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Abstract: - In this paper, we for the first time propose a dynamical system (DS) approach to describe the time 
variation of the coach travel. This dynamical study for the analysis and modeling is of several advantages. First, 
it can be used for dynamical analysis, such as quantitative, stability, and equilibrium analysis. Second, it can be 
further applied to analyze the competition behaviors among various operators in the coach industry. Under some 
proper assumptions, the ordinary differential equation (ODE) model is formulated together with the collected 
data to describe the passenger variation. We solve this first order ODE with an analytical technique, and find the 
result fits the collected data. Some concluding remarks and future works are also suggested in this work. 
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1   Introduction 
The problem relating to bus and coach industry 

usually is rather complicated. Traditionally, the 
methods of qualitative social science, statistics and 
economics are often applied to study these kinds of 
issue. For example, the effect of bus and coach 
deregulation has been largely discussed during the 
last two or more decades by using the method of 
qualitative social science (see [1-5] and references 
therein), statistics [6] and economics [7-13]. In fact, 
to apply the dynamical model to describe this kind of 
problems could be a feasible alternative. Dynamical 
system has long been successfully used in the various 
areas, including biology [14-15], economics [15-17], 
semiconductor [18-19] and others. In our experience, 
we have reviewed many literatures, such as SCI, 
SSCI and IEEE databases, and haven’t found any 
literature used the dynamical modeling method to 
study the time variation of bus and coach travel so far. 
The purpose of this study is to consider the effect of 
the competitive market for commercial coach 
services six years after the start of deregulation in 
1995 in Taiwan. We will study the scheduled express 
services operated on the route of the Taipei - Hsinchu 
corridor and focus on the travel trend of the 
public-own incumbent operator – Taiwan Motor 
Transport Company (TMTC), which was affected to 
a great extent by the other new entrants entering the 
coach market at different time after deregulation. 
Metropolitan Taipei is the political and economic 
center of Taiwan, and Hsinchu is the high-tech city 
about 80km to the south of Taipei. There are 
large-scale journey between these two cities, 

therefore the market opened up for coach competition 
in 1995. The coach travel of TMTC was affected by 
many factors. Some are exogenous (uncontrollable), 
such as the aggregate trend of the use in the public 
transportation, the number and the entry time of new 
entrants, the overall market frequencies, fare level 
and service quality. Others are endogenous 
(controllable), for example, the organization reform, 
the occupancy of frequency, accessibility and service 
quality as shown in Table 1. Under some simplified 
assumptions, this paper applies the first order 
differential equation to model, describe and solve 
these complicated phenomena. 

This paper is organized as follows. In Section 2, 
we present the assumptions and construct the model. 
In Section 3, we state the solving method. In Section 
4, we clarify the solution to the equation and relating 
analysis, then compare the solution to our collected 
data. Section 5 draws the conclusion. 
 
 
2   A Dynamical Model for Passenger 

Trips Growth 
2.1   Problem description 

The purpose of this study is to consider the effect of 
the competitive market for commercial coach 
services six years after the start of deregulation in 
1995 in Taiwan. We begin by examining the 
scheduled express services offered on the route of the 
Taipei - Hsinchu corridor and focus on the travel 
trend relating to the incumbent operator TMTC.  



Table 1. Analysis of the factors affecting the Taipei-Hsinchu passenger trips of TMTC after deregulation. 

Source: [1], [20]  

From our collected data provided by Department of 
Transportation and Communications, we notice that 
there exists a strange phenomenon in between, that is, 
total trips rose continuously by June 2001, while a 
steady decline occurred in incumbent operator’s 
passenger trips simultaneously. This can contribute 
to a lot of factors, including exogenous and 
endogenous as mentioned in Sec. 1. If we want to use 
a model to describe this kind of phenomenon, it 
would be quite complicated. The main reason is that 
there were many new entrants entered the coach 
market at different entry time. For this reason, in this 
paper we would like to apply simple model and 
merely from the points of view of the incumbent 
itself to analyze the impact of new entrants brought to 
incumbent operator during different time periods, i.e., 
by constructing a single dynamical model to describe 
the decline trend of incumbent’s passenger trips. 
Suppose that x = x(t) represents the number of 
passenger trips of the incumbent operator at time t. 
Then for competition, management, and other 
practical reasons it may be desirable to predict future 
values of x. Knowing the function relating x to t 

would provide this capability. However, if we start 
with an assumption relating the rate of change of x 
with respect to t to the dependent variable x, then we 
do not know immediately the functional relationship 
between x and t. Instead we must determine the 
function x(t) subject to the condition that x(0) = x0 is 
the starting passenger trips.  We now carefully 
examine this coach travel trend problem. 
      According to our observation from collected data, 
the factors affecting the growth of passenger trips in 
coach services are similar to those of found by [1]. 
But further analysis shows that there are two more 
key factors involved. One is the increasing use of 
public transportation, which would probably 
influence the coach trips. The other is that whenever 
a new entrant entered the market with higher 
frequencies, lower fare and quality improvement, 
there would be a significant impact to the market 
structure, especially to the incumbent operator’s 
passenger trips in the study route. This is the reason 
why we will focus this study from the points of view 
of the incumbent operator itself. In addition, we have 
to introduce time factor into our modeling process, 

Type of 
Factors Factors Discription 

Exogenous 
Factors 

1. Increasing use in 
public transportation 

2. New entrants 
 
 
 
3. Frequencies 
 
4. Fares 
 
 
5. Accessibility 
 
6. Service quality 

˙ Due to the parking difficulty and driver fatigue problems, there were 
increasing use in public transportation. 

˙ A consortium of two independent operators entered firstly the market in 
Oct. 1996. 

˙ The third independent operator entered in Feb. 1997. 
˙ The fourth independent operator entered in Apr. 1999. 
˙ The overall frequencies of the four new entrant accounted for 28% of the 

whole market from Oct. 1996 up to 83% by Jan. 2001. 
˙ The use of various commercially discounted tickets was generally

cheaper and more convenient, especially for students who account for 
large ratio of travel. 

˙ New designed routes and pick-up/set-down points between termini had
greater accessibility. 

˙ New fleet.  
˙ Lower seating densities (with 19-35 seats). 

Endogenous 
Factors 

1. Organization reform 
 
2. Frequencies 
 
3. Fares 
 
 
4. Service quality 

˙ TMTC narrow-downed the organization and downsized employees 
before and after deregulation in order to avoid loss-making 

˙ The frequencies of TMTC accounted for 72% of the whole market from 
Oct. 1996 and then declined sharply to 17% by Jun. 2001. 

˙ The discount rate of the commercially discounted tickets are normally 
higher than new entrants. 

˙ Student tickets were not available. 
˙ Ageing fleet. 
˙ Higher seating densities (with 44 seats).  



since most of the factors affecting the passenger trips 
are of time variation. 

2.2   Assumptions 
For the DS model, it would be difficult to keep the 
mathematical model solvable and still consider many 
factors. In this study we consider a simple model first. 
Initially we will assume that (1) the increasing use in 
public transportation, and the number and the entry 
time of the new entrants as the two dominant factors 
affecting the passenger trips of the incumbent 
operator, and (2) the pre-entry action and post-entry 
reactions of the incumbent and new entrants are 
operator is neglected. Then we will model both the 
increasing use in public transportation and the 
number and the entry time of the new entrants.  

Let x∆  denote the change in incumbent 
passenger trips during a given time interval ],[ ttt ∆+  
in the study corridor:  

x(t)ttxx -)( ∆+=∆ .                                                      (1) 
Although continuous functions may not desirable 
actual coach travel in strictest sense, they do provide 
sufficiently small values of t∆ , a certain variation of 
the passenger trips is produced during the interval 

][ tt ∆+ . 

2.3 Model Formulation  
If we let 0>k  be a constant that represents the 
variation rate of the passenger trips per unit time, we 
have the following model: 

ttkxtxttx ∆+=∆+ )()()( .                                          (2) 

Note that since k is a variation rate per unit time, we 
have multiplied k by both x and Δ t. Applying the 

definition (1) and dividing Δ x by Δ t in Eq. (2), we 
obtain the average time rate of change of x over any 
interval ][ tt ∆+ : 

kxtx =∆∆ / .                                                                      (3) 

Eq. (3) states that the average change tx ∆∆ /  is 
proportional to the amount present x. At this point we 
need to ask whether it makes sense in the physical 
situation to allow Δ t to become arbitrarily small. 
Even though many passenger trips vary in discrete 
time periods, a reasonable approximation to Eq. (3) 
in some instances can be obtained by using the 
continuous model: 

kxtxdtdx =∆∆= / lim/ ,                                           (4) 

where dtdx /  represents the instantaneous rate of 
change x with respect to t. 

2.4 Empirical Study  

Eq. (4) is the basic formulation of our model, this 
model is so-called the first order ODE. The 
complication of the model lies in many affecting 
factors incurred at different point of time. These 
factors, including exogenous and endogenous, are 
shown in Table 1. The data period is from Nov. 1995 
to Jan. 2001, i.e. one year before deregulation and six 
years after deregulation. The items include passenger 
trips, frequencies and fares of the TMTC and other 
new entrants. According to the table, we find that the 
increasingly use in public transportation and the new 
entrants are the two key dominant factors. Then we 
can combine the model and these two dominant 
factors and present a dynamical equation to describe 
the variation of the passenger trips of the incumbent 
operator over the study period as follows. 
 
 
3   Analytical Solution of the Model 
The General Linear Equation can be written as 

)()( xfxtk
dt
dx

=− .                                                             (5) 

Firstly, let f (x) = 0 to simply the derivation process. 
Next, let us multiply both sides of the equation by 
some function u (x) so that the left side is the 
derivation of the product ux. That is 

[ ]

xt'u'xtu

xtu
dt
dx)t(k

dt
dxtu

)()(

)()(

+=

=



 −                                (6) 

The function u(t) is not yet known, but from the last 
equation it must satisfy 

xtuxtktu )(')]([)( =−⋅ .                                                     (7) 

or 

)(
)(
)(' tk

tu
tu

−= .                                                                      (8) 

We seek only one function u(t) in our procedure, so 
assume that u(t) is positive over the interval. Then 
integrating Eq. (8) gives us 

∫ −= dttktu )()(ln .                                                            (9) 

or, exponentiating both sides 

∫−=
dttk

etu
)(

)( .                                                                   (10) 

That is, Eq. (10) determines precisely a function u(t) 
that will work for our procedure. Note that u(t) 
defined by Eq. (10) is indeed positive. The function 
u(t) is called an integrating factor for the general 
linear first-order Equation. Now multiplying Eq. (5) 



through by the integrating factor (10) results in 

)()()()( tftuxtk
dt
dxtu =



 − .                                       (11) 

Since f (t) = 0, Eq.(11) then becomes 

0)()( =



 − xtk

dt
dxtu .                                                     (12) 

In order to solve Eq. (12), simply integrate both sides: 
cxtu =)( .                                                                            (13) 

or 

c
tu

x ⋅=
)(

1 .                                                                        (14) 

From Eq.(14), the solution is 

∫=
dttk

ex
)(

 

Then the dynamical equation derived in previous 
section 2 can be solved by using Eq.(6) as following: 
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The estimated coefficients; i.e., k value, of the above 
equations and the initial value are all derived from 
our collected data. 

The k values represent the rates of the growth and 
decline concerning the travel trend of the TMTC, and 
can be plotted as Fig. 1. 

 
Fig. 1 The cause and effect plot concerning the travel 

trend of TMTC 
 

There still needs a lot of detailed discussion 
concerning the model. And the model will be 
formulated more realistic further. Next the solution to 
the equation as shown in Fig. 2 and it’s behavior will 
be discussed and compared to our collected data. 
 
 
 

 
 
 
 
 
 
 
 
 

t 
Fig. 2 A plot of the solved solution for the passenger 

trips variation problems 
The t in Fig. 2 represents a dimensionless time 

scale, we study this model problem after Nov. 1995. 
To model the problem with proper time scale, we 
define the time scale t as dimensionless variable.  
 
 

4   Results and Discussions 
To explore the cause and effect represented by k value 
in Fig. 1, we have outlined a number of exogenous 
and endogenous factors and shown in Table 1. For 
more convenient discussion, some assumptions have 
been made further in section 2. We then will discuss 
firstly two key factors influencing the travel trend of 
the TMTC, i.e. the variation around aggregate trend 
and the new entrants in this paper and study other 
important factors in future works. 
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Fig. 3 Travel Trend in the Study Route 

 
Fig. 3 summarizes the aggregate trend in the 

study route, total trips rose substantially by about 2 
times by June 2001. This was associated with 
increasing use in public transportation, the entry of 
new entrants, together with higher frequencies, price 
competition (the use of various commercially 
discounted tickets), faster timings making better use 
of the national freeway, greater accessibility due to 
convenient stops, quality improvements such as 
new-fleet and lower seating densities, and an 
increased public awareness of coach travel. However, 
from the point of view of the TMTC, most of the 
innovations mentioned above could be regarded as 
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the exogenous factors (Table 1), which led significant 
impact to the passenger trips of the TMTC. The 
growth pattern of the aggregate trend is strictly 
increased function of time. In effect, the growth in 
aggregate trend seems to have had faster pace than the 
growth derived from new entrants, and hence this 
provided as a positive factor to the increase of the 
TMTC passenger trips. However, as shown in the 30 
< t ≤  40 time of period, the market force brought by 
new entrants increasingly reduced the effect of k 
value, therefore the positive impact maintain just a 
short period of time.  

 

 
Fig. 4 The number of entrants and the entry time 

 
Fig. 4 outlines the number of new entrants and 

their entry point of time. Before coach deregulation in 
1995, TMTC was the monopolizer in Taipei - 
Hsinchu route. From Oct. 1996 after deregulation, a 
rival consortium of two independent (private) 
operators, termed as A & B bus companies, 
introduced competing services on the Taipei - 
Hsinchu route, and was able to provide the alternative 
coach service other than TMTC. The A & B bus 
companies, traditionally a local bus operator in the 
Taipei and Hsinchu area respectively, were setting up 
a entirely new service but almost parallel route (by 
way of the number 1 national freeway but more 
convenient stops in the two cities) with that of the 
TMTC. They matched higher frequency of service 
that TMTC was unable to offer, then issued various 
commercially discounted tickets (especially for 
students who account for large ratio of the overall 
trips), and used new fleet with lower seating densities. 
To judge from the travel pattern in Fig. 2, the A & B 
companies took a greater role on the Taipei - Hsinchu 
route and brought about the most significant impact to 
TMTC. As for the C Company, which entered the 
market in Feb. 1997, was setting up a new route (by 
way of the number 2 national freeway) and a different 
terminal (in the east district of Taipei City different 
from those of the A & B Company and TMTC) from 
the point of view of market segment. C company thus 
exercises remarkable dominance in the deregulated 

market, as shown in Fig. 2. The D company began 
their coach service and paralleled with A & B route in 
Apr. 1999. Despite the market tendency of the use of 
commercially discounted tickets, the D company 
offered luxury coaches with lowest seating densities 
but highest fare to attract high-income travelers who 
emphasize the in-vehicle comfort rather than the price. 
The overall frequency of the four new entrants 
accounted for 28% of the whole market from Oct. 
1996 up to 83% by Jun. 2001, and the overall 
occupancy of passenger trips from 19% to 74%. 
Obviously, the extent of the inter-operator coach 
competition was more than expected, and the 
dramatic impact to TMTC has been seen.  

During the early 1990s, the nationwide 
public-own TMTC was the only coach operator in the 
study route and suffered a long-period loss making. 
As shown in Fig. 5, about one year before 
deregulation in 1995, the TMTC passenger trips had 
been declined slowly. After deregulation, a steady 
decline had occurred, just 80 thousand trips in the end 
of 1998 itself. The first half of 1999 saw a growth, 
peaking at about 86 thousand trips in Apr. 1999, and 
then subsequently falling to 67 thousand trips in the 
end of 2000, and 64 thousand trips in Jun. 2001. The 
decline trend was largely explained by the exogenous 
and endogenous factors as shown in Table 1. The 
former had been mentioned in the aggregate trend 
above. The latter have occurred not only due to the 
worsening policy-making (roistering and scheduling 
concerning frequency) but also because of lack of 
innovation (discriminating pricing). And the peak in 
Apr. 1999 could have been the effect of the positive 
factor produced by the growth in aggregate trend 
mentioned above. 
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Fig. 5 The trend of the TMTC passenger trips (Nov. 

1995-Jun. 2001) 
According to our observation from Figs. 3, 4, 5 and 

relating analysis, a detail had been obtained to 
clarify the cause and effect about the travel trend of 
the TMTC showed in Fig. 2. 
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Fig. 6 Comparison between collected historical data 
and calculated result (The thin line indicates 
the calculated result and the thick line 
indicates the collected historical data) 

 
As shown in the Fig. 6, these is a very good 

agreement between the calculated result and historical 
data, this indicates that the dynamical model for 
passenger trips growth can describe the phenomena 
completely under the simplified assumptions.  
5   Conclusions 
In this paper, based on the dynamical system theory, 
the passenger trips variation has been modeled and 
solved systematically. To the best of our knowledge, 
this approach for the first time has provided a novel 
alternative for studying the dynamic of the passenger 
trip variation successfully. Compared with the 
collected historical data in Taiwan, the computer 
solution of the model has a good agreement in the 
passenger trips variation over the past years. 
However, the assumption applied in this model are 
rather simple, to model more complicated 
transportation phenomena, some exogenous and 
endogenous factors should be taken into account in 
the future works. 
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