting that o/, is rather small for
such a data point y generated from the tails of the
distribution F (y), since either F(y) or (1—F(y))
is small. On the other hand, the maximum of &7 i
0.5 and is

equal to (n—1)/4. Thus, one concludes that o,

can be bounded from the above by a corresponding
choice of the sample size, or the so-called data
window size, n. Moreover, a small value of o,
denotes that the rank i of the random variable y in
the ordered sequence {y,} is in the vicinity of the

(A8)

(A8) corresponds to the value F(y)=

mean-value m, , i.e. i~m, , and it follows from

ily !
(A5) that the relation between i and F(y) is
approximately linear. Of course, this approximation
is better for smaller n and for the values of F(y) far
away from 0.5. A plot of the ordered data y, versus
the quantity
F(p)=F *((i-2)/(n-1)

s named the QQ-plot. By taking m,,
one obtains the QQ-plot expressions

iy

~i in (A5)

y,=F"(p)=F"(r)
i _ A9
pi:' 1zri:| 0'5;':1,2,...,n (A9)
n—-1

where F*(-) is the inverse of the distribution
. than

p, since it assigns the finite values F(r

) to the
first and the last sample y, and vy, respectively, in
the case of commonly used Gaussian, Cauchy or
Laplace distribution F(-). Thus, if the QQ-plot in
(A9) is fairly linear, then it indicates that the
observations have the same distribution function

F (), even in the tails. Moreover, if the observations

function F(-). It is more convenient to use

y, are in a strict sense white noise, i.e. they are
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independent and identically distributed (i.i.d.) with
the distribution function F(-), the relation (A9) can
be expressed in the linear regression form

y,=m+oF(r)=m+of (A10)
Here F, (-) is the standard distribution function
generating the random variables T =(y,—m)/c
with zero-mean and unit variance, while m=E {y}
and o’ =var{y}. Starting from (A10) one can

estimate the unknown parameters m and o by
using the least-squares (LSQ) algorithm

T=(zrx) 'y

2

(A11)

where the 2xn matrix ¥ and nx1 vector Y are
defined by

11...1
= |

rLr.r (A12)
I AAA
Appendix B:

The performance analysis of the mean value
and variance least-squares estimates based
on QQ-plot data

Starting from (Al1l) and A(12), one obtains the
mean value estimate in the form

r’ﬁ — i=1 i=1 i=1 |:§ (Bl)
S [
i=1 i=1
so that the estimate bias is given by
b(1h) = E{f}—m
aff(m-m,,) (B2)
2
Db
i=1 i=1
where m=E{y}, while m ,k denotes the
conditional expectation of an observation y

assuming its rank i. In addition, by using (A9) and
(A10), one obtains

iﬁ:ii l[—I_ll]m
i=1 i=1 n—
7 (B3)
nm 1o 1—1

However, since
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= =

i n-1] = n—1) i=pizn n-1
+ > F! [—' _1]
i=[(n+1)/2+1 n-1
[n/2] i [(n+1)/2] i—
S L S i]
i=1 n—1 i=[n/2}+1 n-1

[n/2] i
i)
i=1 n—1

W[ (i1), pofy it
_E{F [n—l]*F [1 n—1”+

[(n+1)72]

+ > F*(05)

i=[n/2+1

(B4)

where H is the integer part, and for a symmetric
distribution F ()

Fi'(x)-m=m-F*(1-x) (B5)
one concludes from (B3)-(B5)
>.F =0 (B6)

Here, the fact that the last term on the right-hand
side in (B4) is equal either to zero (for even n) or to
m (for odd n) is used. Taking into account (B2) and
(B6), it follows further that b(f)=0, ie. the

estimator (B1) is unbiased. In addition, from (B1)
and (B6), one obtains

Zn:(Y. - m), I7i2

m-m==+——=_ (B7)

so that the variance of the mean value estimate (B1)
is given by

I
N

—E{(h-m)|="— B8
or =E{(h-m)}== (88)
where azzE{(y—m)z}, from which one

concludes that the estimator (B1) is consistent.

Furthermore, by using (Al11) and (A12), one obtains

for the standard deviation estimate

DB
i=1 i

-

I
N

Yi
(B9)

g = 2

n n
DI AP
i=1 i=1

By applying the expectation to (B9), it follows
further that

—
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(B10)

Here, the notation E{y,}=m, ,, and the fact that

yli?
anmy,i =nm, are used. Taking into account (A9),
i=1

(A10), (B6) and (B10) one obtains:

i F [I_:!.L] —m [my/i - m]
- —— (B11)

E{d}=0

On the other hand, the relation (A5) is valid for each
y, so that it is satisfied for the particular value

y=m,, yielding
m,, =1+(n-1)F(m,,) (B12)
Taking into account (B12), one obtains further
_1 mi/mm -1
m,, =F 1 (B13)
Finally, if for a large data size n
My, A (B14)

one concludes from (B12)-(B14) that E{5}~o0,
i.e. the estimator bias is negligible.
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