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Abstract: In this paper first, we find a canonical symmetrical trapezoidal(triangular) for the solution of
the fuzzy linear system Ax̃ = b̃, where the elements in A and b̃ are crisp and arbitrary fuzzy numbers,
respectively. Then, a model for fuzzy linear programming problem with fuzzy variables (FLPFV), in wh-
ich, the right hand side of constraints are arbitrary numbers, and coefficients of the objective function

and constraint matrix are regarded as crisp numbers, is discussed. A numerical procedure for calculating
a canonical symmetrical trapezoidal representation for the solution of fuzzy linear system and the opti-
mal solution of FLPFV, (if there exist) is proposed. Several examples illustrate these ideas.
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1 Introduction

An approach to solve a fuzzy linear system was
given by Buckley et al. [1] and Friedman et al.
[4]. Also, several kinds of fuzzy linear program-
ming problems and corresponding approaches
to solving them have appeared in the literature
and valuable results are obtained. Fuzzy linear
programming are usually divided into two cat-
egories: fuzzy linear programming with fuzzy
constraints and fuzzy linear programming with
fuzzy coefficients, where the variables in both

models are regarded as crisp. In this paper
first, we propose a new method for solving an
n × n fuzzy linear system of algebraic equa-
tions, and then propose a method for solving
a FLPFV based on a canonical representation
of fuzzy numbers and ranking method which
is introduced by Delgado et al. [2, 3]. They
introduced three real indices called value, am-
biguity and fuzziness to obtain ”simple”, fuzzy
numbers, that could be used to represent more
arbitrary fuzzy numbers. In section 2 we re-
view basic definitions and the notions of value,
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ambiguity and fuzziness defined in [2, 3] and
then give a canonical representation of fuzzy
numbers by means of symmetrical trapezoidal
ones [2, 3]. In section 3 we present a fuzzy
linear system and propose a method for solv-
ing them. Some numerical examples are given
in section 3. In section 4, first we introduce
fuzzy linear programming with fuzzy variables
and then a method for solving this problem is
given. Also some numerical examples are pre-
sented.

2 Preliminaries

In this section we review some preliminaries
which are needed in the next section. For more
details see [2, 3].

2.1 Basic definitions and nota-
tions

A fuzzy set ã on IR is a fuzzy number provided:
1)Its membership function is upper semi con-
tinuous.
2)There exist three interval [a,b], [b,c], [c,d]
such that ã is increasing on [a,b], equal to 1 on
[b,c], decreasing on [c,d] and equal to 0 else-
where.

We denote the support of ã by ã0 = {x ∈
IR | ã(x) > 0} and the mode of ã by ã1 =
{x ∈ IR | ã(x) = 1}. Suppose ã is a fuzzy
number and r ∈ (0, 1), then the r-cut of ã is
defined by ãr = {x ∈ IR | ã(x) ≥ r}. The r-
cut representation of ã is the pair of functions
(Lã, Rã) both from [0,1] to IR defined by

Lã(r) = inf{x|x ∈ ãr}, Rã(r) = sup{x|x ∈ ãr}

for r ∈ [0, 1]. We will let T̃ = (a, b, α, β) denote
the trapezoidal fuzzy number, where [a−α, b+
β] is the support of T̃ and [a, b] is the mode
of T̃ . If a = b then we obtain a triangular
fuzzy number. A fuzzy number with a = m −
c , b = m + c , α = β = d is said to be
a symmetrical trapezoidal fuzzy number which

we denote it by T̃ = (m, c, d). If c = 0, we have
a symmetrical triangular fuzzy number.

2.2 Canonical trapezoidal repre-
sentation of a fuzzy number

Delgado et al. [2, 3] introduced three parame-
ters value, ambiguity and fuzziness for a fuzzy
number in order to capture the relevant in-
formation about the fuzzy number’s ill-defined
magnitude. These parameter where defined as
follows. A function s : [0, 1] → [0, 1] which
is said to be a reducing function, if s is in-
creasing, s(0) = 0 and s(1) = 1. The simplest
and most natural reducing function is the uni-
form s(r) = r [2, 3]. Let ã be a fuzzy number
with r-cut representation (Lã, Rã). With re-
spect to the uniform reducing function value
of ã, V (ã), ambiguity of ã, A(ã), and fuzziness
of ã, F (ã),defined:

V (ã) =
∫ 1

0
r[Lã(r) + Rã(r)]dr,

A(ã) =
∫ 1

0
r[Lã(r)−Rã(r)]dr,

F (ã) =
∫ 1/2

0
[Rã(r)− Lã(r)]dr +∫ 1

1/2
[Lã(r)−Rã(r)]dr.

V (ã) may be seen as a central value which rep-
resent the value of a fuzzy number, A(ã) the
”global spread” of the membership function of
ã, the measure of the vagueness of ã and F (ã)
the global difference between ã and ãc the com-
plement of ã. For a trapezoidal fuzzy number
T̃ = (a, b, α, β), we have

V (T̃ ) = 1/2(a + b) + 1/6(β − α),

A(T̃ ) = 1/2(b− a) + 1/6(β + α),

F (T̃ ) = 1/4(α + β).

Also for a symmetrical trapezoidal fuzzy num-
ber T̃ = (m, c, d) we have V (T̃ ) = m, A(T̃ ) =
d/3 + c and F (T̃ ) = d/2. Suppose now we
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Fig. 1.

are given a fuzzy number ã with parameters
V (ã), A(ã) and F (ã). Then from the above
results we can construct a symmetrical trape-
zoidal fuzzy number T̃ such that V (T̃ ) =
V (ã), A(T̃ ) = A(ã) and F (T̃ ) = F (ã) provided
c = A(ã) − 2/3F (ã) ≥ 0. This symmetrical
trapezoidal fuzzy number is said to be canon-
ical trapezoidal representation of ã. If for a
fuzzy number ã we have c = A(ã)−2/3F (ã) <
0, then this fuzzy number will not have a
canonical trapezoidal representation. In this
case we have a typical quasi-trapezoidal repre-
sentation for ã. In Fig. 1, we sketch a typical
quasi-trapezoidal [2] fuzzy number ã with r-cut
representation (Lã(r), Rã(r)), where

Lã(r) =


m− s− t if r = 0,
rt/h− t− s if 0 < r < h,
m− s if h ≤ r ≤ 1,

Rã(r) =


m + s + t if r = 0,
−rt/h + t + s if 0 < r < h,
m + s if h ≤ r ≤ 1.

If A(ã) ≤ F (ã)/12, then we can consider
s = 0, h = [3A(ã)/F (ã)]1/2,
t = (F (ã))3/2/(3A(ã))1/2. If F (ã)/12 ≤ A(ã) ≤
2F (ã)/3, then in this case we have th3/3+ s =
A(ã), t(−1/(2h) + 2− h) = F (ã).
If c = 0, then the corresponding canonical rep-
resentation is a triangular number.

Note that for any two trapezoidal fuzzy num-
ber ã1 and ã2 and any real number k we have

V (kã1 + ã2) = kV (ã1) + V (ã2), (1)

A(kã1 + ã2) = |k|A(ã1) + A(ã2), (2)

F (kã1 + ã2) = |k|F (ã1) + F (ã2). (3)

Algorithm 2.2.1 As a ranking method, we
compare two fuzzy number ã and b̃ into the
following steps:

1)Compare V (ã) and V (b̃). If they are equal,
then go to the next step. Otherwise rank ã and
b̃ according to the relative position of V (ã) and
V (b̃).

2)Compare A(ã) and A(b̃). If they are equal,
then go to the next step. Otherwise rank ã and
b̃ according to the relative position of A(ã) and
A(b̃).

3)Compare F (ã) and F (b̃). If they are equal,
then conclude that ã and b̃ are equal. Other-
wise rank ã and b̃ according to the relative po-
sition of F (ã) and F (b̃).

Note that, we say that ã1 = ã2 if and only if

V (ã1) = V (ã2), A(ã1) = A(ã2), F (ã1) = F (ã2). (4)

3 A fuzzy linear system

In this section we will investigate a fuzzy linear
system. We define a fuzzy vector solution and
propose a procedure for calculating it.
Definition 3.1 The linear system

n∑
j=1

aij ỹj = b̃i for i = 1, . . . , n, (5)

where the coefficient matrix A = (aij), 1 ≤
i, j ≤ n is a crisp n×n matrix and b̃ = (b̃i), 1 ≤
i ≤ n is a fuzzy n× 1 vector of fuzzy numbers,
is called a fuzzy linear system.

A vector of fuzzy number
ỹ = (ỹ1, ỹ2, . . . , ỹn)t is called a fuzzy solution
of (5) if it satisfies (5). In this method we will
find a canonical symmetrical trapezoidal rep-
resentation for this solution. Now let ỹbe a
solution for (5), then by (4) for i = 1, . . . , n we
have

V (
n∑

j=1

aij ỹj) = V (b̃i),
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A(
n∑

j=1

aij ỹj) = A(b̃i),

and F (
n∑

j=1

aij ỹj) = F (b̃i).

(1),(2) and(3) implies

n∑
j=1

aijV (ỹj) = v(b̃i),

n∑
j=1

|aij|A(ỹj) = A(b̃i),

and
n∑

j=1

|aij|F (ỹj) = F (b̃i).

Now let x̃ = (x̃1, x̃2, . . . , x̃n) be the canonical
symmetrical trapezoidal representation for this
solution. Hence for finding this representation
we solve the following crisp linear system

n∑
j=1

aijV (x̃j) = V (b̃i),

n∑
j=1

|aij|A(x̃j) = A(b̃i), (6)

n∑
j=1

|aij|F (x̃j) = F (b̃i),

V (x̃j), A(x̃j), F (x̃j) ≥ 0 1 ≤ j ≤ n.

After obtaining V (x̃j), A(x̃j) and F (x̃j), if
cj = A(x̃j) − 2/3F (x̃j) ≥ 0 for all j, then
we can find a symmetrical trapezoidal fuzzy
number x̃j = (mj, cj, dj). But if cj = A(x̃j) −
2/3F (x̃j) < 0 for some j, then we can only find
a symmetrical quasi-trapezoidal fuzzy number
x̃j = (mj, cj, dj) as defined in section 2.2.

Some examples are presented here to show
the applicability of canonical representation of
fuzzy numbers.
Example 3.2 Consider the following 2 × 2
fuzzy linear system

x̃1 − x̃2 = b̃1, x̃1 + 3x̃2 = b̃2,

where b̃1 = (1, 1, 1), b̃2 = (5, 1, 2) are triangu-
lar fuzzy numbers. Consider the classical linear
system (6) for this fuzzy linear system. we find
the following values:

V (x̃1) = 2.0417, A(x̃1) = 0.25, F (x̃1) = 0.375,

V (x̃2) = 1.0417, A(x̃2) = 0.0834, F (x̃2) = 0.125.

By simple calculations,
we find m1 = 2.0417, c1 = 0, d1 = 0.75, m2 =
1.0417, c2 = 0, d2 = 0.125. Hence x̃1 =
(2.0417, 0.75, 0.75), x̃2 = (1.0417, 0.125, 0.125)
are the canonical triangular representation so-
lution. Note that, these solution are close to
the solution x̃1 = (2, 0.625, 0.875) and x̃2 =
(1, 0.125, 0.375) of Example 4 of [4].
Example 3.3 Consider the following 2 × 2
fuzzy linear system

x̃1 − 2x̃2 = b̃1, x̃1 + 5x̃2 = b̃2,

where b̃2 = (4, 6, 1, 3) is a trapezoidal fuzzy
number and

b̃1(x) =


1− x2 if − 1 ≤ x ≤ 0,
(−1/4)x + 1 if 0 ≤ x ≤ 4,

0 otherwise.

for which
V (b̃1) = 0.4, A(b̃1) = 0.9333, F (b̃1) = 0.6953
as in Example 3 of [2]. The solution of the clas-
sical system (6) of this example is as follow:

V (x̃1) = 1.8095, A(x̃1) = 0.4444, F (x̃1) = 0.4922,

V (x̃2) = 0.7048, A(x̃2) = 0.2445, F (x̃2) = 0.1016.

Simple calculation implies
m1 = 1.8095, c1 = 0.1163, d1 = 0.9844, m2 =
0.7048, c2 = 0.1768, d2 = 0.2032. Hence
x̃1 = (1.7488, 1.8702, 0.9844, 0.9844), x̃2 =
(0.5003, 0.9093, 0.2032, 0.2032).
Example 3.4 Consider the following 2 × 2
fuzzy linear system

x̃1 − x̃2 = b̃1, x̃1 + 3x̃2 = b̃2,

where b̃1 = (−15.7667,−7.2333, 6.4, 6.4) and
b̃2 = (6.8667, 15.1333, 10.4, 10.4) are symmet-
rical trapezoidal fuzzy numbers. Consider the

4



classical linear system (6) for this fuzzy linear
system. we find the following values:

V (x̃1) = 0.5, A(x̃1) = 1.2, F (x̃1) = 2,

V (x̃2) = 12, A(x̃2) = 5.2, F (x̃2) = 1.2.

By simple calculations, we find m1 = 0.5, c1 =
−0.1333, d1 = 4, m2 = 12, c2 = 4.4, d2 = 2.4,
and hence x̃1 does not have a canonical trape-
zoidal representation and the canonical rep-
resentation for x̃2 is x̃2 = (7.6, 16.4, 2.4, 2.4).
There are a lot of quasi-trapezoidal represen-
tation for x̃1 such that

th3/3 + s = 1.2, t(−1/(2h) + 2− h) = 2.

One of these which we use as a typical quasi-
trapezoidal representation for x̃1 is obtained in
[2] by:

h = 0.875, t = 3.6127, s = 0.3932.

4 A fuzzy linear program-

ming problem with fuzzy

variables

In this section, we describe a method for solv-
ing linear programming problem with fuzzy
variables.
Definition 4.1 The problem

min : z̃ = cx̃, s.t. Ax̃ = b̃, x̃ ≥ 0̃, (7)

where ct ∈ IRn,A ∈ IRm×n, b̃ ∈ (F (IR))m, and
x̃ ∈ (F (IR))n is called an linear programming
problem with fuzzy variables. We say that x̃ is
a fuzzy feasible solution to (4) if and only if x̃
satisfies the constraints (4). A fuzzy feasible
solution x̃∗is called to be a fuzzy optimal solu-
tion (4), if cx̃∗ ≤ cx̃, for all x̃ belonging to the
set of all fuzzy feasible solutions of (4).

By ranking method described in algorithm
2.2.1, we solve (4) as:

min : z = V (cx̃) + A(cx̃) + F (cx̃),

s.t. V (Ax̃) = V (b̃),

A(Ax̃) = A(b̃),

F (Ax̃) = F (b̃), (6)

V (x̃)− A(x̃)− 4/3F (x̃) ≥ 0,

V (x̃), A(x̃), F (x̃) ≥ 0.

From (1), (2) and (3), this model is equivalent
to the following classical linear programming
problem:

min : (7)

z =
n∑

j=1

cjV (x̃j) +
n∑

j=1

|cj|A(x̃j) +
n∑

j=1

|cj|F (x̃j),

s.t.
n∑

j=1

aijV (x̃j) = V (b̃i),

n∑
j=1

|aij|A(x̃j) = A(b̃i), (8)

n∑
j=1

|aij|F (x̃j) = F (b̃i),

−V (x̃j) + A(x̃j) + 4/3F (x̃j) + Sj = 0,

V (x̃j), A(x̃j), F (x̃j) and Sj ≥ 0, j = 1, . . . , n.

This is a crisp linear programming problem
with 3m + n constraints and 4n variables, but
many of elements of the constraints matrix are
zero. After obtaining the optimal solution of
(6), if for some x̃j we have cj = A(x̃j) −
2/3F (x̃j) ≥ 0, then we can find a canon-
ical symmetric trapezoidal representation for
x̃j. But if for some x̃j we have cj = A(x̃j) −
2/3F (x̃j) < 0, then we can find a canonical
symmetric quasi-trapezoidal representation for
x̃j as defined in section 2.2.

Some examples are presented here to show
the applicability of the canonical representa-
tion of fuzzy numbers.
Example 4.2 Consider the following FLPFV:

min : Z̃ = 2.5x̃1 + 3x̃2,

s.t. 7x̃1 − 3x̃2 − x̃3 = 2̃3,

− 3x̃1 + 8x̃2 − x̃4 = 3̃4, (9)

x̃1, x̃2, x̃3, x̃4 ≥ 0̃,
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where 2̃3 = (22, 24, 3, 3) , 3̃4 = (33, 35, 3, 3).
The classical linear programming problem(6),
corresponding to (7) have the following optimal
solution:

V (x̃1) = 6.0851, A(x̃1) = 0.2128, F (x̃1) =

0.1596, V (x̃2) = 6.5319, A(x̃2) = 0.1702, F (x̃2)

= 0.1277, S1 = 5.6596, S2 = 6.1915, and other

variables are zero.

Simple calculations give the following canonical
symmetrical trapezoidal representation for (7):

x̃1 = (5.9787, 6.1915, 0.3192, 0.3192),

x̃2 = (6.4468, 6.617, 0.0851, 0.0851).

Example 4.3 Consider the following FLPFV:

min : Z̃ = 7x̃1 + 2x̃2,

s.t. x̃1 − 2x̃2 − x̃3 = b̃1, x̃1 + 5x̃2 − x̃4 = b̃2,

x̃1, x̃2, x̃3, x̃4 ≥ 0̃,

where and b̃2 = (4, 6, 1, 3) is a trapezoidal fuzzy
number and

b̃1(x) =


1− x2 if − 1 ≤ x ≤ 0,
(−1/4)x + 1 if 0 ≤ x ≤ 4,

0 otherwise,

for which
V (b̃1) = 0.4, A(b̃1) = 0.9333, F (b̃1) = 0.6953
as in Example 3 of [3]. b̃2 = (4, 6, 1, 3) is a
trapezoidal fuzzy number. The classical linear
programming corresponding to (8) have the fol-
lowing optimal solution:

V (x̃1) = 2.2812, A(x̃1) = 0, F (x̃1) = 0, V (x̃2) =

0.6104, A(x̃2) = 0.3333, F (x̃2) = 0.2, V (x̃3) =

0.6603, A(x̃3) = 0.2666, F (x̃3) = 0.2953, S1 =

2.2812, S2 = .0104, V (x̃4) = A(x̃4) = F (x̃4) =

S3 = S4 = 0.

Simple calculations give the following canon-
ical symmetrical trapezoidal representation for
the optimal solution (8):

x̃1 = (2.2812, 2.2812, 0, 0),

x̃2 = (0.4104, 0.8104, 0.4, 0.4),

x̃3 = (0.5906, 0.73, 0.5906, 0.5906).
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