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Abstract: - The behaviour of a cellular colony in controlled growth is here exploited by means of new
mathematical models. The first aim of the paper is to introduce the Hamiltonian function in an analytic
nonlinear evolutionary process. In analogy with the finite optimal processes theory, this study leads to the
introduction of a canonical representation of the process by means of two sequences of equations. This mean
that one has to introduce “adjoint variables”, namely “generalized momenta”, which play the role of classical
momenta and have to be considered together with the “positional variables”. A correct explanation of the
physical meaning of these new variables gives the possibility to extend the analogy with classical mechanics. In
this scenario, a biological problem can be considered and used as a case study for this analogy. The author
have already studied the controlled evolution of a cellular colony in some recent papers. Now the application of
an Hamiltonian representation to the stochastic process of a tumoral cells colony is approached by means of the
introduction of the canonical variables.

This hopefully could lead to the begin of a new optimal control of drug therapy in the evolution of a tumoral
colony.

Key-Words: - Hamiltonian Function, Optimal Control, Cellular Colony
1 Introduction 4p=A(P)

The primary aim of this paper is to introduce, a ECP:1P(.0) =R(¥) @)
la Pontryagin [10], the Hamiltonian function in the XD[O’L tD[O' "'°°[
representation of an evolutionary linear or nonlinear
Cauchy problem, either autonomous or not. Thatis A s a differential operator which analytically
tantamount to introduce a canonical representation depends orP, its first u derivatives and, i.e.
of the process starting from the initial configuration
occupied by the physical system at the zero instant. o _ ,

The problem to be considered is the following '€ initial function Py(x) is supposed to be

one, e.g. autonomous, i.e. with a time independent 2nalytical in a disk of complex variable,
evolutionary operator: containing the origin as non singular point, enclosed

in the l + 1 — disk in which #P) is analytical, i.e. a
function developable in a multiple power series of
its arguments.

M +1 arguments.
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In order to solve problems like (1)ECP), we frame of our biomathematical investigations on
consider an equivalent initial value problertVR) tumors, the final aim of our work will be the
= (ECP), for an open normal first order differential  optimization of drug therapy. Therefore, for the
system, [4, 5, 6, 11, 12, 13]. Putting: controlled birth and death process which, in our
case, describes the malignant behaviour of cells
11 gn +o0 colony subject to a suitable remedy by physicians,
P, 2—{ . P} ,PZan x"=pe{, we shall write a canonical representation of
n| dx x=0 n=0 malignancy, in the dynamics sense [9], supposing
if p=(p,), T=(x")"2 (1b) the process to be eitheonservative or not, namely
. subjected to a controller constant or variable in time.
O, (O Py s ):1{ d A(P)} nON . Qur results can be generalized and extended to
A dx” o 0 similar stochastic processes, as well as to an analytic

evolutionary problem, like the above (1).

Then an interesting analogy with classical
mechanics may be found in the formulation of a
principle similar to the Hamilton’'s one and

We obtain [VP):

5 Pn =09, (Po s Py sy Pyan) characterizing evolution in Gibbs’ space.
—1rd" After having underlined the aim and foreseen
I\VP: A =il Fo ()]0, NN, (2) possible extensions of the present study, as a brief
initial conditionsassigned as P,(x) introduction to the problem, let us now put in
. evidence all our starting points, which represent the
Taylor coordinates.

subjects of previous investigations, both ours and of
other authors.
IVP integration is allowed in the space of Cauchy We shall proceed from the following results:

sequences ofr’, in whichIVP may be written as an a) the stochastic process describing tumor
ODE: evolution is integrable via generalized Lie series,
d according to an improvement of Grébner's method;
op _ Dp this author solved initial values problems for finite
dt (2b)  normal differential systems by similar series [1, 2],
pO)=(a):s =a whilst we extended the method to non finite initial

value problems and to the integration of an
equivalent Cauchy problem for an evolutionary

where Dis the Groebner-Lie operator: equation [4, 5, 6, 11, 12, 13];

D=0, ..., )—, ) by introducing the probabilities generating
; T T T )Om function P(t, 2), with tD[O,+00[,ZD[O,J{, a
with TT= (T1,)™°, a sequence of parameters. Cauchy problem for an evolutionary equation

equivalent to the stochastic process may be
Since (©,),Z, sequence is infinitesimal, we are  formulated: solving the latter means to solve the
allowed to introduceD and the correlated Lie forrr;er,[;l), 5, 6c’i 11,12, 13]; ) ' I
D : C y emonstrating the  continuously
operatore™ . Thereby: differentiability of P atz = 1, we can introduce an
. equivalent representation for malignancy involving
p= ((e‘Dm)n:a)nio those derivatives, which are linked to the moments
of the distribution random variable (r.vX(t),

is the solution of the above ODE number of malignant cells in the colony.

After the integration, we can introduce a . L
Hamiltonian function which allows us to write the 2 First description of the model
canonical representation of the assigned nonlinear

autonomous problem; the same may also be pointed N this section, we briefly exploit the above
out for the non autonomous case. points a), b), ¢); more details can be found in the

. . ; . ; ferences.
In order to illustrate in details this procedure, in re . . .
this paper we consider a particular application, Let us cc_)n5|de_r the foIIowm_g_ .b'rth and death
process involving probabilities (forward

relevant in the fight against tumors. In fact, in the Kolmogorov's equations) describing controlled
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evolution of a malignant tumor, whose random
variable isX(t), number of tumoral cells, whilg(t)
is the probability of havingn cells att in tumoral
colony. A, 1, k are constants related to the biology

of the spontaneous procek§) is a function of time
describing drug action on colony cells:

‘g—ﬁo:[wmwk]pl

ddptn - _[)\ +u+ h(t) + kn]npn +)\(n _1) Poat 3

M+hE)+k+D)]I+Dp,., ;n=21
Pr, 0=1;p; ©)=00j #n,.

or in compact form:

d
% =0(P.y, Py)

d
ﬁ=®n (p_l,pn_lspm pn+1)' nz1

dt
%:1

dt

P, ©O=2Lp; 0)=00j#n,;p,(0)=0;

(4)

where the last equation and the relative initial
condition are added in order to transform the
problem in an autonomous or time independent one.
In fact in the improved Groébner method [4, 5, 6, 11,
12, 13] in this way, i.e. by the symmetrization of
variables, it is possible to integrate (1-2) through the
following steps:

a) the introduction
differential operator:

of the Grobner-Lie

0 0
D=-2 +0O,(n,m) - +
a_r[ (o] ( -1 T[l) aT[

-1 0

+00 a (5)
+ @»(T[_ JTC_,, T0, T, )—
; ] 1 i1 J j+1 a-r[j
in which functions ©,,0,,nON, are just the

r.h.s of (4) but depending on parametéts
Its existence is ensured by the infinitesimal
nature of sequencf®, ), =, .

b) Afterwards we are able to introduce also the
Lie operator:
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&ziim. (6)

i V!

It exists as a consequencelpexistence. Then (3)-
(4) can be written on the space of Cauchy sequences
as (see (1b)):

dp

7 = D
a P
P, (0)=1

every other initial value being null.
Then a unique solution of (3) exists, whose
components are:

P, (D) :[etDT[i]n_lzo, =Py (0), KONg (7
The  forward  difference Kolmogorov's
differential equations (3) are our improvement of
those proposed in 1976 by Dubin, [3], and the time
independent parameters linked to the biology of the
process have the same meaniig:expresses the
spontaneous birth of a new celll, the death of an

old cell, k the death of one cell due to
immunological reaction of the host. Moreover we
introduced the controlldn(t) because we admit that
the death can be also due to the action of drug. We
require this action to be optimal, e.g. it ensures
colony extinction after a fixed tim& from the
beginning of therapy. This achievement is the final
goal of this and forthcoming studies, focused on a
possible extension of Pontryagin principle.

The corresponding evolution equation, obtained
by the introduction of the probability generating
function Rt, 2, when puttingu=1-P:

Yoz -9+ a2 D k-2 2

+[h(t)(1—z>]% ®)

zO[ 01, u™ (0z)=1-z, n, = X(0).

in which time dependent control, tiét) function,
makes non autonomous the evolution operator. On
the contrary, in the spontaneous (non controlled)
process, the evolution operator is autonomous,
according to the Dubin model, [3].

The above Cauchy problem (8) may be easily
solved by our improved Grdébner method, [4, 5, 6,
11, 12, 13]. In fact a Taylor transformation links the
above problem (8) to the initial value problem (3-4),
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and integrating the latter, one can obtain the unique  That can be obtained by considering the new

solution of the former, represented by the double . n. _ .
series: unknown functionsn;* :T:, being by this way
oo ensured the existence of Groebner-Lie operator.
P= Z pkzk, Obviously reduction to autonomy from the time is
k=0 demanded and may be obtained by symmetrization
of variables.

It can be also demonstrated thd& is
continuously differentiable at=z1, then if:

3 Hamiltonian function and canonical

P_P} =N representation of malignant process

oz | _ "

= Now let us demonstrate the following
B =n(n-D\; fundamental statement which will be useful to
n-1~ ’

extend the Pontryagin principle to our stochastic
o, =n\ - n(u +h(t)) - n’k; process, in order to optimize the controller, and will
_ ) allow analogies with classical mechanics:

You = _nk’

Theorem 1. Every stochastic process like (3-4) if
the stochastic process which describes the controlled conservative, i.e. h(t) =constant, admits a unique

evolution is equivalent to the following one: canonical representation (see below) by means of
the Hamiltonian function
dn
d_tn = Bn—lr] n-1 + anr]n + yn+1n N+l (9) +o0
H=>®0,,

(9) can be written in a more compact and general

form as follow: . . . .
existing at every instant, and in which ij, the

dnn _ _ adjoint variables, are functions suitably defined. If
at =9, MNna N0 Npa) s N21 (10) the process is not conservative, the canonical
. _ , , . representation is again available, then Hamiltonian
N OFng Ny O=ng 6 -2..06-(-D). G #ny; function exists at every instant dropping within the
convergence disk of h(t), supposing adjoint
where: variables @, suitably bounded, in every case
n.(t) = E(X(1)) concerning integrating Groebner-Lie operator
existence.
represents the mean of distribution, while the
variance is given by: Proof:
There are different cases that here we analyze.
Var (X (t)) =n,(t) +n,t) - (n,1))>. 1) This point is in particular useful dealing with

an extension of the Pontryagin principle, namely for
In other words we find that the derivatives of @ special aim and represents the starting point also

P(t,z) at z= 1 are linked to the other moments of [N the other instances 2), 3). -
the random variable K We proceed first by introducing the Hamiltonian

function for any problem approaching the stochastic
_ 3 o process (3-4).
Ny _E(X K-D.X-(n 1)))' Let us introduce the *“truncated” Hamiltonian
function :
We remark that every functiom, may be

known, following Grébner ideas, by applying H —icb o
operators analogue to (5) and (6), and by suitable L o =i
definition of parameters into the initial values, as the a
peculiarity of the method demands.

(11)
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in which the adjoint variables @, are analytic { Houton, (19)
functions such that:
i) converges, it defines:
%:%: 0012, (12) -

which is the representation of the normal differential
system of the firsin + 1 equations of our controlled  the Hamiltonian function of the controlled process,
process. This system, together with its relative 35 the limit:
initial conditions, represents an initial value problem
asymptotically approaching the stochastic process
(1-2) asm — +oo.

i) In addition, by requiring that holds the

limH,_ =H.

m-— oo

fundamental identity:

as we are going to prove.
The consequence will be that, since:

dH _ OH
dt ot H . _ ARy ,Om,nON,,
we obtain the (linear) system involving the adjoint 0P, dt
variables. In fact:
then:
dH, oH, &P oH, dp | oH,
—Z — L+ (13) _oH oH
dt 6pJ dt ot lim —™n =~
me+e gO 0D,

so we obtain the following linear system involving op, _ oH N,
adjoint variables: ot oD, At
%} =5t —Z 0P ,m = Similarly:
- (@, ‘"’S’; O P, 5 012,08 (14) dd oH
A0y = _OHy — _qy 00 at __a_'nDNo
Tdt T oy 10p, Pn

iii) As a third condition, we require that:

®,(M=1],

where (])o012..m IS the sequence of the first

m+1 values of the random variablét)X
At the following step, K1 is such that:

oH ., _0H_
0P, 0P,
OH g _ OHyy
— M= =" 0 e, M
oo =g 1002
oH d
m+l — pm+1 — em+1
0P dt

m+1

Then, if the sequence of partial sums:

ISSN: 1109-9518

In order to prove the convergence of (20), we
observe that in every point<T the above
(15) sequence:
{ Hm} MmN,

is uniformly convergent and it defines at least'a
function, ifh(t) is inC" .
In fact at Twithin domh(t) we can prove that:

(16) .
being:  H(T) =2 ® (N[O, ]+
(17) =0
18) itis H, (T) = Z {ddﬂ ~ (21)

H[dE(xa»} o e
dt L
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That is true provided thd&(X(t)) is a series of
functions differentiable term by term.That
statement holds. In fact:

being: P(x,t)=> pZ

i=0

\Nith pi(t) :[etDT[i]n_lzo,nk:pk(O), kONg ?

itis: [G—P} =>ip =E X] and
62 z=1

i=0

Z:ﬂ: TF]TLl 0, Ti=p (0), KON |:Z| :| -

1,20, Ti=p, (0), KON,
+o0 +00

{emzm;} if >t <eo

=0 =0, 1y=p (0), KN, i=0

=

E[GP(z,t)
dt

_d
= L‘&E[X“)]

o d
Zl[ DTl;]nl—O T = pi (0), kONg _Z dril

i=0 i=0

T1=0, T =py (0), KON,

derivation term by term of the series which defines
the mean E(X).

Furthermore
dH, _oH,
dt ot
S0 L[S e +(] dh
; I on dt [];J Cixp (@ J)p,ﬂJ i

[dHn _
dt |,
22
o (22)

:(_i[—fxp, O++19G49 p,ﬂ(r)]]xH_ -

ISSN: 1109-9518
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[Z[—J xp N+ +)*pa(M-(i+) IOJ+1(T)1J [ dt}

t=T

- —E(X(I'))X[—} asm - +oo., (23)
dt |,

In factE(X) is the sum of a Lie series absolutely
convergent at+ T.

In conclusion there are two power series (of the
Lie type) which defineH and its derivative, which
converge at = T absolutely, and &t< T, i.e. within
the circle of convergence of h(t)

Note that H OC'only within the domain,
domh(t) of h(t), whilst, if e.g.h(t) is a constant or a
polynomial int, that happens for every t

In factT is any instant in the domain of existence

of h(t) and &, in particular any instant ifi(t) is a

constant, i.e. the process is conservative, or a
polynomial, inasmuch in that hypothe&$X) and

) exist for every T.

Now having introduced the Hamiltoniat, and
considered the instances in which its definition may
be prolonged to every instant of the domairh(f,
we can integrate, regardin@s a complex variable,
the following initial value problem:

dp, _ oH .
=-—— IUN 24
o 0 (24)
®, T ¥] conditionstt =T.  (25)
dp. _dH,,
L= O, ;i0{012,..
dt aCDi ' (0L m

In fact we can know the functionbj , which at

T represent all possible values of the random
variable X(t). This is possible through the usual
method of generalized Lie series [4, 5, 6, 11, 12,
13].

To do that we can refer to the new variables

GJP:c_l'i and, by this way, consider these
i!
equations:
O O
dq)i - ((‘D_l ae—1+¢DaO| +('+1)q):1+1 a@|+l)
dt i op op,

The right hand side is wanted infinitesimal as
I — +co . This happens certainly if, as in the sequel
(see below, point 3), the adjoint variables are so
upper bounded:

Issue 1, Volume 6, January 2009



WSEAS TRANSACTIONS on BIOLOGY
and BIOMEDICINE

|O. [<i+A.

Such variables fit our request.

In fact having introduced the suitable Lie
operator, this finds all components of the unique
solution for every admissible t

@ (1) =[] 4, ) (26)

having operated the final substitution of parameters
with initial values and whereD* is the
correspondent Grébner-Lie operator, introduced in
the usual manner. Then, in fakt,exists inT if the

®,(t) have inT the same ordered values Xft),
and the Hamiltonian function exists in every internal

point of domain ofh(t) as aC" function, such as
postional and adjoint variables. In fact solution

{CDj(t)}f:"‘(’) has its components represented by Lie

series, whose convergence radius is the radius of

analyticity forh(t), being the problem linear but for

h(t). That because in the integration a la Grébner we

must first proceed to a symmetrization of variables

transforming the problem into an autonomous one,
procedure that causes the system to lose its linearity,

see: [1], [2], depending oh(p_,), being the new
variable required by the symmetrization of variables
procedure.

The following point is useful in looking for
analogies with classical mechanics.

2) Now we can observe thattifs regarded as a
complex variable and the process is in particular
conservative, everyis admissible and it is:

H = constant
. dHd oH
in fact —=—=
dt ot

Then if, as we are going to proJe;],., exists, at
every other instant stands:

H(®) =[H].-

i.e. in complex planéd exists for everyt in which
conjugated variablgg and <Dj exist, ifH is existing
att = 0. In other words since the conservative
problem is linearp, and <Dj are existing at every

and so doedd. This doesn’t stand if autonomous
problem is nonlinear (see in the sequel point 3).

ISSN: 1109-9518 7
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In fact, supposing process to be conservative, we
can think to change the starting conditions, assigned
at T for the problem (24-25) as initial values, and
considered now not any more at tiMebut at the
initial instant 0. In the certain configuration the
probabilities are:

R, =n})=p, 0=1; (27
P®;0) =j) =p@=0ifi#n,.

Then at t= 0,
E(X(0)) =n,, and from(9)

|:dEC§tX)j| =()\_“_I’]_k)no_kno(no_1)

Thereby:
H(©O) =A-p-h-k)n,—kny(n, -1)

Then Hexists at t = 0, hence for every t

In such a manner we have a completronical
representation of the stochastic process supposed
conservative.

Resuming: for a conservative process starting
from the initial configuration, supposed known,
which the system assumes with certainty at0, H
is defined by the constant assumed at0; at every
t on the real axisiH=constant is an integral, i.e. an
equality to be satisfied by the solution of the
canonical system at every instant.

Then we have the following interpretation of the
canonical representation of a conservative system.

This is such that the solution, obtained according
to the Grébner approach by generalized Lie series,
of its first part furnishes the distribution of the
random variableX(t), while the components of the
solution of its second part, obtained by the same
procedure, represent a sequence of functions which
at initial instant are the values ¥{0), non random
in this point, whose meaning must be detected (see
the sequel), namely:

| (28)
c{%o:_g_i:eo’
P, ©=1;p;(0)=0,0j #£ny; (29)
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2 o®

T i ap -
_ . 9, Oy i
(CD A +P, - % +O,, 52 % =31 [0N, (30)
Ay — _H — 00,
&= P

@, (0) =n, with certainty;

o . (31)
@, (0)=i with nullprobability

3) Furthermore, if the process is not
conservative, we can still observe that a similar
canonical representation can be introduced. In fact,
like in conservative instance, if the Hamiltonian is
directly introduced at = 0, its existence elsewhere
is guaranteed on the real axis within the

convergence disk di(t), provided that the®; are

unde suitable constraints. This hypothesis will be
suitable also in order to integrate the system
involving adjoint variables. In other words the
constraints ensuringd existence, also allow the
representation of evolution by Lie series.

Naturally within the analyticity disk ofh(t),
according with the general result for every analytic
evolutionary process which demands convergence
of Lie series inside the domain of the evolutionary
operator.

More in details, let us suppose to consider a

bounded sequence of non negative numbéﬁ;}‘:o
with:

sup{d,}jZ, =A<

Let us assume that eve[y, | is dropping in a

circular neighbourhood of the integer
o)|-i]<s;.
being:
o<lt|<r,

with r the radius of the convergence dikimh(t) of
the analytical functiorh(t), or in a non symmetric
neighbourhood of every integer |

=8, <|®|<[+8,:3,, =8,
being the last equality the condition of contiguity for
the assigned intervals.

ISSN: 1109-9518
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If the above assumption holds, then:
oP(zt)
0X

dt L el

0,8 p|sa % jon]d
His 3o s 3G+ S

j=0

< 00

| <o within domh(t),

3

i.e. Hexists at everydropping in domit).

Resuming all above points:

we introduce the Hamiltoniald in the stochastic
representation of a birth and death process by

defining the adjoint variablesﬁbj as analytical

functions which assume the integers, which are the
values of the random variab¥ number of entities,
i.e. cells of colony, at an instart which drops
within the convergence circle di(t), the function
responsible of non autonomy of evolution. By this
way His defined as a Gunction.

In order to obtain a canonical representation of
the process, having in sight analogies with classical
mechanics, it needs that adjoint variables assume the
integers, values of, as the initial values, namely at
t = 0 from which the process starts. We need first to
distinguish the autonomous instance, in which

. & |d
being > jI=- p
2l

& |d & |d
d A— p. —
o %;(ﬁpw<z;dt

H = constant

as an integral equality satisfied by all and only
the solutions { p;, ®;},,,, of the canonical

representation of the procedd; in this instance,
which we can name conservative case, exists at
every instant.

The non autonomous instance demands an
additional hypothesis in order to d# existing at
every instantt # 0, dropping in the convergence

disk of h(t), i.e. the adjoint variables must be
properly bounded:
@ |<j+a;n<1
This is a suppletory hypothesis also in

conservative instance in order to integrate the
system of the adjoint variables; in fact, in every
instance, the infinitesimal feature of the right hand
side terms in equations involving the new variables

Issue 1, Volume 6, January 2009
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CDDZE

BT
integrating Groebner-Lie operator. Furthermore it
allows an interesting interpretation, see the sequel,
of the adjoint variables in every case: the adjoint
variables describe trajectories walked in the
evolution by the single values of the random
variable X

is sufficient to the existence of

4 Moreon adjoint variables meaning

In the end we observe that in every instance, i.e.

J. Quartieri, S. Steri, N. E. Mastorakis, C. Guarnaccia

N, =rangeX O rangeP OU 5[ -8, j+6,[ 00
density of ® =UJ, densityof ®;, [j ON,.

Furthermore we can conclude that there are two
ways in describing evolution of a stochastic process
similar to ours: while canonical variablpsdescribe
it in terms of probabilities the happening of every
value of the random variab{eX = j}, the adjoint

ones ®; do the same in terms of trajectories of all

possible random values.
By that point of view, canonical representation of
a stochastic process, i.e. its Hamiltonian form, is far

the process being either conservative or not, and to be artificial but needs in complete representation

starting from initial instant, the set of all
configurations of adjoint variable@j , regarded as

real valued positive functions, must include the
trajectories of the random variable X

In fact, the following illustration of the process is
allowed: all happens in the canonical representation,
as the discrete r.X is substituted by the continuous

r.v. with values: ® =®,. Every adjoint variable

may wander by chance in a neighbourhood of its
certain value. In order to do that at every instant
the set of all possible determinations of the /v,

i.e. the totality of its admissible values, drops
closely the simultaneous random configuration of
rv. X. More particularly the happening
determinations ofP are picked up by chance from
the compact ranges of eversbj, resulting as
component of the solution to the canonical
representation of the evolution under constraints.
Hence the random choice with probabilgy , is
donein the subset which has as upper bound the
correspondent valyeof the random variablX, plus

o, ie. (X=j)+9, and as lower bound
(X =])-8,..
®=®,; is not greater thar(X = j)+A, whilst

the valuej may be certain only at initial instant,
provided that, in stochastic pattern, colony starts just
from the certain configuration:

{®;0 =i},
p, 0=1;p,(0)=0, m# j;
and (0x X (0)angenerallynotelsewhere

Then every admissible value

Resuming, at last we have:

ISSN: 1109-9518 9

of evolutionary behaviour by probabilities and
trajectories, if special purposes are in sight.

In order to justify what said above, we can do the
following considerations® may be regarded as a
transformation one to one of the random variafle
because, given this last variable, a s@leexists as
the unique solution of the system of adjoint
variables and, vice versa, starting frabn, the sole
X with associated distribution exists.

We ask ourselves what is the associated
distribution. At every instant, for conservation of
probability principle:

p;(t) =R (X({)=])=
6jD+l
PA®P=0(9 -0, j+95;]}) = If,-qu
5
with obvious meaning of the integration extremes,

u}
6j+1

p,®) = [ f,do

0
3]

where have been introduced any non negative
integrable function playing the role of local density,
then the above formula gives the probability that, at

every instant,® = @ drops inside[3},5/,;] and
is null elsewhere.
Namely [t

1= p,(t) = jqu:
j=0 0

being f a density function, whose restriction to

partial subinterval$d;, 8;,,] are local density; f
Resuming: the condition of upper bounded
adjoint variables, sufficient foH existence in non
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