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Departament de Matemàtica Aplicada
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Abstract:- A special structure of a kind of matrices, r−block monomial and r−block diagonal
matrices, is introduced. Theirs nonnegative Drazin inverses have been studied. The influence of
these matrices on the positiveness of the trajectory of a descriptor system has been analyzed.
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1 Introduction

In control theory the structure of coefficients
matrices plays an important role because struc-
tural properties and the solution of the discrete-
time control system are given using these matrices.

When the interest of the problem is based on
some restrictions over the behavior of the system,
then the influence of the coefficient matrices is in-
creased.

We focus our attention on the case when non-
negative restrictions are considered. In this prob-
lem appears nonnegative matrices, that is matrices
whose entries are nonnegative.

In this paper, a discrete-time descriptor system
is considered, that is, a control system given by

Ex (k + 1) = Ax (k) + Bu (k) .

When E is a singular matrix the solution of this
discrete-time descriptor control system involves
Drazin inverses of the matrices E and A. Now, it
is worthwhile studying conditions on the nonneg-
ativity of the Drazin inverse.

Not many results are known on the nonnegativ-
ity of generalized inverses. For instance, in [2] some
properties on the nonnegativity of Moore-Penrose
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inverse are studied, in [8] a characterization of non-
negative group inverse of a nonnegative block lower
triangular matrix is given, and in [1] the structure
of a nonnegative regular matrix, that is a matrix
such that it admits a nonnegative generalized in-
verse, is analyzed.

In this paper, we obtain some conditions on the
coefficient matrices of a descriptor system in order
to the trajectory of the system belongs nonnega-
tive when a nonnegative admissible inital state and
a nonnegative control sequence are considered. For
that, the r−block diagonal matrix concept is intro-
duced and some properties of this kind of matrices
are studied. Then, these properties allow us to
obtain the desired results.

2 Block monomial matrices

Consider a discrete-time linear descriptor sys-
tem given by

Ex (k + 1) = Ax (k) + Bu (k) , (1)

where E, A ∈ Rn×n, B ∈ Rn×m, k ∈ Z+. The sys-
tem is denoted by (E,A, B) . It is well-known (see
[6] and [7]) that if the pair (E,A) is regular, that
is, there exists λ ∈ C such that det (λE −A) 6= 0,
then the system has solution.

The aim of this paper is to study a special kind of
matrices E, A and B for obtaining the positiveness



of the trajectory of the system. We also analyze
the nonnegativity of the Drazin inverse of these
matrices because this solution is given in terms of
Drazin inverse of the matrices E and A.

Firstly, we give some new definitions.

Definition 1 A block permutation matrix P is a
matrix decomposed in blocks such that it has pre-
cisely one identity block matrix in each row and
column and the rest of blocks are zero.

Definition 2 Let A be an n× n nonnegative ma-
trix. A is a r−block monomial matrix if there ex-
ists a block permutation matrix P such that AP =
diag [Ai]

r
i=1 , where each block Ai has rank one. If

P = I it is said that A is a r−block diagonal ma-
trix.

In the following proposition we can see that a
special structure of blocks Ai , i = 1, . . . , r, char-
acterizes the symmetry of the matrix.

Lemma 1 A nonnegative matrix A is symmetric
matrix of rank one if and only if A = vvT .

Proof. If A = vvT , A is a symmetric matrix of
rank one.

On the other hand, if A is a symmetric matrix
of rank one,

A =
(

a1 a2 · · · an

)
=

= a11


1 α1 · · · αn−1

α1 α1α1 · · · α1αn−1
...

...
. . .

...
αn−1 αn−1α1 · · · αn−1αn−1



= a11


1
α1
...

αn−1

 (
1 α1 · · · αn−1

)
.

Thus, A = vvT . �
Without loss of generality we shall consider the

r−block diagonal matrix A = diag [Ai]
r
i=1 instead

of r−block monomial matrix.
Next, we study the Drazin inverse of a r−block

diagonal matrix, in order to obtain some nonnega-
tive properties of these matrices, for that, we shall
use the index of the matrix A. Remember that this
index is the smallest nonnegative integer such that

rank(Aq) =rank
(
Aq+1

)
. Along this paper it is de-

noted by ind(A).

Proposition 1 Consider a r−block diagonal ma-
trix A with Ai = viv

T
i , and vi ≥ 0, i = 1, . . . , r.

(i) ind(A)=1.

(ii) AD = diag
[
AD

i

]r

i=1
, where

AD
i =

viv
t
i

‖vi‖4
2

,

for i = 1, . . . , r.

(iii) AAD is a symmetric matrix of rank one.

Proof. (i) Since Ai = viv
T
i , then rank(Ai) = 1

and
A2

i = vT
i viAi.

Thus, rank(A2
i ) =rank(Ai) , and ind(Ai)=1. From

the diagonal structure of matrix A, then

rank(A2) = rank(A) = r

and ind(A)=1.
(ii) The Drazin inverse of A is a matrix AD which

satisfies the following conditions (see [3] and [5])

ADAAD = AD

ADA = AAD (2)
ADAk+1 = Ak, k ≥ ind(A).

Consider A = diag [Ai]
r
i=1 such that Ai = viv

T
i ,

and its Drazin inverse AD = diag
[
AD

i

]r

i=1
. For

i = 1, . . . , r, it is easy to prove that the matrix

viv
t
i

‖vi‖4
2

,

satisfies the Drazin inverse conditions (2).
(iii) From (ii)

AiA
D
i =

Ai

‖vi‖2
2

.

Thus, AAD is also a symmetric matrix. �

Note that from above proposition the Drazin in-
vese of a r-block diagonal matrix is nonnegative.



3 Positive descriptor systems

Consider the discrete-time linear descriptor sys-
tem (E,A, B) given in (1). For an initial state
x(0) ∈ X0, where X0 denotes the admissible ini-
tial conditions set, and a sequence control u(j),
j = 0, 1, . . . , k + q − 1, the state solution of this
system is given by

x (k) =

=
(
ÊDÂ

)k
ÊDÊx (0) (3)

+
k−1∑
i=0

ÊD
(
ÊDÂ

)k−i−1
B̂u (i)

−
(
I − ÊDÊ

) q−1∑
i=0

(
ÊÂD

)i
ÂDB̂u (k + i) ,

where

Ê = (λE −A)−1 E,

Â = (λE −A)−1 A,

B̂ = (λE −A)−1 B,

and q=ind(Ê). Note that, ÊÂ = ÂÊ. This prop-
erty is a basic condition to obtain the solution of
the system in terms of the Drazin inverses of ma-
trices Ê and Â.

We give the following definition used along the
paper.

Definition 3 (see [4]) The system (1) is positive
if, for every x(0) ∈ X0 ∩ Rn

+, and for every non-
negative control sequence u(j) ≥ 0, j ≥ 0, the state
trajectory belong to Rn

+, that is

x (k) = x (k, x0, u (·)) ∈ Rn
+,∀k ≥ 0.

Firstly, we give the following proposition for au-
tonomous case. .

Proposition 2 Consider a discrete-time descrip-
tor system (E,A). If E is a r−block diagonal sym-
metric matrix, A is a nonnegative matrix and the
matrices E and A commute, then the system is
positive, for every initial state x(0) ∈ X0 ∩ Rn

+.

Proof. By proposition 1, ED is a nonnegative
matrix and then

x (k) =
(
EDA

)k
EDEx (0) ≥ 0,

for every initial state x(0) ∈ X0 ∩ Rn
+. �

From the solution (3) it is worthwhile studying
the matrix (I−EDE) when the case with controls
is considered.

We denote

Cv =
{
x ∈ Rn : vT x ≤ min(xi, i = 1 . . . , n)

}
.

Proposition 3 Consider the matrix I − EDE,
where E is a r−block diagonal symmetric matrix.
Then,

(i) rank( I − EDE) = n− r.

(ii) The vector
(
I − EDE

)
x is nonnegative, for

all x ∈ Cv.

Proof. (i) The matrices EDE and I−EDE are
projectors matrices, because they verify the pro-
jector property P 2 = P. Thus, EDE and I −EDE
are complementary matrices and

rank
(
I − EED

)
= n− rank

(
EED

)
= n− r.

(ii) For simplify the proof we consider that ma-
trix E has only one block, E = vvT with

v =

 v1
...

vn

 .

For the construction of EDE, the matrix I−EDE
is given by

I − EDE =

=
1

‖v‖2
2


vT v − v2

1 −v1v2 . . . −v1vn

−v1v2 vT v − v2
2 . . . −v2vn

...
...

. . .
...

−v1vn −v2vn . . . vT v − v2
n

 .

That is, this is a symmetric matrix. We consider(
I − EDE

)
x = b.

By a technical process can be proved that b can-
not be negative, and then its entries must be non-
negative. �

In the next result a characterization of positive
descriptor system is given.



Proposition 4 Consider a discrete-time descrip-
tor system (E,A, B) with EA = AE and E is a
r−block diagonal symmetric matrix, A ≥ 0, B ≥ 0.
Then,

(
I − EDE

)
ADB ≤ 0 if and only if the sys-

tem is positive.

Proof. Since q = 1 and writting

x (k) = EDEx (k) +
(
I − EDE

)
x(k),

the trajectory of discrete-time descriptor system
(E,A, B) is given by

EDEx (k) =
(
EDA

)k
EDEx (0)

+
k−1∑
i=0

ED
(
EDA

)k−i−1
Bu (i)(

I − EDE
)
x(k) = −

(
I − EDE

)
ADBu (k) .

Using the hypothesis and by proposition 1, ED ≥ 0
and EDEx(k) is nonnegative for every x(0) ∈ X0∩
Rn

+, and for every nonnegative control sequence
u (k) ≥ 0, k ≥ 0.

If
(
I − EDE

)
ADB ≤ 0, then x(k) is nonnega-

tive. If the solution of the system is nonnegative,
when consider x(0) = 0,

(
I − EDE

)
ADBu (k) ≤

k−1∑
i=0

ED
(
EDA

)k−i−1
Bu (i) ,

for every nonnegative control sequence u (k) ≥ 0,
k ≥ 0. In particular, taking k = 1,(

I − EDE
)
ADBu (1) ≤ EDBu (0) .

Considering u(0) = 0 and u(1) = ei, then(
I − EDE

)
ADB ≤ 0. �

Note that if E = diag
[
viv

T
i

]r

i=1
with ‖vi‖2 =

1, i = 1, . . . , r, then, under the hypothesis of the
above proposition, the system is positive if and
only if ADB ≤ EADB.

Now, we discuss the positiveness of the system
using proportional state-feedbacks. Note that, if
we apply a state feedback u (k) = Fx (k) to the
system (E,A, B) given in (1), then the closed-loop
system is given by

Ex (k + 1) = (A + BF ) x (k)

and it is easy to prove the following results.

Corollary 1 Consider a discrete-time descriptor
system (E,A, B). Suppose that E is a r−block di-
agonal symmetric matrix and matrices E and A
commute. If A ≥ 0, there exists a state-feedback
u (k) = Fx (k) such that BF ≥ 0 and(

I − EDE
)
ADBF = 0

then the system is positive.

Proposition 5 Consider a discrete-time descrip-
tor system (E,A, B). Suppose that E is a r−block
diagonal symmetric matrix. If there exists a state-
feedback u (k) = Fx (k) such that

A + BF ≥ 0

with EBF = BFE, then the closed–loop system is
positive.

4 Conclusion

In this work, the concepts of r−block monomial
and diagonal matrices are introduced. Properties
of these matrices have been studied. In partic-
ular, the nonnegativity of the Drazin inverse of
a r−block diagonal symmetric matrix is shown.
Some properties of this kind of matrices are used
to obtain a nonnegative trajectory of a discrete-
time descriptor system. Finally, the positiveness
of the system using proportional state-feedbacks is
discussed.
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