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$EVWUDFW� ,Q >�@ ZH KDYH LQWURGXFHG WKH FRQFHSWV RI PXOWLVHPLODWWLFH DQG PXOWLODWWLFH DV D JHQHUDOL]DWLRQ RI WKH
FRQFHSWV RI VHPLODWWLFH DQG ODWWLFH� UHVSHFWLYHO\� ,Q WKLV SDSHU� ZH JLYH DQRWKHU VWHS DQG ZH SUHVHQW WKH FRQFHSW

RI LGHDO LQ PXOWLVHPLODWWLFH DQG PXOWLODWWLFH �WKH LGHDO FRQFHSW LV GHPDQGHG E\ WKH PDWKHPDWLFDO DQG FRPSXWHU

VFLHQFHV� WKDW JHQHUDOL]HV WKH FRUUHVSRQGLQJ FRQFHSW LQ VHPLODWWLFH DQG ODWWLFH�

.H\ZRUGV� 3RVHW� 1RQ�GHWHUPLQLVWLF RSHUDWRUV� 0XOWLVHPLODWWLFH� 0XOWLODWWLFH� ,GHDO�

� �������	�
��

1RQ�GHWHUPLQLVWLF RSHUDWRUV ^ ERWK RI n[HG DQG oH[L�

EOH DULW\^ KDYH SURYHQ YHU\ XVHIXO LQ VRPH DSSOLFDWLRQV�

:KHQ ZH VD\ QRQ�GHWHUPLQLVWLF RSHUDWRUV� ZH DUH UH�

IHUULQJ WR IXQFWLRQV RI $Q LQ �$ RU RI $e LQ �$� UHVSHF�

WLYHO\� ZKHUH $e LV WKH XQLYHUVDO ODQJXDJH RYHU $� L�H�

$e  
6
Q�1

$Q�

7KH QRWLRQ RI SRVHW KDV SURYHQ YHU\ UHOHYDQW LQ PRGHUQ

PDWKHPDWLFV EHLQJ WKH ODWWLFH WKHRU\ WKH EHVW H[DPSOH�

1HYHUWKHOHVV� WKHUH H[LVW SRVHWV WKDW DUH QRW ODWWLFHV

DV� IRU H[DPSOH� LQ GLYLVLELOLW\ WKHRU\� VSHFLDO UHODWLYLW\
WKHRU\� WKH -RUGDQ�+�ROGHU WKHRUHP ��� 7KHVH SRVHWV� DO�
WKRXJK ODFNLQJ D SURSHU ODWWLFH VWUXFWXUH� KDYH VRPH RI

WKHLU SURSHUWLHV� 0� %HQDGR >�@ JDYH D nUVW DSSURDFK

WR D JHQHUDOL]DWLRQ RI WKH ODWWLFH VWUXFWXUH ZKHUH WKH

VXSUHPXP DQG WKH LQnPXP DUH UHSODFHG E\ WKH VHW RI

PLQLPDO XSSHU ERXQGV DQG WKH VHW RI PD[LPDO ORZHU

ERXQGV� UHVSHFWLYHO\ �LQ RWKHU ZRUGV� GHWHUPLQLVWLF RS�

HUDWRUV DUH UHSODFHG E\ QRQ�GHWHUPLQLVWLF RSHUDWRUV��

7KLV QHZ VWUXFWXUH LV FDOOHG PXOWLODWWLFH� 0� %HQDGR
XVH WKLV QHZ VWUXFWXUH WR ZRUN ZLWK 'HGHNLQG FRQ�
QHFWLRQV� 6FKUHLHU
V UHnQHPHQW WKHRUHP DQG HYDOXDWLRQ
WKHRU\�

1HYHUWKHOHVV� QHLWKHU WKH DOJHEUDLF FKDUDFWHUL]DWLRQ

JLYHQ E\ 0� %HQDGR QRU WKH RQH JLYHQ E\ -� +DQVHQ

>�@ DOORZ WR GHnQH WKH FRQFHSW RI PXOWLVHPLODWWLFH �JHQ�
HUDOL]DWLRQ RI VHPLODWWLFH VWUXFWXUH� ,Q >�@� ZH LQWUR�

GXFH D QHZ DOJHEUDLF FKDUDFWHUL]DWLRQ RI PXOWLODWWLFH

WKDW VROYHV WKLV SUREOHP DQG� PRUHRYHU� LV D PRUH

QDWXUDO JHQHUDOL]DWLRQ RI WKH FKDUDFWHUL]DWLRQ RI ODW�

WLFHV� 7KHUHIRUH� WKH XQLTXH DOJHEUDLF FKDUDFWHUL]DWLRQ

RI PXOWLVHPLODWWLFH WKDW H[LVWV LQ WKH OLWHUDWXUH� LV WKH

JLYHQ LQ >�@�

6HYHUDO nHOGV LQ &RPSXWHU 6FLHQFH UHTXLUH ZRUNLQJ

ZLWK PXOWLODWWLFHV DQG PXOWLVHPLODWWLFHV� ,W LV HQRXJK

WR FRQVLGHU WKDW WKH XQLYHUVDO ODQJXDJH RYHU D VHW $�

ZKRVH HOHPHQWV DUH FDOOHG FKDLQV� ZLWK WKH UHODWLRQ ?WR

EH D VXEFKDLQ RI� LV D PXOWLODWWLFH�

,Q WKLV SDSHU ZH DUH ORRNLQJ IRU WKH DGHTXDWH FRQFHSW

RI LGHDO IRU PXOWLVHPLODWWLFH DQG PXOWLODWWLFH� 7KLV FRQ�

FHSW LV UHOHYDQW IRU WKH DSSOLFDWLRQV WKDW ZH KDYH MXVW

FRPPHQW� 7KH SDSHU LV VWUXFWXUHG DV IROORZ�

,Q VHFWLRQ � ZH UHPHPEHU WKH PRUH LPSRUWDQW UH�

VXOWV DERXW QRQ�GHWHUPLQLVWLF RSHUDWRUV� PXOWLVHPLODW�

WLFHV DQG PXOWLODWWLFHV LQWURGXFHG LQ >�@� ,Q VHFWLRQ �

ZH DQDO\]H WKH GHnQLWLRQ RI LGHDO IRU SRVHWV JLYHQ E\

5DFKXQHN >�@� DQG ZH SURSRVH D QHZ DQG PRUH DGHTXDWH

GHnQLWLRQ RI LGHDO IRU PXOWLVHPLODWWLFHV� ,Q VHFWLRQ � ZH

GHYHORS WKH WKHRU\ RI LGHDOV LQ PXOWLODWWLFHV� )LQDOO\�

LQ VHFWLRQ �� ZH FRPSDUH RXU GHnQLWLRQ ZLWK WKH RQH

SURSRVHG E\ -RKQVWRQ >�@ LQ WKH IUDPHZRUN RI SRVHWV�
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,Q WKLV VHFWLRQ ZH UHVXPH WKH FRQFHSWV WKDW ZH LQWUR�

GXFH LQ >�@� 7KHVH FRQWULEXWLRQV DUH WKH FRQFHSW RI

QRQ�GHWHUPLQLVWLF RSHUDWRU WRJHWKHU ZLWK WKHLU SURSHU�

WLHV� DQG WKH PXOWLVHPLODWWLFH DQG PXOWLODWWLFH DOJHEUDLF

VWUXFWXUHV�
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,Q D SDUWLDOO\ RUGHUHG VHW� WKH VHWV RI PXOWL�VXSUHPXP

DQG PXOWL�LQnPXP RI D VXEVHW DUH QRW QHFHVVDULO\ XQL�

WDU\� 6R� LW LV QHFHVVDU\ WR FRQVLGHU RSHUDWRUV WKDW KDYH

D VHW RI HOHPHQWV RI WKH GRPDLQ DV LPDJH�

'HnQLWLRQ ��� /HW $ EH D VHW� ,I ) � $Q � �$ LV D
WRWDO DSSOLFDWLRQ WKHQ ZH VD\ WKDW ) LV D QRQ�GHWHUPL�

QLVWLF RSHUDWRU �KHQFHIRUWK QGR� RI DULW\ Q LQ $�
,I ) � $e � �$ LV D WRWDO DSSOLFDWLRQ� WKHQ ZH VD\ WKDW

�



) LV D QRQ�GHWHUPLQLVWLF RSHUDWRU RI oH[LEOH DULW\

LQ $� ZKHUH $e LV WKH XQLYHUVDO ODQJXDJH GHnQHG LQ $�

,I ) LV DQ QGR ZLWK DULW\ | � 1 > IeJ LQ $ DQG " � 

% t $� ZH FDOO UHVWULFWLRQ RI ) WR %� GHQRWHG E\

)
 %
� WR WKH QGR LQ % JLYHQ E\ )

 %
�m�  ) �m�?%� :H

VD\ WKDW ) LV IXOO LI ) �m�� " IRU DOO m � $|�

'HnQLWLRQ ��� /HW ) EH D QGR LQ $ DQG ; t $� :H

VD\ WKDW ; LV )�FORVHG LI ) �;|
� t ;� ZLWK | � 1>IeJ�

'HnQLWLRQ ��� /HW ) EH D QGR RI oH[LEOH DULW\ LQ $�

�� ) LV FRPPXWDWLYH LI IRU DOO Q � 1 DQG DOO

[�� � � � � [Q � $ ZH KDYH WKDW ) �[�� � � � � [Q�  

) �[}�� � � � � [}Q� IRU DOO SHUPXWDWLRQV RI Q HOH�

PHQWV� }�

�� ) LV DVVRFLDWLYH LI IRU DOO Q � 1 DQG DOO

[�� � � � � [Q � $ ZH KDYH WKDW ) �[�� � � � � [Q�  

) �) �[�� � � � � [Qb��� [Q�  ) �[�� ) �[�� � � � � [Q��

�� ) LV LGHPSRWHQW LI ) �
Q

[� � � � � [�  I[J� IRU DOO

[ � $ DQG DOO Q � 1�

'HnQLWLRQ ��� /HW ) DQG * EH WZR QGRV RI oH[LEOH

DULW\ LQ $� :H VD\ WKDW WKH SDLU �)�*� KDV WKH DE�

VRUSWLRQ SURSHUW\ LI IRU DOO � � $e ZH KDYH WKDW�

q ,I [ � �� WKHQ *�[\�  I[J IRU DOO \ � ) ����

q ,I [ � �� WKHQ ) �[\�  I[J IRU DOO \ � *����

'HnQLWLRQ ��� /HW ) EH QGR ZLWK oH[LEOH DULW\ LQ $�

:H VD\ WKDW ) LV ZHDNO\ DVVRFLDWLYH LI IRU HYHU\ m  

m�m�m� � $e ZLWK m� � � DQG HYHU\ ] � $ LW VDWLVnHV

WKDW� LI ) �m��  I]J� WKHQ

) �m�) �m��m��  
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:H EHJLQ E\ LQWURGXFLQJ VRPH SUHYLRXV FRQFHSWV�

'HnQLWLRQ ��� /HW �$��� EH D SRVHW� ,I % t $� ZH

GHQRWH E\ &RW��%� WKH VHW RI XSSHU ERXQGV RI % DQG E\

&RW��%� WKH VHW RI ORZHU ERXQGV RI %� 6R� ZH KDYH WZR

RSHUDWRUV &RW�� &RW� � �
$ b� �

$ GHnQHG DV IROORZV�

&RW��%�  
?

E�%

>E�� &RW��%�  
?

E�%

�E@

'HnQLWLRQ ��� /HW �$��� EH D SRVHW� D�$ DQG %t$

q $ PXOWL�VXSUHPXP RI % LV D PLQLPDO HOHPHQW

RI &RW��%�� :H GHQRWH E\ 0XOWL�VXS�%� WKH VHW

RI PXOWL�VXSUHPXP RI %�

q $ PXOWL�LQnPXP RI % LV D PD[LPDO HOHPHQW RI

&RW��%�� :H GHQRWH E\ 0XOWL�LQI�%� WKH VHW RI

PXOWL�LQnPXP RI %�

1RZ ZH LQWURGXFH WKH FRQFHSW RI PXOWLVHPLODWWLFH�

'HnQLWLRQ ��� $Q RUGHUHG B�PXOWLVHPLODWWLFH LV

D SRVHW� �$���� VXFK WKDW IRU HYHU\ QRQHPSW\ nQLWH

VXEVHW� + t $ ZH KDYH WKDW�

&RW��+�  
>
I>]� M ] � 0XOWL�VXS �+�J �

)RU GXDOLW\� ZH REWDLQ WKH GHnQLWLRQ RI RUGHUHG A�

PXOWLVHPLODWWLFH�

,Q RUGHU WR LQWURGXFH WKH DOJHEUDLF FKDUDFWHUL]DWLRQ

RI PXOWLVHPLODWWLFH� ZH GHnQH D QHZ SURSHUW\ IRU QGRV�

'HnQLWLRQ ��� /HW ) EH DQ RQG ZLWK oH[LEOH DULW\ LQ

$� :H VD\ WKDW ) KDV WKH SURSHUW\ RI FRPSDUDELO�

LW\ LI IRU DOO � � $e WKH WZR IROORZLQJ FRQGLWLRQV DUH

VDWLVnHG�

FRPS�� LI ] � ) ���� WKHQ ) �[� ]�  I]J IRU DOO [ � ��

FRPS�� LI ]�� ]� � ) ��� DQG ) �]�� ]��  I]�J� WKHQ

]�  ]��

1RZ ZH FDQ SURYLGH WKH GHnQLWLRQ RI DOJHEUDLF PXO�

WLVHPLODWWLFH�

'HnQLWLRQ ���� $Q DOJHEUDLF PXOWLVHPLODWWLFH�

�$�) �� LV D VHW $ ZLWK DQ QGR ) RI oH[LEOH DULW\ LQ

$� WKDW VDWLVnHV WKH IROORZLQJ SURSHUWLHV�

�065�� &RPPXWDWLYH ODZ�

�065�� :HDNO\ DVVRFLDWLYH ODZ�

�065�� ,GHPSRWHQF\ ODZ�

�065�� &RPSDUDELOLW\ ODZ�

7KHRUHP ����

L� /HW 0  �$��� EH DQ RUGHUHG B�PXOWLVHPLODWWLFH�

7KHQ� �$�)
B
� LV DQ DOJHEUDLF PXOWLVHPLODW�

WLFH� GHQRWHG E\ 0D� ZKHUH )
B
�[�� � � � � [Q�  

0XOWL�VXS �I[�� � � � � [QJ��

LL� /HW 0  �$�)
B
� EH DQ DOJHEUDLF PXOWLVHPLODW�

WLFH� 7KH VHW $ ZLWK WKH RUGHU UHODWLRQ ?[ �

\ LI DQG RQO\ LI )
B
�[� \�  I\J� LV DQ RUGHUHG B�

PXOWLVHPLODWWLFH GHQRWHG E\ 0R

B
�

LLL� ,I 0  �$��� LV DQ RUGHUHG B�PXOWLVHPLODWWLFH�

WKHQ �0D
�
R

B
 0�

LY� ,I 0  �$�)
B
� LV DQ DOJHEUDLF PXOWLVHPLODWWLFH�

WKHQ �0R

B
�
D
 0�

7KH GXDO UHVXOW LV DOVR WUXH�

�1RWLFH WKDW ZH GRQ
W QHHG WKDW &RW��+�� "�

�



)URP QRZ RQ� ZH ZLOO XVH WKH V\PERO )
n
WR GHQRWH

ERWK )
B
DQG )

A
� 7KH IROORZLQJ UHVXOW HQVXUHV WKDW

WKH DVVRFLDWLYH SURSHUW\ UHGXFHV PXOWLVHPLODWWLFHV WR

VHPLODWWLFHV�

7KHRUHP ���� /HW �$�)
n
� EH D PXOWLVHPLODWWLFH�

7KHQ $ LV D VHPLODWWLFH Lm )
n
LV DVVRFLDWLYH DQG IXOO�

0RUHRYHU� LI �$�)
n
� LV D ERXQGHG PXOWLVHPLODWWLFH� $

LV D VHPLODWWLFH Lm )
n
YHULnHV WKH DVVRFLDWLYH SURSHUW\�

'HnQLWLRQ ���� *LYHQ D PXOWLVHPLODWWLFH �$�)
n
�

DQG D VXEVHW "� % t $� ZH VD\ WKDW % LV VXEPXOWL�

VHPLODWWLFH RI $ LI WKH UHVWULFWLRQ RI )
n
WR %� )

n %
�

SURYLGHV WKH VWUXFWXUH RI PXOWLVHPLODWWLFH WR %�

��� ��
�

���
	��

:H KDYH QRZ DOO WKH QHFFHVDU\ HOHPHQWV WR DSSURDFK

WKH VWXG\ RI RUGHUHG VWUXFWXUHV JHQHUDOL]LQJ WKH ODWWLFH

VWUXFWXUH�

'HnQLWLRQ ���� $Q RUGHUHG PXOWLODWWLFH LV D SRVHW

�$���� VXFK WKDW IRU HYHU\ QRQHPSW\ nQLWH + t $ ZH

KDYH WKDW�

&RW��+�  
6
I>]� M ] � 0XOWL�VXS�+�J

&RW��+�  
6
I�]@ M ] � 0XOWL�LQI�+�J

'HnQLWLRQ ���� $Q DOJHEUDLF PXOWLODWWLFH�

�$�)
B
� )

A
�� LV D VHW $ ZLWK WZR QGRV )

B
DQG )

A
LQ $�

WKDW YHULI\ WKH IROORZLQJ D[LRPV�

�05�� &RPPXWDWLYH ODZV�

�05�� :HDNO\ DVVRFLDWLYH ODZV�

�05�� ,GHPSRWHQF\ ODZV�

�05�� &RPSDUDELOLW\ ODZV�

�05�� $EVRUSWLRQ ODZ�

7KHRUHP ����

L� /HW 0  �$��� EH DQ RUGHUHG PXOWLODWWLFH� 7KHQ�

�$�)
B
� )

A
� LV DQ DOJHEUDLF PXOWLODWWLFH GHQRWHG E\

0D� EHLQJ )
B
�[�� � � � [Q�  0XOWL�VXSI[�� � � � [QJ

DQG )
A
�[�� � � � [Q�  0XOWL�LQII[�� � � � [QJ

LL� /HW 0  �$�)
B
� )

A
� EH DQ DOJHEUDLF PXOWLODW�

WLFH� 7KH VHW $ ZLWK WKH RUGHU UHODWLRQ JLYHQ E\

?[ � \ LI DQG RQO\ LI )
B
�[� \�  I\J� LV DQ RU�

GHUHG PXOWLODWWLFH� GHQRWHG E\ 0R�

LLL� *LYHQ DQ RUGHUHG PXOWLODWWLFH 0  �$����
�0D�R  0�

LY� *LYHQ DQ DOJHEUDLF PXOWLODWWLFH 0 �$�)
B
� )

A
��

�0R�D 0�

3URSRVLWLRQ ���� /HW �$�)
B
� DQG �$�)

A
� EH PXOWL�

VHPLODWWLFHV� 7KHQ� �$�)
B
� )

A
� LV D PXOWLODWWLFH LI DQG

RQO\ LI �)
B
� )

A
� LW VDWLVnHV WKH SURSHUW\ RI DEVRUSWLRQ

1RZ� ZH VKRZ WKDW� VLPLODUO\ ZH KDYH VHHQ IRU PXOWL�

VHPLODWWLFHV� DVVRFLDWLYLW\ UHGXFHV WKH PXOWLODWWLFHV WR

ODWWLFHV�

7KHRUHP ���� /HW �$�)
B
� )

A
� EH D IXOO PXOWLODWWLFH�

7KHQ� WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�� )
B
LV DVVRFLDWLYH�

�� )
A
LV DVVRFLDWLYH

�� �$�)
B
� )

A
� LV D ODWWLFH�

&RUROODU\ ���� /HW �$�)
B
� )

A
� EH D ERXQGHG PXOWL�

ODWWLFH� $ LV D ODWWLFH LI DQG RQO\ LI HLWKHU )
B
RU )

A
LV

DVVRFLDWLYH�

'HnQLWLRQ ���� /HW �$�)
B
� )

A
� EH D PXOWLODWWLFH� :H

VD\ WKDW " � % t $ LV D VXEPXOWLODWWLFH RI $ LI

�%�)
B %

� )
A %
� LV D PXOWLODWWLFH�

� ����
� 
� ��
�
���

���
	��

,Q WKLV VHFWLRQ ZH GHYHORS WKH WKHRU\ RI LGHDOV LQ PXO�

WLVHPLODWWLFHV� $V ZH ZLOO VHH� LW LV DQ DSSURSULDWH H[�

WHQVLRQ RI WKH FRUUHVSRQGLQJ FRQFHSW LQ VHPLODWWLFHV�

'HnQLWLRQ ��� /HW �$��� EH DQ B�VHPLODWWLFH DQG

"� , t $� :H VD\ WKDW , LV DQ LGHDO LI , LV B�FORVHG
DQG ORZHU FORVHG�

7KLV GHnQLWLRQ DGPLWV VHYHUDO JHQHUDOL]DWLRQV WR

SRVHW� 7KH ZLGHO\ XVHG LQ WKH OLWHUDWXUH LV WKH IRO�

ORZLQJ� FDOOHG V�LGHDO E\ 5DFKXQHN LQ >�@�

'HnQLWLRQ ��� /HW �$��� EH D SRVHW DQG "� % t $�

% LV D V�LGHDO RI $ LI DQG RQO\ LI LV D GLUHFWHG� VHW DQG

ORZHU FORVHG� :H GHQRWH E\ ,GHDOVV�$� WKH VHW RI V�

LGHDOHV RI $�

$ V�LGHDO� %� LV SULQFLSDO LI LW KDV PD[LPXP� 7KDW

LV� LI %  �E@ IRU VRPH E � %�

7KH IROORZLQJ UHVXOW FKDUDFWHUL]H WKH V�LGHDOV LQ D

PXOWLVHPLODWWLFH�

3URSRVLWLRQ ��� /HW �$��� EH D B�PXOWLVHPLODWWLFH

DQG " � % t $� % LV DQ V�LGHDO LI DQG RQO\ LI WKH

IROORZLQJ WZR FRQGLWLRQV KROG�

D� ,I D� E � %� WKHQ )
B
�D� E� ?% � "�

E� % LV ORZHU FORVHG�

�*LYHQ D SRVHW �$���� D VXEVHW " � % t $ LV GLUHFWHG LI
HYHU\ QRQHPSW\ nQLWH VXEVHW + RI % KDV DQ XSSHU ERXQG LQ %

�



3URRI � 7R SURYH WKDW % LV ORZHU FORVHG LV HTXLYDOHQW

WR SURYH WKDW WKH FRQGLWLRQ D� LV QHFHVVDU\ DQG VXp�

FLHQW WR HQVXUH WKDW % LV GLUHFWHG� 7KH SURRI WKDW D� LV
VXpFLHQW LV LPPHGLDWH� :H SURYH WKDW LV QHFHVVDU\�

/HW % EH GLUHFWHG DQG D� E � %� 7KHQ�

"� &RW��ID� EJ� ? %  
r6

[�)
B
�D�E�>[�

s
?%

 
6
[�)

B
�D�E� �>[� ? %�

7KHUHIRUH� WKHUH H[LVW [� � )
B
�D� E� ZLWK >[��?% � "

DQG� VLQFH % LV ORZHU FORVHG� ZH KDYH WKDW [� � %�

7KH IROORZLQJ H[DPSOH VKRZV WKDW WKH GHnQLWLRQ RI V�
LGHDO IRU D SRVHW LV QRW DGHTXDWH LQ WKH FDVH RI PXOWL�
VHPLODWWLFHV�

([DPSOH ���

�
��� EEU

D E

�$���
�
EEU���

���

����.

D

F

E

G

� �

EEU

K K KK


�

�%���

�� *LYHQ WKH B�PXOWLVHPLODWWLFH �$��� ZH KDYH WKDW
$ LV QRW D V�LGHDO� EHFDXVH ID� EJ LV QRW GLUHFWHG�

�� ,I ZH FRQVLGHU WKH PXOWLODWWLFH �%���� WKHQ ;  
I�� D� E� FJ DQG <  I�� D� E� GJ DUH V�LGHDOV� EXW
; ? <  I�� D� EJ LV QRW D V�LGHDO�

7KHUHIRUH� ZH UHIXVH WKH RSWLRQ SURSRVHG E\
5DFKXQHN IRU DQ DUELWUDU\ SRVHW� DQG ZH SURSRVH WKH
IROORZLQJ QRWLRQ RI LGHDO�

'HnQLWLRQ ��� /HW �$��� EH D B�PXOWLVHPLODWWLFH DQG

"� % t $� :H VD\ WKDW % LV DQ LGHDO LI % LV ORZHU

FORVHG DQG )
B
�FORVHG�

/HW ,GHDOV�$� GHQRWH WKH VHW RI DOO LGHDOV RI $ DQG

OHW ,GHDOV��$�  ,GHDOV�$�>I"J� :H FDOO ,GHDOV��$�
WKH DXJPHQWHG LGHDOV VHW RI $�

$Q LGHDO� %� LV SULQFLSDO LI LW KDV PD[LPXP� WKDW

LV� LI %  �E@ IRU VRPH E � %�

7KH QH[W H[DPSOH VKRZV WKDW ,GHDOV�$��t ,GHDOVV�$�
DQG ,GHDOVV�$��t ,GHDOV�$��

([DPSOH ��� /HW XV FRQVLGHUHU WKH B�PXOWLVHPLODWWLFHV
�$��� DQG �%��� ZKRVH GLDJUDPV DUH�
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�� I�� D� E� FJ � ,GHDOVV�$� � I�� D� E� FJ �� ,GHDOV�$�

�� I�� D� EJ � ,GHDOV�%� � I�� D� EJ �� ,GHDOVV�%�

7KH IROORZLQJ UHVXOW LV LPPHGLDWH�

3URSRVLWLRQ ��� /HW $ EH D B�PXOWLVHPLODWWLFH� (Y�

HU\ LGHDO� %� RI $ LV D VXEPXOWLVHPLODWWLFH RI $�

([DPSOH ��� *LYHQ WKH B�PXOWLVHPLODWWLFH �$���
ZKRVH GLDJUDP LV�
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7KH LGHDOV DQG V�LGHDOV RI $ DUH�

q ,GHDOV�$�  I��@� �D@� �E@� �F@� �I @� I�� D� E� F� G� HJ� $J�

q ,GHDOVV�$�  I��@� �D@� �E@� �F@� �G@� �H@� �I @J�

� ����
� 
� ��
�

���
	��

,Q WKLV VHFWLRQ� ZLWK WKH VDPH DUJXPHQWV WKDW LQ WKH
FDVH RI PXOWLVHPLODWWLFHV� ZH JLYH D QHZ GHnQLWLRQ RI
LGHDOV IRU PXOWLODWWLFHV DV D JHQHUDOL]DWLRQ RI WKH VDPH
FRQFHSW IRU ODWWLFHV�

'HnQLWLRQ ��� /HW �$��� EH DQ ODWWLFH DQG "� , t

$� :H VD\ WKDW , LV DQ LGHDO LI , LV DQ LGHDO RI WKH

B�VHPLODWWLFH RU� HTXLYDOHQWO\� LI WKH WZR IROORZLQJ FRQ�

GLWLRQV KROG�

�� ,I D� E � , WKHQ D B E � ,�

�� ,I D � , DQG [ � $ WKHQ D A [ � ,�

'HnQLWLRQ ��� /HW �$��� EH D PXOWLODWWLFH� :H VD\

WKDW " � % t $ LV DQ LGHDO LI LW LV DQ LGHDO RI WKH

B�PXOWLVHPLODWWLFH �$���

7KH IROORZLQJ FKDUDFWHUL]DWLRQ RI LGHDOV LV LPPHGLDWH
IURP GHnQLWLRQ�

3URSRVLWLRQ ��� /HW �$��� EH D PXOWLODWWLFH DQG "� 
% t $� 7KHQ� % LV DQ LGHDO LI DQG RQO\ LI WKH IROORZLQJ

WZR FRQGLWLRQV KROG�

D� ,I D� E � %� WKHQ )
B
�D� E� t %�

E� ,I [ � % DQG D � $� WKHQ )
A
�D� [� t %�

�



,Q ODWWLFHV� WKH FRQFHSWV RI LGHDO DQG V�LGHDO FRLQFLGH�

WKDW LV� LI �$��� LV D ODWWLFH ZH KDYH WKDW�

,GHDOV�$�  ,GHDOVV�$�

7KLV LV QRW WUXH LQ PXOWLODWWLFHV� ,Q H[DPSOH � ZH

KDYH WKDW ERWK �$��� DQG �%��� DUH PXOWLODWWLFHV� DQG

,GHDOVV�$��t ,GHDOV�$� DQG ,GHDOV�%��t ,GHDOVV�%�

1RWLFH WKDW RXU FRQFHSW RI LGHDO LV WKH QDWXUDO WUDQV�

ODWLRQ RI WKH FKDUDFWHUL]DWLRQ RI LGHDOV LQ ODWWLFHV� DQG

DOVR FRLQFLGHV ZLWK WKH LGHDO FRQFHSW LQ ULQJV�

7KH IROORZLQJ UHVXOW LV LPPHGLDWH�

3URSRVLWLRQ ��� /HW �$��� EH D PXOWLODWWLFH� (YHU\

LGHDO LV D VXEPXOWLODWWLFH�

$V GLUHFW FRQVHTXHQFH RI WKH GHnQLWLRQ RI LGHDO� ZH

FDQ HQVXUH�

3URSRVLWLRQ ��� /HW �$��� EH D PXOWLODWWLFH� )RU DQ\

WZR LGHDOV %�� %� LQ $� ZH KDYH WKDW %�?%� LV DQ LGHDO

RI $�

7KLV DOORZV XV WR JLYH WKH IROORZLQJ GHnQLWLRQ�

'HnQLWLRQ ��� /HW �$��� EH D PXOWLODWWLFH DQG " � 

; t $� :H FDOO LGHDO JHQHUDWHG E\ ;� DQG ZH

GHQRWH E\ ,�;�� WR WKH LQWHUVHFWLRQ RI DOO WKH LGHDOV

WKDW FRQWDLQ LW�

([DPSOH ��� /HW XV FRQVLGHUHU WKH PXOWLODWWLFH� �$����

ZKRVH GLDJUDP LV�
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,�IFJ�  �H@  I�� D� E� F� G� HJ

,�ID� EJ�  �H@  I�� D� E� F� G� HJ
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:H FRQFOXGH WKH VHFWLRQ ZLWK WKH UHVXOW ZKRVH UHDO�

L]DWLRQ KDV JXLGHG DOO RXU VWXG\�

7KHRUHP ��� /HW �$��� EH D PXOWLODWWLFH� 7KHQ�

�� �,GHDOV�$��t� LV DQ DVVRFLDWLYH PXOWLODWWLFH�

�� �,GHDOV��$��t� LV D ODWWLFH�

�� ,I �$��� LV ERXQGHG� WKHQ �,GHDOV�$��t� LV D ODW�

WLFH�

3URRI � /HW %�� %� � ,GHDOV�$�� ,I %� ? %� � "�

WKHQ %�?%� LV DQ LGHDO DQG LV WKH LQnPXP RI I%�� %�J�

2Q WKH RWKHU KDQG� VLQFH $ LV DQ LGHDO WKDW FRQWDLQV %�

DQG %�� WKHQ H[LVWV ,�%� > %�� DQG LV WKH VXSUHPXP

RI I%�� %�J� DQG WKHUHIRUH �,GHDOV�$��t� LV D PXOWL�

ODWWLFH� 2Q WKH RWKHU KDQG� DGGLQJ WKH HPSW\ VHW ZH

KDYH WKH ODWWLFH �,GHDOV��$��t� DQG WKHUHIRUH ZH KDYH

WKDW �,GHDOV�$��t� LV DVVRFLDWLYH�

,I �$��� LV D ERXQGHG PXOWLODWWLFH� WKHQ HYHU\

LGHDO FRQWDLQV ��@ WKDW LV DQ LGHDO DQG� WKHUHIRUH�

�,GHDOV�$��t� LV D ODWWLFH�

([DPSOH ��� /HW XV FRQVLGHU WKH PXOWLODWWLFHV �$���

DQG �%��� ZKRVH GLDJUDPV DUH�
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7KH GLDJUDPV RI WKH DVVRFLDWLYH PXOWLODWWLFH

�,GHDOV�$��t� DQG WKH ODWWLFHV �,GHDOV��$��t� DQG

�,GHDOV�%��t� DUH�

�,GHDOV�$��t�
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-RKQVWRQ LQWURGXFHV DQRWKHU FRQFHSW RI LGHDO LQ WKH

IUDPHZRUN RI WKH SRVHWV ZKLFK LV WRR ZHDN ZKHQ DS�

SOLHG WR PXOWLVHPLODWWLFHV DQG PXOWLODWWLFHV� ,Q WKLV VHF�

WLRQ ZH DQDO\]H WKLV FRQFHSW LQ UHODWLRQ ZLWK WKH RQH

ZH KDYH LQWURGXFHG�

'HnQLWLRQ ��� > 'HnQLWLRQ RI -RKQVWRQ >�@@ /HW �$���

EH D SRVHW DQG "� % t $� % LV D P�LGHDO LI DQG RQO\

LI IRU HYHU\ QRQHPSW\ nQLWH VXEVHW + RI % ZH KDYH

WKDW� LI H[LVWV 6XS+� WKHQ �6XS+ @ t %�

:H GHQRWH E\ ,GHDOVP�$� WKH VHW RI P�LGHDOHV RI

D SRVHW $� ,W LV HDV\ WR SURYH WKDW ,GHDOVV�$� t

�



,GHDOVP�$�� $OVR� DV LW LV VKRZQ LQ WKH IROORZLQJ H[�
DPSOH� WKLV LQFOXVLRQ LV LQ JHQHUDO VWULFW�

([DPSOH ��� /HW �$��� EH D SRVHW ZKRVH GLDJUDP LV�
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7KHQ� I�� D� EJ � ,GHDOVP�$�� EXW I�� D� EJ ��

,GHDOVV�$�

7KH FRQFHSW RIP�LGHDO SURSRVHG E\ -RKQVWRQ� FDQ EH
FKDUDFWHUL]HG LQ WKH PXOWLVHPLODWWLFHV LQ WKH IROORZLQJ
ZD\�

3URSRVLWLRQ ��� /HW �$��� EH D B�PXOWLVHPLODWWLFH

DQG " � % t $� 7KHQ % LV D P�LGHDO LI DQG RQO\

LI WKH IROORZLQJ WZR FRQGLWLRQV KROG�

D� ,I D� E � % DQG )B�D� E�  IFJ� WKHQ F � %

E� % LV ORZHU FORVHG�

7KH IROORZLQJ SURSRVLWLRQ LV LPPHGLDWH DQG HQVXUHV
WKDW RXU GHnQLWLRQ RI LGHDO LV VWURQJHU WKDW WKH GHnQL�
WLRQ RI P�LGHDO�

3URSRVLWLRQ ��� /HW �$��� EH D B�PXOWLVHPLODWWLFH�

7KHQ�

,GHDOV�$� t ,GHDOVP�$�

([DPSOH ��� /HW �$��� EH D B�PXOWLVHPLODWWLFH ZKRVH
GLDJUDP LV�
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7KH LGHDOV� V�LGHDOV DQGP�LGHDOV RI $ DUH UHSUHVHQWHG
LQ WKH IROORZLQJ GLDJUDP�

A
(0]

( ]a ( ]b

( ]c

( ]d

( ]e

{0, }a b c, , {0, }a b,

{0 }, , , , ,a b c d e ( ]f

Ideals A( )
Ideals A

s
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Ideals A
m
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)URP GHnQLWLRQ ��� ZH KDYH WKDW� LI WKHUH H[LVWV WKH
VPDOOHVW P�LGHDO FRQWDLQLQJ D VXEVHW ; � " RI D PXO�
WLODWWLFH� $� GHQRWHG E\ ,P�;�� WKHQ ,P�;� t ,�;��
+RZHYHU� WKH RWKHU LQFOXVLRQ LV QRW WUXH� DV ZH FDQ VHH
LQ WKH IROORZLQJ H[DPSOH�

([DPSOH ��� /HW XV FRQVLGHU WKH PXOWLODWWLFH� �$����
ZKRVH GLDJUDP LV�
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7KHQ ,P�IF� GJ�  �I @ � ,�IF� GJ�  $�

�������	��

>�@ %HQDGR� 0� ������� /HV HQVHPEOHV SDUWLHOOHPHQW
RUGRQQuHV HW OH WKuHRUtHPH GH UDpQHPHQW GH 6FKUHLHU�
,� �&HKRVORYDFN� 0DW� �=�� ���������^����

>�@ (QFLVR� 0�� &RUGHUR� 3� DQG 3�GH *X]PuDQ� ,� ������
%DVHV IRU FORVHG VHWV RI LPSOLFDQWV DQG LPSOLFDWHV LQ
WHPSRUDO ORJLF� $FWD ,QIRUPDWLFD 9RO� ���

>�@ +DQVHQ� '� -� ������� $Q D[LRPDWLF FKDUDF�

WHUL]DWLRQ RI PXOWLODWWLFHV� 'LVFUHWH 0DWKHPDWLFV�
��������^����

>�@ -RKQVWRQ� ,YRU -� ������� 6RPH UHVXOWV LQYROYLQJ

PXOWLODWWLFH LGHDOV DQG GLVWULEXWLYLW\� 'LVFUHWH 0DWK�
HPDWLFV� ������������^���

>�@ 0DUWurQH]� -�� *XWLuHUUH]� *�� 3� GH *X]PuDQ� ,� DQG
&RUGHUR� 3� ������ 0XOWLODWWLFHV YLD PXOWLVHPLODW�

WLFHV� 7RSLFV LQ DSSOLHG DQG WKHRUHWLFDO PDWKHPDWLFV
DQG FRPSXWHU VFLHQFH� (G� :VHDV� SS ���^����

>�@ 0DUWurQH] GHO &DVWLOOR� -�� ������� l�uDOJHEUDV FRQ

RSHUDGRUHV QR GHWHUPLQLVWDV� 7HVLV 'RFWRUDO� 8QL�
YHUVLGDG GH 0uDODJD�

>�@ 5DFKXQHN� -� ������� R�LGuHDX[ GHV HQVHPEOHV RU�

GRQQuHV� 6E� 3UDFur 3�UurURGRY�HG� )DN� 8QLY� 3DODFNuHKR
Y 2ORPRXFL �� 0DW� 9RO� �����^���

�


