WSEAS TRANSACTIONS on CIRCUITS AND SYSTEMS

Sabin lonel, Virgil Tiponut, Catalin Caleanu, loan Lie

A Unified Treatment of Deterministic and Random
Transients in Electrical Circuits

SABIN IONEL, VIRGIL TIPONUT, CATALIN CALEANU, IOAN LIE
Applied Electronics Department
"Politehnica™ University of Timisoara
Bv. V. Parvan, nr.2, 300223 Timisoara
ROMANIA
sabin.ionel@etc.upt.ro, virgil.tiponut@etc.upt.ro, catalin.caleanu@etc.upt.ro, ioan.lie@etc.upt.ro

http://www.etc.upt.ro

Abstract: - The continuity of capacitor voltages and inductor currents, well-known from the deterministic case,
cannot be directly applied if the initial conditions are random. In this paper, new continuity relations for
probability densities, mean values, correlation and covariance functions of the state variables are introduced.
These continuity relations can be used for a global characterization of random transients.

New formulas for initial condition and forced components of transient statistical moments are also
presented. These formulas offer a direct approach for random transient analysis. Deterministic transients can
be regarded as particular, degenerated, random transients. On this basis, one can develop a unified treatment of
deterministic and random transients in electrical circuits. This unified framework is certainly an advantage, not

only in teaching activities related to transient phenomena.
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1 Introduction
Students find subjects related to random phenomena
as difficult and vague [1]. Particularly, random
transients can be analyzed using stochastic
differential equations, which are also not very
attractive for the average student [2], [3], [4], [5].
Therefore, at least from a teaching point of view, a
simple method extending the deterministic analysis
approach to random transients is a justified attempt.
It is well known that solutions of differential
equations describing deterministic transients in
electrical circuits are based on the continuity of
capacitor voltages and inductor currents [6], [7].
Supposing transient states released by closing or
opening a switch at the moment t=0, the
continuity of the "initial conditions", can be written

as
Ve (+0) = v (-0) = v (0) (1)

for capacitor voltages, respectively,
i (+0) =i, (-0)=i_(0) (2)

for inductor currents. In these deterministic
continuity relations, the notation + 0 signifies “just
after t=0" and —0 means “just before t=0".
The physical reasons for the above continuity
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. . . . dv. .
relations are obvious: according to I, = Cd—tc, in

order for the capacitor wvoltage to change
instantaneously, the capacitor current i., would

have to be infinite. Similarly, in order for the
inductor current to change instantaneously, the
inductor voltage would have to be infinite.

This paper refers to random transients in linear
electrical circuits, due to the uncertainty of the initial
condition values or/and to the stochastic character of
the input signals.

Section 2 presents some mathematical
generalizations of the deterministic continuity
relations, namely for probability densities, mean
values, covariance and correlation functions.
New formulas for initial condition and forced
components of transient statistical moments as a
direct approach for random transient analysis are
introduced in section 3. Two detailed illustrative
examples are presented in section 4. Deterministic
transients are regarded as particular, degenerated
cases of random transients. On this basis, one can
develop a unified treatment of deterministic and
random transients in electrical circuits. The last
section is dedicated to conclusion.
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2 Generalized Continuity Relations

In this section, the continuity relations (1) and (2)
are generalized to include the case of random initial
condition. The generalization is of pure
mathematical nature and refers to probability density
functions (p.d.f.), as well to first and second order
statistical moments.

2.1 Continuity of probability densities
Obviously, the continuity of each possible value of a
capacitor voltage assures the continuity of the p.d.f.
of this voltage. This fact is expressed by the
following relation:

P (ve)=p (ve)=p(vc). ®)
The continuity of the p.d.f. of an inductor current
can be expressed by similar equalities:

p (i) =p (i) =p(.). (4)
In the relations (3) and (4), p (), p"(-) and p()
are representing the p.d.f. “just before t =0", “just
after t =0 and at the moment t = 0O, respectively.
With the same physical justification, one can state
continuity relations for mutual p.d.f. of two or more
random variables.

If v. and i_ are continuous random variables,
p(:) in (3) and (4) are ordinary functions. However,
if vo and i, are of discrete or mixed types, the

corresponding p.d.f. contain Dirac impulses
(generalized functions). In the particular case of
deterministic initial conditions, the continuity
relations (1) and (2) can be written as equivalent
relations between probability densities:

0" [Vc —Ve (+0)] = 5_[\/0 —Ve (_O)] =

= 5[Vc —Ve (0)] ®)
5+[iL _iL(+0)]:§7[iL _iL(_O)]
:5[iL _iL(O)] (6)

In (5) and (6), 67 [], 5[] and S[] are Dirac
impulses positioned “just before t =07, “just after
t =07 and at the moment t = 0, respectively. Thus,
deterministic initial conditions can be considered as
particular, degenerated cases of general random

initial conditions.

2.2 Continuity of statistical moments

In electrical circuits, the capacitor voltages and
inductor currents are state variables. Therefore it is
suitable to consider the state-space description of a
general electrical circuit (system) [8].
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A linear continuous-time system can be described
by the so called state equation

Z(t)=A-Z(t)+B- X(t) @)
and the output equation
Yt)=C-Z({t)+D- X(t), (8)

where X(t), Z(t) and Y (t) represent the input
vector, the state vector and the output vector
respectively. The matrices A, B,C and D are the
system parameters [8]. Together, equations (7) and
(8) offer a state-space approach to analysis and
design of physical continuous-time linear systems,
including electrical circuits.

The general solution of the state-space system,
representing the transient state vector

Z(t)=2"@t)+Z"(t) )
has two components. Thus,
Z'(t)=o(t)-Z(0) (10)

represents the initial condition response, or the
natural response of the linear time-invariant (LTI)
system [6], [8]. ®(t) in (10) is called the state
transition matrix and can be obtained using the
inverse Laplace, according to the formula [8]:
Ot)=e™ =L{(sl -A)'}. (11)

For stable linear time-invariant systems, the initial
condition response has always a transient character.

The second component of the transient state
vector,

ZF(t)=j.CD(t—T)'B'X(T)'dT (12)

is the forced solution, caused by the input vector,
X (t) . According to the type of the input vector, the

forced solution can have a permanent or transient
character. However, if the inputs X(t) have a
permanent character (i.e. they are constant or
periodic deterministic time functions, large sense
stationary or periodically stationary random signals
[1], etc.), the forced solution, also has a permanent
character.

For an n-order system or circuit, the vector of the
mean values of the state variables at momentt =0,
can be written in the form

m, (0) = [E{Z, (@)} = |m, (0);
i=12..,n

where E{} and [{ are denoting mathematical

(13)

expectation and the matrix notation, respectively. In
addition to the initial mean values, two second-order
statistical moments at t=0 are important
characteristics of the state vector: the correlation
matrix
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R, (0.0) = [E{z,(0)-Z,(0)] =

(14)
=Hru (o)”; i,j=12,...,nN
and the covariance matrix
C, (0.0) = [Ez¢;(0) - 2, (0)]| = 5

=[e; ) i,i=12...n
In (14), Z.()=2() - E{Z()} represents a centred
component of the state vector.

Using the continuity of the probability
densities, one can prove the continuity of the
statistical mean values of the state variables
(Appendix A). Thus, one can state the continuity of
the mean values, autocorrelation and covariance
functions of the state variables:

m, (+0) =m, (-0) =m, (0); (16)
R, (+0,40) =R, (-0,-0) =R, (0,0); (17)
C, (+0,4+0)=C, (-0,-0)=C, (0,0).  (18)

The continuity relations (3), (4), (16), (17) and
(18) can be used for the calculation of random
transients. On the other side, deterministic transients
can be regarded as degenerated random transients,
where the corresponding p.d.f. are Dirac impulse
functions (distributions).

3 Initial Condition and Forced

Components of Statistical Moments

Usually, random transients a described by stochastic
differential equations [9]. To determine the transient
mean values of state variables, one can apply the
one-dimensional or two-dimensional Laplace
transform [10], [11], [12]. We prefer a simple, direct
approach, based on the separation of initial
condition and forced components of the transient
statistical moments. Such a decomposition of the
general transient mean values is possible due to the
generalized  continuity  relations  introduced
previously (Appendix B). Actually, the transient
mean of the state variables, can be expressed as

m; (t)=mz (t)+m; (1) (29)

with
mZ (t)= [@(t-u)-B-m, (u)-du (20)

and
m (t) = o(t)- im, (0)-m; (0)} 1)

representing the forced and the initial condition
(natural) components of the statistical mean,
respectively. Similarly, for the covariance of the
transient state vector, we obtain:
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C,(tt,)=C; (t,t,)+C5 (tt,). (22)
In the important case when the input signals are
realizations of white-noise processes, the forced
component of the autocovariance is given by

C; (t11t2): q)(tl)'

min(t;,t,)

{ [ cp-l(u).B-N-BT-[cp-l(u)]T-du} (23)
o' (t,)

In (23), the notation “min(tyty)”stands for “the

smallest of t; and t,”. The initial condition
autocovariance can be calculated as

Czlc (tl’tZ ) = (D(tl)' [Cz (O’O)_ CzF (O’O)]' ol (tz ) :

(24)
Finally, the transient autocorrelation function can be
written as the sum

Rz (tl'tz): RzF (tl’t2)+ Rzlc(tl’tz)
with

Rf(t,t,)=mi(t,)-m; (t,)+C] (t,t,)  (26)
representing the forced component. On the other
side, the initial condition component of the transient
autocorrelation function

Ri°(t,,t,)=®(t,)-{R,(0,0)+ R} (0,0)-
m, (0)-[mf ©)] ~m; (0)- m} (0)-
~2-CH(0,0)}- @' (t,)+®(t,)-

{Im, (0)-m¢ (©)}[m (&, -

m; (t,)-{m; (0)-[m ©)[ @ (t,)

(25)

(27)

looks rather complicated. However, we have the
possibility to calculate the transient autocorrelation
based on the previously determined mean value and
autocovariance [1]:

R, (t,,t,)=C, (t,,t,)+m, (t)-m, (t,).  (28)
One can observe that the initial condition
components of the transient statistical moments,
contain the effect of the mean value, autocovariance
and autocorrelation at t=0 and t =t, =0,

respectively. These values can are known as a
consequence of the established generalized
continuity relations.

If, for simplicity, in the output equation (8)
we consider, as usual the case is, the matrix D=0,
the transient statistical moments of the output vector
can be expressed by the following formulas:

mv(t):C'mz(t)i
Cy (tl’tZ):C 'Cz(tl’tz)'CTv

(29)
(30)
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R, (t,,t,)=C-R,(t,t,)-C". (31)

4 lllustrative Examples

4.1 Electrical circuit with random initial
condition and deterministic input voltage

In order to illustrate the utilization of the derived
continuity relations, we consider the simple case of
the RC circuit represented in Fig.1, with constant
input voltage: x(t)=1V for t>0. The coefficients
of state equations (7) and (8) are: A=-a;
B=a;C=1 and D=0 with a=1/RC. For
numerical computations the following values are
considered: R =10kQ; C=1uF resulting a time
constant RC =10ms and a=100Hz. The single
state variable (the voltage on the capacitor) is also
the output signal, z(t) =y(t). In this case, the
state-space equations can be expressed as

y(t)=-a-y(t)+a-x(t) (32)
with solution
yt)=e™*-y(0)+1-e™; t>0. (33)
R
o ] —
X(t) y()

Fig.1 A simple system: the RC low-pass circuit

Contrary to the usual assumption, we consider
that the initial voltage on the capacitor is unknown
and has a uniform p. d. f.

Py () = py (¥:-0) =
1

v, <y<y, (34)
=4V =V
0 otherwise.
We can now apply the continuity relation
Py () = Py (¥) = py (¥) = TI(y;v,,v,)  (39)

Since y(0) is unknown, according to (33), the

output voltage is a linear transformation of the
random variable Y (0):

YO)=a-YO)+/
where o =e ™ and 8 =1-¢"*. The p.d.f. of the
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output variable Y (t) is [1]:
Py (y;it) =TI(y; v, + B, e, + ) =
1
=<a(v, —v;)
0 otherwise.
This p.d.f. is represented in Fig.2 for v, = -1V,

v, =2V at five different moments during the

transient process: t=0ms, 10ms, 20ms, 30ms
and 40ms. The transient p.d.f. shows that with
increasing time the random effect of the initial
condition disappears and the output voltage becomes
deterministic. The uniform p.d.f. approaches a Dirac
impulse, fort —»

v, +<y<av,+f  (36)

limp, (y,t) =6(y-1). @37)
The initial condition of the mean value is
V2
1 v, +V,
m, (0)=[y dy=""%. (39)
v V2 - Vl
Probability densities
18t ‘ ‘ ‘ ‘
16+
14¢ t=20ms t=30ms t=40ms
12
10t
ol t=10ms
J Il
4r t=0ms
2 L
: : [ [N S| S .
0 -1 -0.5 0 0.5 1 1.5 2
y® in[v]

Fig.2 Probability density function of the output voltage
for five distinct time values

The transient mean value has the expression
m, (t) = E{Y ©)} =
=e*m, (0)+1-e™.
For v, =—1 andv, =2, the mean value of the
output voltages can be written as
m, (t)=1-0.5-¢™ (40)
This particular mean value is represented in Fig.3,

together with four transient output voltages
corresponding toy(0) =-0.5V; 0V; 1.5V and

2V . Obviously, the mean value can be regarded as
the output voltage for y(0) = 0.5V initial condition.

(39)

Issue 6, Volume 7, June 2008



WSEAS TRANSACTIONS on CIRCUITS AND SYSTEMS

Transient output voltages

i i i i i i i
I I I I I I I
I I I I I I I
I I I I I I
1 "y Ty
I ! I I I I I
| I I I I I
I | I I I
I I I |
F i e T B S B e ——— —
>, | | T |
c I T I I I
= | | | |
= I | | I | I |
R e e e R R B
I I | I I I
| | | I"Mean value | |
f | | I I I |
14 i e B e e e B
I I I I I I I
I I I I I I I
I I I I I I I
_05 1 1 1 1 1 1 1
0 0.005 001 0015 0.02 0.025 0.03 0.035 0.04

Timein[s]
Fig.3 Particular transient voltages on the capacitor
for different initial conditions

In order to determine the initial autocorrelation
function we express the joint p.d.f. using the
conditional p.d.f. [1]:

Py (Y1, Y2) =Py (Y1) - Py (Y2 Y1) = (41)
=T1(Y;, V4, V) - 0(Y, = Y1)
It follows, for every t,,t, <0,
R, (t,t,) =M{Y )Y (t,)} = (42)

= ,[ J.y1Yz'H(ylvvlvvz)'é‘(yz_Y1)dy1dy2 =

VPV, 4V
3
According to the definition of the autocorrelation
function we obtain the general expression:

Ry (tl'tz) =M {Y (tl)Y (tz)}
=e (172 . R(0,0) +
+e (1—e‘at2 ) m, (0)+
re @ fl—et).m, (0)+
o) f-em)

For the particular values v, = -1V, v, =2V, the

transient autocorrelation function equals

RY (tl7t2) =g 2 _
1 1 (44)

) N Ee‘atz +1

=R, (0,0).

(43)

This last expression is represented in the Fig.4, for
the domain 0<t,,t, <40ms. Obviously, with
increasing t, and t,, the autocorrelation approaches

a constant value equal to the square of the constant
steady-state value of the output voltage.
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Autocorrelation Ry(tl,tz)

- ~
e ~

0.8 - - - "“:‘ o W\ \ \i
0.7 (O |
St
\\\\\\\\\\\\\\\\\\
# i

0.01 0.02

Delay t, Delay t,

Fig.4 The transient autocorrelation function,
Ry (t,,t,); 0<t,t, <40ms

The initial value of the covariance function can
be calculated using the centered initial p.d.f.

I y.V1_V2 VZ_Vl
2 T2
It follows,

% vV, -V, V
C,(t,t,)= )y —2 -2
Y(l 2) _[Iylyz (y 5

-0(y, —y,)dy,dy,

_Vl)

2

(Vz _V1)2 _

T C,(0,0) (45)

Finally, we obtain the transient covariance function,
Cy (tl e ) =C,(0,0)- e a(1r2), (46)

—00—00

For v, =—-1 and v, =2, the covariance has the
particular expression:

C, (t11t2 ) = % gt

Covariance Cy(tl,tz)

(47)

0.8 -—"7,

0.6+ -~

|
|
|
|
|
|
|
|
04 -~
|
|
024 ---7

|

|

0=t

Delay t,

Fig.5 The transient autocovariance function,
C,(t,t,); 0<t,t, <40ms
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This autocovariance function is represented in Fig.5.
For increasing t, and t, the autocovariance

approaches zero because the steady-state value of
the output voltage is a constant. This means also that

for increasing t; and t,, the output process becomes
purely deterministic.

Particular case
One can think about a deterministic initial condition

case as obtained for |v,—v;|—>0, so that

v, =V, =V is the known initial capacitor voltage.

The initial p.d.f. of the state variable (and of the
output voltage) is a Dirac impulse

Py (Y) =6(y-v). (48)
Furthermore, for t>0 the p.d.f. of the output
voltage is a Dirac impulse moving, for t — o,
between m, (0) =v and m, () =1:

py (y;t) =0y —(a-v+ p)]. (49)
The corresponding “mean value” of the degenerated
random process is actually the purely deterministic
capacitor voltage:
m@t)=a-v+p=1+(v-1)-e*". (50)
The well-known input step voltage and the output
exponential signal are shown in Fig.6 for the
deterministic initial condition v =—-1V .

X() and y(t) in [V]

1 1 1 1 1
0 0.005 0.01 0.015 0.02 0.025 0.03 0.0
Timein[s]

35 0.04

Fig.6 Input and output voltages
in a deterministic case

Obviously, the autocovariance function equals zero,
denoting the absence of any random fluctuation,

C, (t,t,)=C, (0,0)=0. (51)
with R, (0,0) =Vv?, one can easily determine the

output autocorrelation function
Ry (t,t,) =€ 20" .y2 e @ le ).yt

Pt (1_ g ) V4 (1_ g ) (1_ g it )
=my (tl) -my (tz)-

(52)
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Fig.7 The output autocorrelation
for the deterministic case, v = -1V

The autocorrelation (52) is represented in Fig. 7. As
a product of two mean values considered at different
moments, the autocorrelation function brings no
supplementary information, so its calculation is

useless. Moreover, Ry(tl,tz) is not so easy to

interpret as the output signal shown in Fig.6.

One can observe from this example, that the
transient p.d.f., mean value, correlation and
covariance functions offer a global description of all
possible transients of the state variables or output
signals in an electrical circuit. This global
characterization is a valuable alternative in the case
when, due to the random initial condition, one can
not specify a particular deterministic transient
process. On the other side, purely deterministic
transients can be regarded as degenerated random
processes. In such cases, the “mean value” of the
degenerated random  process, actually the
deterministic signals of the circuit, offer a complete
description of the transient state. The autocovariance
function equals zero while the autocorrelation,
containing only redundant information, is useless.
However, the possibility of unified treatment of
random and deterministic transients brings new
insight in transient phenomena characterization.

4.2 Electrical circuit with random input
voltage and deterministic initial condition
Once again we consider the simple system
represented in Fig.1. This time, the initial condition,
y(0) =z(0) =0, is deterministic, but the input
signal is a non-centered white-noise with mean
value and autocovariance given by:

m,(t)=U; C,(t,t,)=N-o( -t). (53)
In this case, the state transition matrix is simply
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®(t) =e™ =e™™ =exp(-at). (54)
Using the relations (20), (21), (19) and (29), we
obtain successively:

mF (1) = [expl-a(t- p)]-a-U dp=U:

m!° (t) = exp(-at) -[0-U]=-U -exp(-at);
m, (t) =m, (t) = U[1—exp(-at)]. (55)
With C,(0,0) =0 and relations (23), (24), (22) and
(30) it results:

N-a
CzF (tlvtz) =5

CzIC (tl1t2) ==
-exp[-a(t, +t,)];
N-a
Cy(tl’tz) = Cz (tl’tz) = T'EXP(_a|t2 _t1|) )

{L—exp[-a(t, +1,)} (56)
The transient autocovariance function (56) is
represented in Fig.8 for N =0.04. The transient
behavior of the function is obvious. With increasing
time, the output noise does not disappear and
becomes stationary.

Covariance C (t,.t,)

154 - = ——

0.5

\

\\

) NS
RS
S

0o 0.01

Delay t, Delay t,

Fig.8 The transient autocovariance function,
in the case of white-noise input

To determine the transient autocorrelation, one can
easily utilize the relations (28), (55) and (56):

Ry(tl’tz) = Rz(tl’tz) =U? '{1_eXp(_a't1) -
- eXp(_a ’ tz) + exp[—a ’ (tl + tz)]}+

N -
+Ta-exp(—a-|t2 -t,)-

{1_ eXp[_a ’ (tl + tz)]}- (57)
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Autocorrelation Ry(tl,tz)

\/

Fig.9 The transient autocorrelation function
in the case of white-noise input

The functionR, (t,t,), is represented in Fig.9 for
U=1 and N =0.04. It has the same shape
asC, (t,,t,), but includes also the effect of the non-

zero mean value. R, (t,t,) and C, (t,,t,) clearly

show that, with increasing time, the output voltage
approaches a stationary correlated not centered
signal. The stationary autocorrelation and
autocovariance can be obtained from (56) and (57)

fort;, >, t, > oo withfinite t, —t, =7:

R,(r)=U?%+ % -exp(-alt]) ; (58)

N -
C,(r)= Ta -exp(-alz]). (59)

These functions are represented in Fig.10. They are
different only due to the mean value U =1V of the
stationary output signal.

Particular case

Within this example one can obtain a pure
deterministic transient process diminishing the noise
component of the input signal. Thus, the
deterministic step function X(t) =U can be seen as
the mean value of a degenerated random signal
obtained for N — 0. According to (56), if N =0,
C,(t,,t,) =0, denoting a deterministic process.
The autocorrelation (57) becomes

R, (t,,t,) =U? -{l—exp(-a-t,) —exp(-a-t,) +
+exp[-a(t, +t,)]}=m, (t,)-m,(t,) (60)
where, according to (50) with v=0 and U #1, the

“mean value” of the degenerated output random
process has the expression

m, (t) =U -[1-exp(-at)]. (61)
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Delay ©

Fig.10 Stationary autocorrelation and autocovariance
functions, R, (7) and C, (7);—40ms < 7 < 40ms

Once again, we see that the deterministic transient is
complete described by the “mean value” (61), i.e. by
the changing capacitor voltage. The output
autocovariance equals zero while the output
autocorrelation contains only redundant information.
However, from a theoretical point of view is
important to realize the possibility of a unified
treatment of deterministic and random transients, so
bringing new insight in transient phenomena
characterization.

5 Conclusion

This paper presents continuity relations for
probability densities, mean values, correlation and
covariance functions of state variables in electrical
circuits. The introduced relations are mathematical
generalizations of the well known initial condition
continuity relations from the deterministic case.

New formulas for initial condition (natural) and
forced components of the most important statistical
moments (mean value, autocovariance and
autocorrelation functions) are also presented. Two
detailed computation examples, completed with
graphical representation of relevant functions
illustrate the use of the generalized continuity
relations and of the natural and forced components
of the statistical moments, for a global random
transients characterization.

Deterministic transients can be regarded as
particular, degenerated random transients. On this
basis one can develop a unified analysis approach of
deterministic and random transients in electrical
circuits. This unified framework brings new insight
in transient phenomena characterization and is
certainly an advantage not only in teaching activities
related to transient analysis.
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Appendix A

The continuity of statistical moments is a direct
consequence of the continuity of the probability
densities. For example, one can write

1zi -p*(z,)-dz =];zi p(z,)-dz = AD
= 2, p(z) -z
or, [1] B
el 07)-ele 0)- -

=E{Z,(0); i=12,..,n
From (A2) the continuity of the mean values vector
follows:
m, (+0) =m; (-0) =m, (0). (A3)
Using the continuity of joint densities of any two
variables from the state vector,
p (Z|' j)_p (Z|' j) p(zi’zj)
i,j=12,..,n
we conclude the equality of second order expected
values

(A4)

;- P(z,2;)dz,dz,

;P (z,2;)dz;dz;

(AS)

I
I

;- P(z;,2;)dz;dz;.

'—'88
N
N

J]2

and, finally, the continuity of the correlation matrix:
R, (+0,+0)=R, (-0,-0)=R,(0,0).  (A6)
Using the continuity of joint p.d.f., the continuity of
the covariance matrix can also be put into evidence.
However, the continuity of the covariance can be
proved from the continuity of the correlation and the
mean functions. Actually, taking (A3) and (A6) into
account and the following equalities for t, =t, =0,

Cij (tlltz) =M {lZCi(tl)J' [ch' (tz)J}z
M {Zi (tl) ' Zj (tz)}_

-M{Z )} Mz, )=
r (1) —mi(t) -m, (t,);

(A7)
i,j=12,..,n

the continuity of the autocovariance matrix follows:

C, (+0,+0) =C, (-0,-0) =C, (0,0) . (A8)
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Appendix B
The general solution of the state equation (7) can be
written as follows:

Z(t) :<I)(t)-Z(O)—®(t)JqCDl(u)- B-X(u)-du+

—0

+<I>(t)j'd>‘l(u)-B-X(u)-du (B1)

Taking into account that ®(t) - ®*(u) = ®(t—u),

®(0)=1, mf(t)= j@(t—u)-B-mX(u)-du and

0
j@’l(u)- B-m, (u)-du=m!(0), we consider

the expected value from (B1) and the relations (19),
(20) and (21) are evident.

For simplicity, let us consider input signals
of centered white-noise type:

m =0; C (t,t,)=N-48(t, -t,). (B2
According to the definition of autocovariance
function and using (B1), one can write

Cz (tlitz) = E{[Z (tl) - E{Z (tl)}] ) [Z (tz) -
—E{Z(t,)}]"} = E{[®(t,) - Z(0) -

~O(t,)- jJ'CD‘l(u)~B~XO(u)~du+
+O(t,)- ]£®1(U)' B- Xy (u)-du—a@(t;)-m,(0)]
[@(t,)-Z(0) - D(t,)- jl‘l)l(V)'B'Xo(V)'dVJr

+D(t,)- tIZCD‘l(v)B Xy (V) -dv—

~O(t,)-m, ()] (B3)
If in (B3) we consider the statistical independence of
the random variables

t
Z(0) and J-CI)(t—u)-B-XO(u)-du as well as

the relation [9]

tt,
E{”(I)‘l(u).B.Xo(u).du-dvT X{(v)-BT-
toto
min(t;,t,)
[ W]'}= [®(u)-B-N-BT-[@7(u)]" -du
to
the decomposition (22) of the autocovariance, the
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forced component (23) and the initial condition
component (24) result by identification.

The relations (25), (26) and (27) for the
autocorrelation function can be obtained in a similar
way.
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