A Conservative Approach to Perceptron Learning
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Abstract: - In many real-life pattern recognition problems, it may be prudent to reject an example rather than run
the risk of a costly potential misclassification. Typically, the threshold for rejection is determined after the under-
lying classifier has been trained in order to minimize misclassification. In this paper, we present two algorithms
to train a hyperplane with a bandwidth for rejection, wherein both the classifier and the bandwidth are determined
simultaneously. Experimental results indicate that the hypothesis thus detrmined shows an improvement over its
liberal counterpart (the same perceptron, with zero bandwidth), and over a perceptron trained using the standard
perceptron learning rule, on which the rejection threshold is determined using Chow'’s rule.
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1 Introduction sample drawn from an unknown but fixed joint distri-
bution F(z,y), x € X, y € Y = {1,...m}, where
. . m _is the number of classes. A learning algoriti¥n
The primary focus of learning theory has been on cases

. . : o uses the sampl# to arrive at a hypothesid € H,
wherein a learning algorithm outputs a prediction for, .~ . . L . .
hich, in case a reject option is permitted, will output

every test example. However, this may not always : .
possible in real situations. In cases wherein a learni (gx) € {0} UY, where( represents the reject option.

) : . N r pattern recognition problems, the simplest defini-
algorithm encounters regions of high ambiguity, or pre- .
. . . . |c%n of L can be given as
viously unseen regions of the input space, it may no
have the confidence to make a prediction and may there-

fore prefer to reject the test example, i.e., not return a 0 if h(z) =y
prediction. In certain situations, such as when the loss L(z,y,h) ={ v ifh(z)=0 (1)
that might be incurred due to a wrong prediction is un- e 1 if h(z) # y, h(z) #0

acceptably high, conservatism may be a better policy.
This approach is referred to in this papercasmserva-

) ) where0 < v < 1 represents the cost of rejection. A
tive learning.

generalized version of this loss function can be written
Let S = ((z1,y1),.--(ze,y¢)) be a labeled i.i.d. as:
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andx = ¢(z) is a feature vector formed from the in-
put vector. For example, a simple feature vector can

Y ?f h(z) =y be formed by taking the input vectar and augment-
L(z,y,h) =4 ¢y i h(z) =0 (@) ing it with an extra dimension always settpso as to
by W h(z)#y h(z) #0 account for the intercept term in the perceptron equa-

tion. Alternatively, one may also represénin terms

wherea, > 0, 0 < ¢, < by. _ .
The risk of the hypothesis, expressed as the expech two parallel hyperplanes (characterized by two in-

tation of the losd. over the example space with respe%ﬁrcepts’ W'tht:‘he trﬁ st of thet Welg?t vic;[or rgmagmggh
to the probability measurg, is given by: e same), rather than an intercept and two bandwi

terms. Such a representation would directly character-

ize h instead of through? andd.
R(h) = /L(‘r’ y,h) dF(z,y) (3) The rejection in case di may be because the hy-
The problem of learning with a reject option caRothesis is considered too simple to be accurate, but
now be restated as one of finding there isn’t enough data to validate a more complex hy-
pothesis. An alternative argument may also be that,
hopt = arg  min _ R(h) (4) evenif a hyperplane is sufficient, the number of exam-
h(h?.0)eH ples considered may be too small to position the hyper-

given a set of examplées. The basic inductive prin- plane accurately enough. Therefore, even for a linearly
ciple used to perform this task is Empirical Risk Miniseparable sample, a good hypothesis may be one that al-
mization (ERM), which states that the best choice of higws for some non-zero bandwidth on either side of the
pothesis is the one that optimizes this risk for the givéyperplane.
set of examples. It is intuitive that solving the optimization problem
Intuitively, we understand that the applicability of4) with respect td:” andé together would give a better
the reject option depends on the confidence of the claglution than finding the underlying classifieft first,
sifier in its prediction on a particular example. The apnd then finding the appropriatiefor that classifier. In
propriate measure of confidence depends on the pritis paper, we present two methods to find béthnd
lem, the nature of the underlying classifier, and the ria together for the case wherefinis a hyperplane with
tionale behind the rejection scheme (ie., ambiguity, digandwidth as represented in equation (6).
tance etc.). In order to represent this hierarchy, we con-
sider a hypothesis with the reject option as being implg- | .
mented using two hypotheses - the underlying classilir Literature survey
hP?, which returns a prediction on every example, a
the rejection hypothests which returns a value dof is
the example is to be rejected, ahdtherwise.

rI}gejection of examples by a hypothesis is a fairly well-
explored part of learning, and many strategies are often
employed in practice to deal with such situations. Typi-
cally, the hypothesis is learnt from the examples without
hz) = (1 = 0(z, i¥))h*(z) ©) an embedded reject option, and an appropriate rejection
A simple example of this is a perceptron with threshold is set to operate on the strength of the output.
bandwidth within which examples are rejected. (In other wordsh? andé are learnt in sequence rather
than simultaneously.) The classical work in this regard

) is by Chow, who analyzed the nature of the error-reject
+1 if  (x,w)

: 2 As1 curve, and proposed that, if the a posteriori class prob-
h(z,a) = _1_ if <X{w> < —Aa ®)  abilities are exactly known, the rejection threshold is
Reject otherwise given by
wherea = (w, A), A > 0 reperesents the set of free b—c
parameters to be optimized, -) denotes inner product T = (7)



whereq is the gain from a correct classificatidnis using class-related thresholds (implemented as asym-
the loss from a misclassification, ands the loss from metric bandwidth).
rejection [1]. However, this rule does not prove optimal
in cases where there is significant overlap among the .
different classes, and the estimated a posteriori protég’a— The (_:0nservatlve perceptron
bilities from the training data may not be accurate. learning rule (CPLR)

This risk is often mitigated by the use of votin o o
schemes on multiple classifiers. Where a single cliﬁe algorithmic framework presented in this paper can
sifier is concerned, the issue of having multiple reje¢ Summarized in the following steps:
thresholds for different classes has been explored; h%é
ever, finding the optimal values for these thresholds can
be a non-trivial problem [2]. Other strategies includstep 2 Repeat the following steps until convergence
using a differential cost function that reflects the conser-
vatism that may arise because misclassifying a positive 2.1 k =k +1
example may not have the same cost as misclassifying 2.2 w1 = WF + p Aw*

a negative example. N 2.3 ML — Nk 1y AN

Recently, there has been work on training a Support
Vector Machine (SVM) with an emdedded reject option, |t remains for us to specify the rules by whigh*

i.e., h? and@ are trained simultaneously [3]. HowevendA\* are to be determined. In this paper, we present
while SVMs are known to provide good generalizatiofvo algorithms that provide these rules.

capabilities, they also take a much longer time to train.

Therefore, perceptrons Wit_h_bandwidth provide a mig—_l CPLR 1

dle ground between the efficiency of the simple percep-

tron algorithm and the accuracy of SVMs. In this algorithm, both the weights and the bandwidths

There exist algorithms in the literature that buil@re learnt through gradient descent on the same crite-
on the classical perceptron algorithm by requiring tiwn function. The criterion function is derived using
hyperplane to classify with a certain predefined bari#e following rationale: If we were to look at the hy-
width. More recent work has also focused on this propothesish as a couple of parallel hyperplanes, then the
lem, as evidenced by Krauth & Mezard’s Perceptron Adistance of an example from the hypothesis would have
gorithm with Margins (PAM). This algorithm tries toto account for the distance from both hyperplanes. For
find the hyperplane such that all examples are classifietejected/misclassified example, while one hyperplane
correctly with a bandwidth greater than a predefin@govides the distance with respect to correct classifica-
quantity. Enhancements of this algorithm, such as t@n, the other hyperplane provides the distance with re-
Perceptron Algorithm with Uneven Margins (PAUMJpPect to misclassification/rejection. Therefore, the cost
explores the possibility of allowing for asymmetric budssociated with example*, *) can be written as:
fixed bandwidth on either side of the hyperplane [7].
The Approximate Large Margin Algorithm (ALMA)

plk=0,wk A\random

k k
allows for symmetric but dynamically changing mar- i(fazk:;; Cg}))Tc: 0 (byr — cyr )7y
gins based on the misclassification count [4]. Howeved (z*, 3", a*) = (a +’b Vo = (b — )7k
while the decision surface arrived at by these algorithms if ;/:(xk g;) ; )b U
takes a form similar to the one presented in this paper, it ’ 8)

does not take into account, the cost structure described
in equations (1) or (2).

In the context of the literature cited above, the algo- T8 = A — (xS, WF)
rithm presented in this paper can be viewed as one of
training a perceptron with an embedded reject option Tf =\ 4y

where



The learning rules are arrived at by gradient descéiné bandwidth would not improve the solution. There-
on the criterion function described above. fore, on the predicted region, we constrain the learning
rule to operate on examples whose net inputw) is
less than or equal to:

k) (aye + byk)ykxk if h(z,a) =0
AWt = { (aye + 2b,0 — cyp)y™xc if h(z,0) #y
® gt = max fylxe™ (14)

sgn((x,wk 1))y

ANF = —(ayx +cye) if h(z,a) =0 (10) where this maximum is computed over the training
v —(age +bye) i R(za) £y sample. The bandwidth parameters are learnt in batch
mode, on the constrained region of the example space

AN — (b — c0) (11) as described by equation (14). The learning rule for the

Y Y Y bandwidth parameters can be viewed in the following
32 CPLR?2 manner: On both the predicted and the rejected regions

of the space, we must gain more than we lose, on the

In this algorithm, we learn the orientation of the hype¥hole. Additionally, we impose the constraint that the
planes (characterized by the weights and the intercepf§dicted region can only make a positive bandwidth
on the basis of the distance between the example &RE€Ction, whereas the rejected region can only make a
hyperplane w.r.t. correct classification, weighted by tegative bandwidth correction. The rationale for this

appropriate relative cost. constraint is that the bandwidth correction calculated
The criterion function to be minimized for weighn the predicted region does not take into account the
learning is: trade-off in the rejected region, and vice-versa.

The method of calculation for the bandwidth correc-
tion on one sideA A, is given here. The same method
Ik, ak) = (aye + ey )TE !f h(z¥,a*) =0 s to be followed on the other side as well.
K (ay +by)TE if h(zk, o) # o Let the relevant predicted regioﬁﬂp) be defined
(12) as:
The learning rule for weights is given by gradient
descent on the above criterion function, as follows:

k
XEP @R ) = {ah) < (e wf ) < gb (i)
(15)
kok i kooky _
AwF = { (ayr + Zy’“)ykxk ']': Z(xk’ O‘k) = Ok Let p; andp, be the number of correctly classified
(aye +bye)y™x€ i h(z¥,0) £y examples and wrongly classified examplesiti?’ re-

: . : (13) spectively. The bandwidth correction for the predicted
For learning the bandvx_/l_dth, we e>_<am|ne. t_he tra‘dFe'gion on that side of the hyperplane is given by:
off between correctly classified and misclassified exam-
ples on the predicted and rejected regions. Here we
raise the question: what is thelevantset of examples k(p)
needed for training? Since our interest is in the trade-off " !~ p; + py (pa(b-1 = c-1) = pr(a41 + 1))
between rejection and classification (correct or wrong), (16)
the examples which are correctly classified and beyond The bandwidth correction for the rejected region
the region of misclassified examples do not affect tlzte\ﬁ(f) is similar to that given in equation (16), except
trade-off in any way. The rationale for this statementilkat the trade-off is in the opposite direction, and there is
that the bandwidth can be increased to cover the moetconstraint” ; applicable on the rejected region. The
misclassified example, thereby achieving perfect classientual bandwidth correction is calculated according

fication on the predicted set, and any further increasearnthe following equation:




rule (PLR), upon which a threshold was applied using
Chow's rule.
A)\{“H = max(A)\i(f), 0) + min(A)\i(f), 0) (@17)
We randomly split the data into training and test sets
The bandwidth correction rules described here hai@ times, and run the CPLR and PLR on the training
been given for the case of asymmetric bandwidth; thet. Since both algorithms perform a local descent on
same rules can be applied to the case of symmettie criterion function, on each training-test split, we run
bandwidth as well, with the only modification being thahe algorithm many times and choose the test set result
the correction due to the predicted and rejected regi@wsresponding to the best training set result obtained, in
are calculated using examples on both sides of the byeer to escape the problem of being trapped in bad lo-

perplane together. cal minima. Then we take the median result obtained
across the 10 training-test splits, as representative of the
3.3 Convergence performance of the algorithm.

One of the desirable properties of a training rule for a For this experiment, we considered symmetric costs
perceptron is that, on a linearly separable training saf@r both classes; therefore, the cost structure can be
ple, it should converge to a solution that perfectly clasharacterized simply by the rejection cosk ~ < 1,
sifies the sample. In order to achieve convergence ¥ig-a-vis a0 — 1 loss function for the underlying classi-
the two CPLR versions described above, we employ thigr. The two algorithms were run for values-pf/ary-
following procedure while implementing the algorithming betweer0.1 and0.5. For~y > 0.5, application of
After every weight learning step, we check if the liber&how’s threshold produces zero bandwidth; however,
hyperplane has converged to a separable solution. M@ also find that in most cases, the best solution of
has, then we freeze the weights and continue only Wil’LR also produces a zero bandwidth hyperplane when
the bandwidth learning until all examples are correctty> 0.5. Fory < 0.5, CPLR consistently outperforms
classified. For CPLR1, we also s&i\* , = 0in order its liberal counterpart.

to ensure that there is only a decrease in bandwidth in _ ] _ , _ ]
each step. The result of this experiment is depicted in the fig-

By an extension of Novikoff's convergence prodf'® below. It can be seen that the performance of the
for the perceptron algorithm [5], it can be proved that,[ﬂerceptron algorithm _W|th Chow's rule is fairly stable
the bandwidth parameter is restricted to remain withfi§"0SS values of, as is to be expected. However, the
upper boundg)_1, A+1), both versions of the cpLRrPerformance if CPLR seems to be related to the cost of
converge to a separating solution within a finite numbi&/€ction. The experimental results seem to indicate that
of iterations. CPLR performs better when there is more gain to be had

from rejection.

4 EXpeI’imental results Pima Indians Diabetes Dataset

The two versions of the algorithm presented in Sec- + . + + +
tion 3 have been tried out on the Pima Indians Diabetes
benchmark data set. This dataset was taken from the UC _
Irvine machine learning data repository. The prediction ?3’
problem here is to determine whether or not a patient $<.
3
D
=

026

has diabetes, given a set of 8 numeric attributes. There .
were 768 examples in the data set, of which 568 were
used for training and 200 for testing. In order to bench- ' PR
mark these algorithms, we compare them against a per- *+—————
ceptron trained using the standard perceptron learning Rejection cost (vis-a-vis 01 Loss)

=i CPLR 2




4.1 Confidence Bounds multilayer perceptrons with an embedded reject option.

. , Also, the SVM formulation with an embedded reject
Here, we discuss some confidence bounds for compar

. ) . Pfion described by Fumera & Roli can be generalized
ing the performance of a conservative hypothesis (?

: SR “account for asymmetric bandwidth and cost [3]. Opt-
rived at by CPLR or any other method) with its “berar%%ing the bandwidth with respect to the sample size

fﬁ;g;eg%aer;'czgz dmb?tiﬁipgegor:gf [lg]an extensmr;zan also be explored. Another area that can be stud_ied

. . ' is the trade-off between conservatism and complexity
. T_he _hypothe3|s obtained by CRLR_can be compargti,e hypothesis class. A hypothesis may choose to
with .'t‘?' Ilber_a! counFerpart ona va}lldatlon set, a”‘i' ch e conservative if it finds that the problem is too com-
sen if it exhibits an improvement in the net lasslt is

S e L . ; lex to handle. The principle of conservatism can there-
intuitive that if this improvement is observed, it woul . :
be due to the fact that th l ¢ the liberal h tore be used to develop robust constructive algorithms,
€ due o fhe fact that the net loss ot the fibera yloowF;ferein the complexity is increased on local regions
esis on the rejected region is greater than the cost o . . . )
L : - : where the simpler hypothesis remains conservative.
rejection. While empirical evidence suggests that we
accept the conservative hypothesis, we wish to be able
to bound the probability that the actual error rate on thegferences
rejected region (see equation ) does not exceed the re- . "
e gion ( d ) . {(ﬁ C. K. Chow, On optimum recognition error and re-
jection cost. We shall present here, the calculation act trade-off. IEEE Transactions on Information
the case where the costs are symmetric. This can pe/ECt trade-ofl, ansactions o ormatio

extended to the asymmetric cost situation. Theory vol. 16, pp. 41-46, 1970.

Let £, be the number of rejected examples that g G. Fumera and F. Roli, Multiple reject thresholds
correctly classified by the liberal hypothesis, aade for improving classification reliability, Univ. of Cal-
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by the liberal hypothesis. From the Chernoff-Hoeffding

bounds [6], we get: [3] G. Fumera and F. Roli, Support vector machines

with embedded reject option, iRattern Recogni-

tion with Support Vector Machines - First Inter-
b —u>el< e—2e%(li+02) (18) national Workshop, Proceedings.-W. Lee and

b+ 0 A. Verri, Eds. Springer, 2002.

where . is the expected error rate on the rejecte[-g]
region. By settinge = /(o/(¢1 + ¢3) — v, we get the
required confidence bound.
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