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In this paper we extended the Hajek-Renyi inequality, and obtain strong laws of large numbers

for negative dependence (ND) random variables by use in this inequality and martingale techniques.
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1.Introduction

Let {X,,n > 1} be a sequence of ran-
dom variable’s defined on a probability space
(Q, F, p) . Ebrahimi and Ghosh [4] introduced
the following definition.

Definition 1.The random variables X1, -+, X,
are said to be ND if we have

n n
PI)(X; < )] < [ PIX; < ], (1)
j=1 J=1
and
n n
[ (X) > )] H X, > ), 2)
j=1 j=1
for all z1,---,z, € R. An infinite sequence

{Xy, n>1} issaid to be ND if every finite sub-
set Xi,---,X, is ND. The conditions (1) and
(2) are equivalent for n = 2, but these do not
agree for n > 3 (see Bozorgnia,et. all [3])

Let S, = > j=; X;. The problem convergence
with probability one of Snfnﬁ for sequence of
negative dependence random variable’s was stud-
ied by Bozorgnia et.all [3]. In addition strong
laws of large numbers and complete convergence

for ND random variable’s were studied by Amini
and Bozorgnia [1],[2]. We will proved strong
laws of large numbers for ND random variables
by use Hajek-Renyi inequality. The Hajek-Renyi
(1955) prove the following important inequal-
ity. If {X,,,n > 1} is a sequence of independent
random variables with E(X,) =0,

E(X?2) < oo, n >1and {b,, n > 1} is a positive
nondecreasing sequence of real numbers. Then
for every € > 0, and positive m < n,

EA 1 & 9 80
P[ max >e] < —( -5+ ), (3)
m<j<n bj 62 JZ%H b? J:Zl bgn

where 032- = Var(Xj).
This inequality has been studied by many out-
hors, the latest literature is given by J.Liu, S.Gan
and P.Chen [7] for negative association random
variables. In this paper,we extend this inequal-
ity for ND random variables by martingale tech-
nique and using it we proved some strong limit
theorems . We need to following lemmas for next

sections.
Lemma 1(Kronecker) If {a,}, {b,} are se-
quences of real numbers with,



bn T 00, if 37724 %J? converging, then

bizaj — 0.
n =1

Lemma 2([5]) The sequence {X,,, n > 1} con-
verges to X with probability one if and only if
for every € > 0,

lim P[sup | X, — X| >e¢]=0.

n— 00

2. Extension of Hajek-Renyi inequality

In this section, we extend Hajek-Renyi
inequality for ND random variables, where
EX,|Fn-1] =0, F, =o0(X1, --,X,) for ev-
ery n > 1.

Lemma 3([6]) Let {X,,,F,, n > 1} be a mar-
tingale and {b,,, n > 1} be a sequence of positive
nondecreasing real numbers,then for every € > 0,

X
P[ max Xl >¢] <
1<k<n by
@fEX++§:b (EX)) —EX, ), ()

k=2

Remark Under the assumption of lemma 3 for
every 1 < m < n, we have,

|Xj+m—1|

P[ max — >¢| = P[lgjgn—rm—l —

1 n—m+1
b EXS+ > b
7j=2

EX —EXT

]+m L(EXT

Lo S
:g(bm EX + Z b ((EX, — EX) )

k=m+1
Theorem 1. Let {X,, n > 1} be a sequence of
ND random variables with E[X,|F,_1] = 0 and
EX2 < oo,n >1and {b,, n > 1} be a sequence
of positive nondecreasing real numbers, then for
every € > 0,

i)

Skl L\~ 9;
P Uadd) 1< = L
e To < 53
j=1"J
ii)
Pmaxu>.€]<i z”: —i—Z
m<k<n b ~— =~ 62
k= m+1

Proof.

> ¢]

)i? | S|

Jj+m—2

Since E[X,|Fn-1] = 0, then
{Sn, .77”, n > 1} is a martingale and hence
{ISn], Fn, m > 1} is a submartingale. In
addition 1f h is an 1ncreasmg function then
{h(|Sn]), Fn, n > 1} is a submartingale, thus
by lemma 3 for every ¢ > 0, we have

i)
2
P[ max @>5]<P[max S—§>62]

I<k<n by = ° 7 1<k<n by T
n
CTPEXT+ ) 0 %(BESE — BESE )] <
k=2
Ly
g2 b?
j=1"J

ii) By above remark for 1 < m < n, we obtain

S 2
P[] max —k|26]§P max —& > ¢?]
m<k<n bk m<k<n &
1
g§@2E§+-§:b (ES;—ES? )] <
k=m-+1
1 & g2 "o
L > %
k=1"m  k=m+41 "k

Hence complete the proof. 0.

Corollary 1. Under the assumption of theorem
1 we have

1 <. o?

P > < =y 2L

A - DY

7j=1"J

ii)

|Sk| 1 " o,% m a,%
P[ max — >¢] < <( —+> =)
m<k<n by, g2 kz%:ﬂ b2 kglbgn

3. Some Strong Convergence Theorems

In this section, by using Theorem 1 we can
prove the following theorem for negative depen-
dence random variable’s .

Theorem 2. Let {X,, n>1} be a sequence
of ND random variables with

E[X,|Fn-1] =0, n>1and {b,, n > 1} be a se-
quence of positive nondecreasing real numbers. If

Yo le < 00, then for every 0 < 8 < 2



i) E(sup,(52)7) < oc.

ii) If b, — 00, as n — oo, then

% 50, W.PI.
Proof.
i) We have
S
E(sup(|bn|)ﬁ) <oo &

* S| z
/ P[sup ke t3]dt < oo.
1

n n

Now by lemma 2 and Hajek-Renyi inequal-

ity we obtain

Plsup 22l 5 13) = tim Pl max 22l s )
n by m—o0 " '1<n<m by,
1 & o2
<=5 ) =
b nz::l b
Hence
o0 S, 1
P[sup ISl > té]dt <
1 n bn
2 X 52 X 52
3 n n
T > b—Zdt_O(l)z_:b—2<oo,
n=1 "1 n=1 "7
this complete the proof.
ii) By Theorem 1, for every ¢ > 0,
| S| |Sk|
P[Tsnugpl)C b > ¢l = Jim P[mrglz?;)gcn b > ¢
L& o
;ﬂ}:g?”+ E: gf%
j=1"m  j=m+4+1 "j

now by the assumption of Z;-";l -+ < oo, and

b2
Kronecker’s lemma we obtain
S
lim P[sup |b—k| >¢el =0,

hence lemma 2 complete the proof. O

Corollary 2. Under the assumption of theorem

2, if sup,, 02 < oo, then for every a > %

P[sup @ >e] <

i>m ]
1 &1 | )
SO —mt X m)swon
j=1 j=mt+17 "
50 W.PL

iii) For every 0 < (3 < 2,
Sul 5
E(S%P(n—a) ) < oo.
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