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$EVWUDFW� � ,Q WKLV SDSHU� D WKUHH�GLPHQVLRQDO QRQOLQHDU WKH 3RLVVRQ�%ROW]PDQQ HTXDWLRQ LV VROYHG QXPHULFDOO\

ZLWK SDUDOOHO ILQLWH YROXPH �)9� DQG PRQRWRQH LWHUDWLYH �0,� PHWKRGV� 7KH SURSRVHG FRPSXWDWLRQDO WHFKQLTXH

KDV EHHQ VXFFHVVIXOO\ LPSOHPHQWHG RQ D 3&�EDVHG /LQX[�FOXVWHU ZLWK WKH PHVVDJH SDVVLQJ LQWHUIDFH OLEUDU\� )LUVW

RI DOO� WKH 3RLVVRQ�%ROW]PDQQ HTXDWLRQ LV GLVFUHWL]HG ZLWK WKH )9 PHWKRG� ,W OHDGV WR D V\VWHP RI QRQOLQHDU

DOJHEUDLF HTXDWLRQV DQG LV GLUHFWO\ VROYHG ZLWK D JOREDO FRQYHUJHQW 0, DOJRULWKP� %DVHG RQ WKH VWURQJ QRQOLQHDU

SURSHUW\ RI WKH 3RLVVRQ�%ROW]PDQQ HTXDWLRQ� RXU SURSRVHG QHZ LWHUDWLYH PHWKRG GRHV QRW UHTXLUH DFFXUDWH LQLWLDO

JXHVV WR VWDUW WKH VROXWLRQ SURFHGXUH DQG LW FRQYHUJHV PRQRWRQLFDOO\� 7KLV DSSHDULQJ SURSHUW\ PDNHV WKH PHWKRG

LV HDVLO\ LPSOHPHQWHG RQ D SDUDOOHO FRPSXWLQJ ZLWK YHU\ JRRG SHUIRUPDQFH� 7KH GHYHORSHG SDUDOOHO QRQOLQHDU

3RLVVRQ�%ROW]PDQQ VROYHU KDV EHHQ WHVWHG RQ D YDULHW\ RI VWUXFWXUH SUREOHPV WR VKRZ LWV UREXVWQHVV� $FKLHYHG

SDUDOOHO VSHHGXS DQG HIILFLHQF\ DUH DOVR UHSRUWHG WR GHPRQVWUDWH WKH H[FHOOHQW SDUDOOHO SHUIRUPDQFH RI WKH

PHWKRG�

.H\�:RUGV� � 3RLVVRQ�%ROW]PDQQ (TXDWLRQ� %LRSK\VLFDO 3RWHQWLDO� 62'� 3DUDOOHO &RPSXWLQJ 7HFKQLTXH�

0RQRWRQH ,WHUDWLYH 0HWKRG

� ,QWURGXFWLRQ
,Q ELRORJ\� SK\VLFV� DQG FKHPLVWU\ FRPPXQLWLHV� WKH

HOHFWURVWDWLF SURSHUWLHV DQG GLVWULEXWLRQ IRU PDWHULDO�

VWUXFWXUHV� ELQGLQJ SKHQRPHQD� FRPSOH[ PROHFXOHV�

DQG SURWHLQV KDYH EHHQ RI JUHDW LQWHUHVWV DQG VWXGLHV LQ

UHFHQW \HDUV� 0RGHOLQJ DQG VLPXODWLRQ IRU WKHVH

LQWHUDFWLRQV SOD\ DQ LPSRUWDQW UROH HVSHFLDOO\ LQ

ELRSK\VLFV� -XVW OLNH YDULRXV VHPLFRQGXFWRU GHYLFH

PRGHOV� VXFK DV GULIW GLIIXVLRQ� K\GURG\QDPLF DQG

%ROW]PDQQ WUDQVSRUW HTXDWLRQV UHTXLUH WR VROYH WKH

PXOWL�GLPHQVLRQDO 3RLVVRQ HTXDWLRQ IRU WKH SRWHQWLDO

GLVWULEXWLRQ >���@� D WKUHH�GLPHQVLRQDO OLQHDU RU

QRQOLQHDU 3RLVVRQ�%ROW]PDQQ HTXDWLRQ VKRXOG EH

VROYHG QXPHULFDOO\ IRU WKH EHKDYLRU RI HOHFWURVWDWLF

SRWHQWLDO LQ PROHFXODU ELRSK\VLFV >����@�

,Q WKLV SDSHU� D �' QRQOLQHDU 3RLVVRQ�%ROW]PDQQ

HTXDWLRQ LV VROYHG QXPHULFDOO\ ZLWK QRYHO SDUDOOHO

ILQLWH YROXPH DQG PRQRWRQH LWHUDWLYH PHWKRGV� 7KH

SURSRVHG FRPSXWDWLRQDO WHFKQLTXHV KDYH EHHQ

VXFFHVVIXOO\ LPSOHPHQWHG RQ D ���3&V EDVHG /LQX[

FOXVWHU ZLWK WKH PHVVDJH SDVVLQJ LQWHUIDFH �03,�

OLEUDU\� )LUVW RI DOO� WKH 3RLVVRQ�%ROW]PDQQ HTXDWLRQ LV

GLVFUHWL]HG ZLWK WKH )9 PHWKRG >��@� 7KLV

GLVFUHWL]DWLRQ OHDGV WR D V\VWHP RI QRQOLQHDU DOJHEUDLF

HTXDWLRQV DQG LW LV GLUHFWO\ VROYHG ZLWK D JOREDO

FRQYHUJHQW 0, DOJRULWKP� 7KH 0, VROXWLRQ WHFKQLTXH

ZDV SURSRVHG DQG DSSOLHG WR VHPLFRQGXFWRU GHYLFH

VLPXODWLRQ VXFFHVVIXOO\ E\ XV HDUOLHU >���@� %DVHG RQ

WKH VWURQJ QRQOLQHDU SURSHUW\ RI 3RLVVRQ�%ROW]PDQQ

HTXDWLRQ� WKH SURSRVHG QHZ LWHUDWLYH PHWKRG GRHV QRW

UHTXLUH DFFXUDWH LQLWLDO JXHVV WR VWDUW WKH VROXWLRQ

SURFHGXUH DQG LW FRQYHUJHV PRQRWRQLFDOO\�

)XUWKHUPRUH� E\ FRPSDULQJ ZLWK WKH FRQYHQWLRQDO

1HZWRQ
V LWHUDWLYH PHWKRG� WKH QHZ PHWKRG LV HDV\ IRU

LPSOHPHQWDWLRQ� UHODWLYHO\ IDVWHU ZLWK PXFK OHVV

FRPSXWDWLRQ WLPH� DQG LWV DOJRULWKP LV LQKHUHQWO\

SDUDOOHO LQ ODUJH�VFDOH FRPSXWLQJ >���@� 7KH GHYHORSHG

SDUDOOHO QRQOLQHDU 3RLVVRQ�%ROW]PDQQ VROYHU KDV EHHQ

WHVWHG RQ D YDULHW\ RI VWUXFWXUH SUREOHPV� VXFK DV

LQVXOLQ DQG 62' HQ]\PH WR VKRZ WKH HIILFLHQF\ DQG

UREXVWQHVV� $FKLHYHG VSHHGXS DQG SDUDOOHO HIILFLHQF\

DUH DOVR UHSRUWHG WR GHPRQVWUDWH WKH H[FHOOHQW SDUDOOHO

SHUIRUPDQFH RI WKH PHWKRG�

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q 6HF� �� ZH

VWDWH WKH QXPHULFDO PRGHOLQJ IRU ELRSK\VLFDO

HOHFWURVWDWLF SRWHQWLDO VLPXODWLRQ� 6HF� � SUHVHQWV RXU

VLPXODWLRQ PHWKRGRORJ\ DV ZHOO DV WKH SDUDOOHO

DOJRULWKP IRU WKH PRGHO SUREOHP� 6HF� � SUHVHQWV WKH

VLPXODWLRQ UHVXOWV DQG DFKLHYHG SDUDOOHO SHUIRUPDQFH�

6HF� � GUDZV FRQFOXVLRQV�



� 1XPHULFDO 0RGHOLQJ IRU %LRSK\VLFDO

(OHFWURVWDWLF 3RWHQWLDO 3UREOHP
,Q WKLV VHFWLRQ� ZH VWDWH WKH 3RLVVRQ�%ROW]PDQQ

HTXDWLRQ IRU ELRSK\VLFDO HOHFWURVWDWLF SRWHQWLDO

SUREOHP� &RQWLQXXP PRGHOV RI PROHFXOHV LQ LRQLF

VROXWLRQV� ILUVW SURSRVHG LQ ���� E\ 'HE\H DQG

+�FNHO >��@� KDYH EHHQ DQ LPSRUWDQW VLPXODWLRQ

DSSURDFK LQ PROHFXODU G\QDPLFV >�����@� 'XH WR WKH

SURJUHVVHV RI ELRWHFKQRORJLHV� WKLV QXPHULFDO PRGHO

IRU VWXG\LQJ WKH HOHFWURVWDWLF LQWHUDFWLRQV KDV EHHQ

RI JUHDW LQWHUHVWV LQ UHFHQW \HDUV� ,Q ELRSK\VLFV� IRU

H[DPSOH� WKH HOHFWURVWDWLF EHKDYLRU RI SURWHLQV SOD\V

DQ LPSRUWDQW UROH LQ VWUXFWXUH� ELQGLQJ SURSHUWLHV�

DQG WKH NLQHWLFV RI FRPSOH[ PROHFXOHV� 0RGHOLQJ RI

WKHVH LQWHUDFWLRQV ZLWK PDFURVFRSLF PHWKRGRORJ\

SURYLGHV D ZD\ LQ WKH VWXG\ RI WKLV LVVXH�

:H FRQVLGHU WKH 3RLVVRQ�%ROW]PDQQ HTXDWLRQ

GHVFULELQJ WKH HOHFWURVWDWLF SRWHQWLDO DURXQG D IL[HG

FKDUJH GLVWULEXWLRQ LQ DQ LRQLF VROXWLRQ� 7KH WKUHH�

GLPHQVLRQDO ��'� QRQOLQHDU SDUWLDO GLIIHUHQWLDO

HTXDWLRQ LV DV IROORZV�
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UHSUHVHQWV D GLPHQVLRQOHVV HOHFWURVWDWLF SRWHQWLDO DV

( )UΦ LV WKH HOHFWURVWDWLF SRWHQWLDO DW D ILHOG SRVLWLRQ

U� WKH SHUPLWWLYLW\ ( )Uε WDNHV WKH YDOXHV RI WKH

DSSURSULDWH GLHOHFWULF FRQVWDQWV LQ WKH GLIIHUHQW

UHJLRQV RI WKH PRGHO�
�

κ LV WKH 'HE\H�+�FNHO

VFUHHQLQJ SDUDPHWHU UHODWLYH ZLWK WKH LRQLF VWUHQJWK

RI WKH VROXWLRQ� DQG WKH FRQVWDQWV
F
H �

%
N DQG 7

UHSUHVHQW WKH HOHFWURQ FKDUJH� %ROW]PDQQ FRQVWDQW�

DQG WKH DEVROXWH WHPSHUDWXUH� UHVSHFWLYHO\�

,Q (T� ���� WKH VRXUFH WHUP FDQ EH IXUWKHU

H[SUHVVHG DV D VXP RI GHOWD IXQFWLRQV�
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ZKHUH 1 LV WKH QXPEHU RI PROHFXODU FKDUJHV�
L
] LV

WKH SDUWLDO FKDUJH RI HDFK PROHFXODU DWRP� DQG
L
U

UHSUHVHQWV WKH SRVLWLRQ RI HDFK DWRP LQ WKH PROHFXOH�

:LWK WKH 3RLVVRQ�%ROW]PDQQ HTXDWLRQ� D V\VWHP

FRQVLVWV RI WKUHH SDUWV� D VROXWH� VXFK DV D SURWHLQ

PROHFXOH� LRQV� DQG VROYHQW� 7KH GLHOHFWULF

FRHIILFLHQW ε FKDQJHV E\ QHDUO\ WZR RUGHUV RI

PDJQLWXGH DFURVV WKH LQWHUIDFH EHWZHHQ WKH SURWHLQ

PROHFXOH DQG WKH SURWHLQ�VROYHQW ERXQGDU\� 7KH

'HE\H�+�FNHO VFUHHQLQJ SDUDPHWHU DOVR MXPSV IURP

]HUR WR D SRVLWLYH YDOXH DFURVV WKH LQWHUIDFH EHWZHHQ

WKH SURWHLQ PROHFXOH DQG WKH SURWHLQ�VROYHQW

ERXQGDU\� 7KH LPSRUWDQFH RI WKLV HTXDWLRQ LQ

ELRPROHFXODU PRGHOLQJ LV ZHOO NQRZQ >�����@� 7R

PRGHO WKLV SUREOHP ZH WUHDW LW ZLWKLQ D ILQLWH

GRPDLQ VR WKDW LW FDQ EH VROYHG QXPHULFDOO\�

)LJ� �� $Q LOOXVWUDWLRQ IRU WKH �' PROHFXODU VWUXFWXUH

3RLVVRQ�%ROW]PDQQ SUREOHP LQ D ERXQGHG

GRPDLQ�

$V VKRZQ LQ )LJ� �� WKH XQERXQGHG GRPDLQ RI

(T� ��� LV RIWHQ WUXQFDWHG LQWR D ERXQGHG GRPDLQ
�

5⊂Γ∪Ω � ZKHUH Ω LV DQ RSHQ UHJLRQ DQG Γ
LV LWV ERXQGDU\� 7KH ERXQGDU\ FRQGLWLRQV RQ Γ DUH

SURYLGHG E\ D JLYHQ DQDO\WLFDO H[SUHVVLRQ >��@� 7KH

HTXDWLRQ LQ WKH ERXQGHG GRPDLQ EHFRPHV�
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$OO DERYH (TV� ������� IRUP D �' QRQOLQHDU HOOLSWLFDO

3'( DQG WKH XQNQRZQ WR EH VROYHG LV WKH YDULDEOH X�

:H QRWH WKDW WKH QRQOLQHDU WHUP LQ (T� ��� LV

PRQRWRQH IXQFWLRQ LQ X� DQG LW FDQ EH IXUWKHU SURYHG

WKDW WKH V\VWHP KDV DW PRVW RQH VROXWLRQ� /HW WKH

GHILQLWLRQV RI WKH VSDFHV ��� Ω/ DQG ��� Ω+ DUH

DV XVXDO >��@�

7KHRUHP � ,I WKH QRQOLQHDU WHUPV DUH HVWLPDWHG ZLWK

��
� Ω/ IXQFWLRQV� WKHQ WKH HTXDWLRQ ��� KDV DW PRVW

RQH ZHDN VROXWLRQ LQ ��
� Ω+ �

:H SURFHHG ZLWK RXU VROXWLRQ PHWKRG IRU WKH

IRUPXODWHG PRGHO DERYH� 2XU DSSURDFK WR WKH

QXPHULFDO VROXWLRQ RI WKH PRGHO FRQVLVWV RI WKH )9

DQG WKH 0, PHWKRGV� :H KDYH XWLOL]HG WKLV DSSURDFK

VXFFHVVIXOO\ IRU VHPLFRQGXFWRU GHYLFHV VLPXODWLRQ

HDUOLHU >���@�

)LJ� �� $ FRPSXWDWLRQDO DOJRULWKP IRU WKH SUREOHP�

� &RPSXWDWLRQDO 7HFKQLTXHV
:H QRZ LQWURGXFH RXU PRQRWRQH LWHUDWLYH ILQLWH

YROXPH >������@ DQG SDUDOOHO GRPDLQ GHFRPSRVLWLRQ

FRPSXWDWLRQDO DOJRULWKPV IRU WKH QXPHULFDO VROXWLRQ

RI WKH DERYH PRGHO LQWURGXFHG LQ 6HF� �� $V VKRZQ

LQ )LJ� �� ZH RXWOLQH WKH VROXWLRQ SURFHGXUH� ILUVW RI

DOO WKH PRGHO LV WUDQVIRUPHG LQWR WKH )9 ZHDN

IRUPXODWLRQ� WKH FRUUHVSRQGLQJ QRQOLQHDU V\VWHP LV

VROYH GLUHFWO\ ZLWK 0, PHWKRG� LI WKH VROXWLRQ HUURU

GRHV QRW PHHW WKH VWRSSLQJ FULWHULRQ ZH UHILQH WKH

QRQXQLIRUP PHVK DXWRPDWLFDOO\�

)LJ� �� $Q LOOXVWUDWLRQ RI WKH ERXQGHG GRPDLQ IRU WKH

PROHFXODU VWUXFWXUH VLPXODWLRQ�

)LJ � VKRZV WKH ERXQGHG �' GRPDLQ IRU

PROHFXODU VWUXFWXUH 3RLVVRQ�%ROW]PDQQ PRGHO

VLPXODWLRQ� 7KH DUWLILFLDO ERXQGDU\ LV WDNHQ IDU DZD\

HQRXJK VR WKDW LW GRHV QRW DIIHFW WKH ILQDO VROXWLRQ RI

WKH SUREOHP� 7KH IRUP RI (T� ��� LV VRPHWLPHV

UHIHUUHG WR DV WKH VWURQJ IRUP� )RU )9 IRUPXODWLRQ

ZH ILUVW FKRRVH D WHVW IXQFWLRQ� PXOWLSO\ WKH HTXDWLRQ

E\ WKLV WHVW IXQFWLRQ Y� DQG WKHQ REWDLQ WKH ZHDN

IRUP DV
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%\ XVLQJ GLYHUJHQFH WKHRUHP �LQWHJUDWLRQ E\ SDUWV��

WKHQ ZH FDQ FRQVWUXFW WKH FRUUHVSRQGLQJ V\VWHP RI

QRQOLQHDU DOJHEUDLF HTXDWLRQV�

$[  �)�[�� ����

ZKHUH ) DQG [ DUH FROXPQ YHFWRUV� $ LV D QQ ×
PDWUL[� DQG Q LV WKH QXPEHU RI QRGHV DIWHU )9

GLVFUHWL]DWLRQ LQ WKH VLPXODWLRQ GRPDLQ� 7KH YROXPH

LQWHJUDOV LQ WKLV IRUPXODWLRQ DUH DSSUR[LPDWHG ZLWK

WKH TXDGUDWXUH UXOH >��@� 7KH )9 PHWKRG �VR�FDOOHG

ILQLWH ER[ PHWKRG� KDV EHHQ RQH RI WKH VWDQGDUG

DSSURDFKHV IRU GLVFUHWL]LQJ PDQ\ HQJLQHHULQJ DQG

VFLHQFH SUREOHPV WKDW LQYROYH LQWHUIDFH OD\HUV� VXFK

DV LQ IOXLG G\QDPLFV DQG VHPLFRQGXFWRU GHYLFH

VLPXODWLRQ >������@� ,W FDQ EH VKRZQ WKDW WKH PDWUL[

$ LV D V\PPHWULF 0�PDWUL[� 7KHUHIRUH ZH KDYH WKH

IROORZLQJ WKHRUHP IRU WKH )9 GLVFUHWL]HG QRQOLQHDU

3RLVVRQ�%ROW]PDQQ HTXDWLRQ ZLWK WHQVRU�SURGXFW

KH[DKHGUDO HOHPHQWV�

�
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7KHRUHP � 7KH ILQLWH YROXPH GLVFUHWL]HG QRQOLQHDU

3RLVVRQ�%ROW]PDQQ HTXDWLRQ OHDGV WR D V\VWHP RI

QRQOLQHDU DOJHEUDLF HTXDWLRQV DQG WKH HTXDWLRQ ����

LV ZHOO�SRVHG�

:H VROYH WKH )9 GLVFUHWL]HG QRQOLQHDU V\VWHP E\

XVLQJ WKH 0, PHWKRG� :H KDYH VXFFHVVIXOO\ DSSOLHG

WKLV VROXWLRQ WHFKQLTXH WR YDULRXV VHPLFRQGXFWRU

GHYLFH VLPXODWLRQV HDUOLHU >���@� 7KH 0, DOJRULWKP

FRUUHVSRQGLQJ WR WKH V\VWHP RI QRQOLQHDU DOJHEUDLF

HTXDWLRQV LV
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ZKHUH [ LV WKH XQNQRZQ YHFWRU� ) LV WKH QRQOLQHDU

YHFWRU IRUP� DQG '� /� 8� DQG , DUH GLDJRQDO� ORZHU

WULDQJXODU� XSSHU WULDQJXODU� DQG LGHQWLW\ PDWULFHV�

UHVSHFWLYHO\� 7KH P LV LWHUDWLRQ ORRS LQGH[ DQG

SDUDPHWHU λ LV GHWHUPLQHG QRGH�E\�QRGH GHSHQGLQJ

RQ �' VWUXFWXUH DQG QRQOLQHDU SURSHUW\ RI HTXDWLRQ�

:LWK WKH VLPLODU DUJXPHQWV >���@� ZH FDQ SURYH WKH

VROXWLRQV RI (T� ���� FRQYHUJH WR WKH VROXWLRQ RI (T�

���� PRQRWRQLFDOO\�

7KHRUHP � /HW [
���
 [Q
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EH DQ DUELWUDU\ YHFWRU DQG
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1RWH WKDW WKH (T� ���� LV RI WKH -DFREL W\SH DQG KHQFH

LV KLJKO\ SDUDOOHO� %DVHG RQ FRQVWUXFWLYH

FRQYHUJHQFH SURSHUW\ RI WKH 0, PHWKRG� ZH IXUWKHU

SURSRVH KHUH D SDUDOOHO GRPDLQ GHFRPSRVLWLRQ

DOJRULWKP IRU �' 3RLVVRQ�%ROW]PDQQ VLPXODWLRQ� $V

VKRZQ LQ )LJ� �� ZH SHUIRUP HUURU HVWLPDWLRQ IRU DOO

WKH FRPSXWHG DSSUR[LPDWLRQ VROXWLRQV�

)LJ� �� (UURU HVWLPDWLRQ DQG PHVK UHILQHPHQW IRU �'

PROHFXODU VWUXFWXUH SRWHQWLDO SUREOHP�

)RU PRUH DFFXUDWH VROXWLRQ� ZH KDYH WR SHUIRUP

WKH VLPXODWLRQ ZLWK YHU\ ILQH QRQXQLIRUP PHVK

DXWRPDWLFDOO\� +RZHYHU WKH ILQH PHVK OHDGV WR D

WLPH�FRQVXPLQJ VLPXODWLRQ� :H QRZ VWDWH WKH

SDUDOOHO DOJRULWKP IRU WKH IDVW VLPXODWLRQ RI WKH

PRGHO� $FFRUGLQJ WR �' PROHFXODU VWUXFWXUH� WKH

VLPXODWLRQ GRPDLQ LV SDUWLWLRQHG LQWR GLVMRLQW

VXE�GRPDLQV� $ JHRPHWULF G\QDPLF JUDSK

SDUWLWLRQLQJ PHWKRG LQ [�� \�� RU ]� GLUHFWLRQ LV

DSSOLHG WR SDUWLWLRQ WKH WRWDO QXPEHU RI QRGHV DQG

DVVLJQ WKRVH SDUWLWLRQHG QRGHV WR HDFK SURFHVVRU�

(DFK SDUWLWLRQHG VXE�GRPDLQ LV VROYHG ZLWK (T� �����

7KH SURSRVHG SURFHGXUH IRU SDUDOOHO GRPDLQ

GHFRPSRVLWLRQ LV DV IROORZV�

�S�� LQLWLDOL]H WKH 03, FRPSXWLQJ HQYLURQPHQW DQG

WKH FRQILJXUDWLRQ RI WKH QHFHVVDU\ SDUDPHWHUV�

�S�� EDVHG RQ WKH QRQXQLIRUP PHVKLQJ UXOH� D WUHH

VWUXFWXUH DQG PHVK DUH HVWDEOLVKHG�

�S�� FRXQW WKH QXPEHU RI QRGHV DQG DSSOLHV DQ

HPSLULFDO SDUWLWLRQ DOJRULWKP WR GHWHUPLQDWH

KRZ PDQ\ SURFHVVRUV DUH QHFHVVDU\ IRU WKH

VLPXODWLRQ�

�S�� DOO DVVLJQHG MREV DUH VROYHG ZLWK (T� ����

LQGHSHQGHQWO\�

�S�� DOO WKH FRPSXWHG GDWD FRPPXQLFDWHV XQGHU WKH

03, SURWRFRO�

�S�� SHUIRUP HUURU HVWLPDWLRQ IRU DOO HOHPHQWV DQG

UXQ WKH PHVK UHILQHPHQW IRU WKRVH HOHPHQWV

KDYLQJ ODUJHU HUURUV�

�S�� UHSHDWV VWHSV �S����S�� XQWLO WKH HUURU RI DOO

HOHPHQWV LV OHVV WKDQ D VSHFLILHG HUURU ERXQG�

DQG

�S�� KRVW FROOHFWV DOO FRPSXWHG UHVXOWV DQG VWRSV WKH

03, HQYLURQPHQW�

)LJ� � SUHVHQWV D ORDG EDODQFLQJ SDUDOOHO G\QDPLF
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)LJ� �� 7KH FRQVWUXFWHG �� QRGHV 3& FOXVWHU�

� 5HVXOWV DQG 'LVFXVVLRQ
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EHKDYLRU� 7KH LQLWLDO JXHVV LQ WKLV VLPXODWLRQ

H[DPSOH LV VWUDLJKWIRUZDUGO\ VHW WR EH ]HUR�

1XPEHU RI LWHUDWLRQV
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)LJ� �� $ SORW RI WKH FRQYHUJHQFH EHKDYLRU IRU WKH

QXPHULFDO VROXWLRQ RI WKH WKUHH�GLPHQVLRQDO

3RLVVRQ�%ROW]PDQQ PRGHO�

7KH WHVW PROHFXOHV FKRVHQ IRU RXU VWXG\ RI WKH

QRQOLQHDU 3RLVVRQ�%ROW]PDQQ HTXDWLRQ DUH LQVXOLQ DW

��� PRODU� D PHGLXP VL]H PROHFXOH DQG 62' DW ���

PRODU� D ODUJH HQ]\PH� 7KHVH UHODWHG SUREOHPV� LQ

ELRSK\VLFV FRPPXQLW\� KDYH EHHQ RI JUHDW LQWHUHVWV

DQG UHFHLYHG LQWHQVLYH VWXGLHV� UHFHQWO\� 7KH

FRQYHUJHQFH EHKDYLRU IRU WKH LQVXOLQ VLPXODWLRQ LV

VKRZQ LQ )LJ� �� ,W WDNHV DERXW ��� LWHUDWLRQV IRU

PD[LPXP QRUP HUURU ��
��

� $ SORW RI D FURVV VHFWLRQ

�DORQJ [  ��� IRU WKH VLPXODWHG �' VWUXFWXUH LV
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PHVK LV DSSOLHG WR VLPXODWH WKLV �' VWUXFWXUH�

,Q DGGLWLRQ� IRU D ODUJHU WHVW H[DPSOH� 62' DW ���

PRODU� DFKLHYHG SDUDOOHO VSHHGXS DQG HIILFLHQF\ DUH

VKRZQ LQ )LJ� � WR GHPRQVWUDWH WKH SDUDOOHO

SHUIRUPDQFH RI WKH PHWKRG� ,Q WKLV WHVW� ZH XVH YHU\

ILQH QRQXQLIRUP PHVK ����
�

� WR ORFDWH WKH VKDUS
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)LJ� �� $ FURVV VHFWLRQ SORW IRU WKH VLPXODWHG UHVXOW�

7KH GHILQLWLRQ RI VSHHGXS LV WKH UDWLR RI

VLPXODWLRQ WLPH RQ D SURFHVVRU WR WKDW RQ PXOWLSOH

SURFHVVRUV� (IILFLHQF\ HTXDOV WR VSHHGXS GLYLGHG E\

QXPEHU RI SURFHVVRUV� :H IRXQG WKHUH LV ����

VSHHGXS ZLWK UHVSHFW WR �� SURFHVVRUV DQG WKH

HIILFLHQF\ LV DERXW ��� LQ WKLV WHVW H[DPSOH� 7KH

SDUDOOHO HIILFLHQF\ LV OHVV WKDQ ���� EDVHG RQ RXU

VLPXODWLRQ H[SHULHQFHV� WR LPSURYH WKH SDUDOOHO

SHUIRUPDQFH� D IDVWHU QHWZRUN FRQQHFWRU VKRXOG EH
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6SHHGXS

(IILFLHQF\

)LJ� �� 6SHHGXS DQG SDUDOOHO HIILFLHQF\ IRU WKH 62'

VLPXODWLRQ�

� &RQFOXVLRQ

,Q WKLV SDSHU� D �' QRQOLQHDU 3RLVVRQ�%ROW]PDQQ

HTXDWLRQ IRU ELRSK\VLFDO HOHFWURVWDWLF SRWHQWLDO

VLPXODWLRQ LV IRUPXODWHG DQG VROYHG QXPHULFDOO\�

7KH QRQOLQHDU 3'( KDV D ZHDN VROXWLRQ DQG LWV

FRUUHVSRQGLQJ QRQOLQHDU DOJHEUDLF V\VWHP DULVLQJ

IURP WKH ILQLWH YROXPH GLVFUHWL]HG KDV D XQLTXH

VROXWLRQ� :H VROYH WKLV ILQLWH YROXPH GLVFUHWL]HG �'

QRQOLQHDU 3RLVVRQ�%ROW]PDQQ HTXDWLRQ QXPHULFDOO\

ZLWK WKH SURSRVHG SDUDOOHO PRQRWRQH LWHUDWLYH

PHWKRG� 7KLV FRPSXWDWLRQDO WHFKQLTXH KDV EHHQ
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ZLWK WKH 03, OLEUDU\� ,Q RXU VLPXODWLRQ H[SHULHQFH�

GXH WR WKH VWURQJ QRQOLQHDU SURSHUW\ RI WKH

3RLVVRQ�%ROW]PDQQ HTXDWLRQ� WKLV SDUDOOHO LWHUDWLYH
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VROXWLRQ PHWKRG FRQYHUJHV PRQRWRQLFDOO\ DQG KDV
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SDUDOOHO QRQOLQHDU 3RLVVRQ�%ROW]PDQQ VROYHU KDV
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HIILFLHQF\ DOVR UHSRUWHG WR GHPRQVWUDWH LWV SDUDOOHO

SHUIRUPDQFH�
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7KLV ZRUN ZDV VXSSRUWHG LQ SDUW E\ WKH 1DWLRQDO

6FLHQFH &RXQFLO RI 7DLZDQ XQGHU &RQWUDFW 1R� 16&

��������0���������

5HIHUHQFHV�

>�@ <� /L� HW DO�� ³$ QHZ SDUDOOHO DGDSWLYH ILQLWH

YROXPH PHWKRG IRU WKH QXPHULFDO VLPXODWLRQ RI

VHPLFRQGXFWRU GHYLFHV�´ &RPSXW� 3K\V� &RPP��

���� ���� ����� SS� ��������

>�@ <� /L� HW DO�� ³0RQRWRQH ,WHUDWLYH 0HWKRG IRU

3DUDOOHO 1XPHULFDO 6ROXWLRQ RI �'

6HPLFRQGXFWRU 3RLVVRQ (TXDWLRQ�´ LQ

³$GYDQFHV LQ 6FLHQWLILF &RPSXWLQJ�

&RPSXWDWLRQDO ,QWHOOLJHQFH DQG $SSOLFDWLRQV´

(GLWHG E\ 1� 0DVWRUDNLV� HW DO�� :6(6 3UHVV�

����� SS� ������

>�@ <� /L� HW DO�� ³3DUDOOHO '\QDPLF /RDG %DODQFLQJ

IRU 6HPLFRQGXFWRU 'HYLFH 6LPXODWLRQV RQ D

/LQX[ &OXVWHU�´ 7HFKQLFDO 3URFHHGLQJV RI �
WK

$&5�,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ

0RGHOLQJ DQG 6LPXODWLRQ RI 0LFURV\VWHP �060

������ 6RXWK &DUROLQD� 0DUFK ����� SS�

��������

>�@ <� /L� HW DO�� ³$GDSWLYH ILQLWH YROXPH VLPXODWLRQ

RI VHPLFRQGXFWRU GHYLFHV RQ FOXVWHU

DUFKLWHFWXUH�´ LQ ³5HFHQW $GYDQFHV LQ $SSOLHG

DQG 7KHRUHWLFDO 0DWKHPDWLFV´ (G� E\ 1�

0DVWRUDNLV� :6(6 3UHVV� ����� SS� ��������

>�@ <� /L� HW DO�� ³$ QRYHO DSSURDFK IRU WKH

WZR�GLPHQVLRQDO VLPXODWLRQ RI VXEPLFURQ

026)(7
V XVLQJ PRQRWRQH LWHUDWLYH PHWKRG�´

3URFHHGLQJV RI ,((( ,QWHUQDWLRQDO 6\PSRVLXP

RI 9/6, 7HFKQRORJ\� 6\VWHPV� DQG $SSOLFDWLRQV�

7DLSHL� -XQH ����� SS� ������

>�@ <� /L� HW DO�� ³0RQRWRQH ,WHUDWLYH 0HWKRG DQG

$GDSWLYH )LQLWH 9ROXPH 0HWKRG IRU 3DUDOOHO

1XPHULFDO 6LPXODWLRQ RI 6XEPLFURQ 026)(7

'HYLFHV�´ LQ ³7RSLFV LQ $SSOLHG DQG 7KHRUHWLFDO

0DWKHPDWLFV DQG &RPSXWHU 6FLHQFH´ (G� E\ 9�

9� .OXHY� HW DO�� :6($6 3UHVV� ����� SS� ������

>�@ <� /L� ³$ 0RQRWRQH ,WHUDWLYH 0HWKRG IRU 6HPL�

FRQGXFWRU 'HYLFH 'ULIW 'LIIXVLRQ (TXDWLRQV�´

:6($6 75$16$&7,216 21 6<67(06� 9RO� ��

1R� �� -DQ� ����� SS� ������

>�@ <� /L� HW DO�� ³$ 'RPDLQ 3DUWLWLRQ $SSURDFK WR

3DUDOOHO $GDSWLYH 6LPXODWLRQ RI '\QDPLF

7KUHVKROG 9ROWDJH 026)(7�´ DFFHSWHG IRU

SXEOLFDWLRQ LQ &RPSXW� 3K\V� &RPP� WR DSSHDU

LQ �����

>�@ %� +RQLJ DQG $� 1LFKROOV� ³&ODVVLFDO (OHFWUR�

VWDWLFV LQ %LRORJ\ DQG &KHPLVWU\�´ 6FLHQFH� ����

����� SS� ����������

>��@ $� 1HXPDLHU� ³0ROHFXODU 0RGHOLQJ RI 3URWHLQV

DQG 0DWKHPDWLFDO 3UHGLFWLRQ RI 3URWHLQ

6WUXFWXUH�´ 6,$0 5HY�� ��� ����� SS� ��������

>��@ 9� .� 0LVUD DQG 'DYLG (� 'UDSHU� ³0J
��

%LQGLQJ WR W51$ 5HYLVLWHG� 7KH 1RQOLQHDU

3RLVVRQ�%ROW]PDQQ 0RGHO�´ -� 0RO� %LRO�� ����

����� SS� ��������

>��@ 0� -� .LP DQG %\XQJ -XQ <RRQ� ³,WHUDWLYH

6ROXWLRQ 0HWKRG IRU WKH /LQHDUL]HG

3RLVVRQ�%ROW]PDQQ (TXDWLRQ� ,QGLUHFW

%RXQGDU\ ,QWHJUDO (TXDWLRQ $SSURDFK�´ -�

&ROO� ,QWHU� 6FL�� ���� ����� SS� ��������

>��@ 0� +ROVW� 1� %DNHU� DQG )� :DQJ� ³$GDSWLYH

0XOWLOHYHO )LQLWH (OHPHQW 6ROXWLRQ RQ WKH

3RLVVRQ�%ROW]PDQQ (TXDWLRQ ,,� $OJRULWKPV

DQG ([DPSOHV�´ -� &RPS� &KHP�� ��� ����� SS�

����������

>��@ 1� %DNHU� 0� +ROVW� DQG )� :DQJ� ³$GDSWLYH

0XOWLOHYHO )LQLWH (OHPHQW 6ROXWLRQ RQ WKH

3RLVVRQ�%ROW]PDQQ (TXDWLRQ ,,� 5HILQHPHQW

DW 6ROYHQW $FFHVVLEOH 6XUIDFHV LQ

%LRPROHFXODU 6\VWHPV�´ -� &RPSXW� &KHP��

��� ����� SS� ����������

>��@ 3� 'HE\H DQG (� +�FNHO� ³=XU 7KHRULH GHU

(OHNWURO\WH ,��´ 3K\VLN� =�� ��� �����

SS���������

>��@ 0� (� 'DYLV� -� '� 0DGXUD� %� $� /XW\� DQG -�

$� 0F&DPPRQ� ³(OHFWURVWDWLFV DQG 'LIIXVLRQ

RI 0ROHFXOHV LQ VROXWLRQ� 6LPXODWLRQ ZLWK WKH

8QLYHUVLW\ RI +RXVWRQ %URZQLDQ '\QDPLFV

3URJUDP�´ &RPSXW� 3K\V� &RPP�� ��� �����

SS� ��������

>��@ &� 7DQIRUG� 3K\VLFDO &KHPLVWU\ RI 0DFUR�

PROHFXOHV� -RKQ :LOH\ 	 6RQV� �����

>��@ -� 0� %ULJJV DQG -� $� 0F&DPPRQ�

³&RPSXWDWLRQ 8QUDYHOV 0\VWHULHV RI

0ROHFXODU %LRSK\VLFV�´ &RPSXW� LQ 3K\V�� ��

����� SS� ��������

>��@ .� $� 6KDUS DQG %� +RQLQJ� ³(OHFWURVWDWLFV

LQWHUDFWLRQV LQ PDFURPROHFXOHV� 7KHRU\ DQG

$SSOLFDWLRQV�´ $QQX� 5HY� %LRSK\V� &KHP�� ���

����� SS� ��������

>��@ 5� 6� 9DUJD� 0DWUL[ ,WHUDWLYH $QDO\VLV�

3UHQWLFH�+DOO� �����

>��@ 5� $� $GDPV� 6REROHY 6SDFHV� $FDGHPLF 3UHVV�

1HZ :RUN� �����


