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- Some signi cant problems of numerical sensitivity appear when a continuous time system is
discretized with techniques based on the Z -transform. In this article, a new operator and its corresponding
complex transform are de ned, giving rise to a new method of discretization. This new method is a generalization of the delta transform studied by Middleton and Goddwin. The discrete models that represent the
continuous models are necessary in order to be able to work in such elds as digital control, lter design,
signal processing or robotics. The model that we present is an alternative for those models known in the
shift operator and the Z -transform, improving them noticeable, since they solve the sensitivity problems in
digital systems that carry those other models. By means of an illustrative example we show the di erence
in numerical sensitivity between a discrete transfer function in the zeta form and its corresponding in the
delta form.
Key-Words: - discrete-time systems, sampled-data systems, sampling speed, step response.
This is the case of the frequency folding and alias1 Introduction
ing, when a signal is sampled, or the case of the
The problem of choosing which discrete model best hidden oscillations in control systems.
represents a given continuous linear system has
As we see, the discrete models in the shift opbeen very relevant in the last two decades, due to erator do not converge to its counterpart continuthe great development of digital technology. Its res- ous time models when the sampling period tends to
olution evolved since the appearance of the theory zero, which would be a highly desirable property.
of Z -transform, by Tsypkin in 1958. This resolu- Therefore, we can conclude that the shift operator
tion has not yet been completed, since the method and its corresponding Z -transform, are not approof Z -transform is only valid in in nite word length, priate for high sampling speeds.
where there are no quanti cation errors of the conSome authors in the eld of deterministic digtinuous system coeÆcients.
ital control and in the eld of stochastic digital
The most common methods of discretization control [6], [9], saw the need to de ne a new and
used by control and signal processing engineers are more appropriate operator in high sampling speeds.
based in the Z -transform. In all of them, a ratio- So, in the last decade, an alternative operator to
nal discrete-time transfer function, in the complex the shift operator and its corresponding transform
variable z of the Z -transform, is obtained from a has emerged, giving birth to a new method of disrational continuous time transfer function, in the cretization and transform called the Uni ed Transcomplex variable s of the Laplace transform.
form, obtaining a uni ed theory of continuous and
It has been proved that in all of these meth- discrete time systems [7]. We can nd a summary
ods, at high sampling speeds, the poles and zeros of such theory in [5].
(which are not of excess) of the discrete-time transIn this article we rely on Middleton and Goodfer function gather at point (1,0) of the complex win's ideas to develop a more general way of displane; point where the system is very sensitive to cretization, introducing an additional degree of
numerical errors, so that on doing an implementa- freedom, through the variable n2 , at the time of
tion in nite word length, the system can become choosing the discrete model that will represent the
unstable.
continuous model. This new construction involves
Also, non-minimum phase transfer functions the method proposed by Middleton and Goodwin
can occur [2] which are not suitable, for example, to as a particular case.
In section 2 we give the de nition of a new opermodel reference adaptive control. Besides, the discrete models in the shift operator sometimes hide ator, that we call general delta operator. We study
properties of its corresponding continuous models. how to obtain a discrete-time system with this new
Abstract:

operator. We also give the de nition of the General
Delta transform that corresponds to the new operator. We incorporate an important result about
the convergence of a sampled system in the general
delta form to its counterpart continuous system at
suÆciently high sampling speeds.
In section 3 we show the advantages of the General Delta transform opposite to the Z -transform
from the point of view of the sensitivity of the poles
due to variations in the coeÆcients, that is, we show
some of the numerical advantages of the models in
the general delta form opposite to the models in
the zeta form.

2

General Delta Operator
and Transform
In this article we de ne a new operator and its respective complex transform, more general than the
operator and transform given by Middleton and
Goodwin in 1986, to which we will call, respectively, general delta operator and transform (we
will call the delta operator de ned in [6] delta operator of Middleton). The necessary theory of systems for the new operator and transform is developed, showing the connections of this theory with
the shift operator, the Z -transform and with the
formulations of continuous time.
The new concept of transform is not a function
in a variable, but a set of functions, according to the
value that we may give to a new parameter called
n2 . This parameter n2 allow us to be more accurate
in regards to the discrete-time model that we wish
to choose as the representative of the continuous
time model from which we begin.
2.1

Time domain

It is necessary to de ne a temporal operator from
which we can obtain a linear discrete time approximation of a linear di erential equation, that must
verify the following important condition: when the
discretization parameter tends to zero, the discrete
equation tends to the continuous equation. In order to do so, the linear general delta operator (Æ) is
de ned depending on the discretization parameter
(T ) in the following way.
Given a di erentiable and continuous function
y (t), it is de ned
y (t + T ) y (t)
+ f (t; T )
(1)
Æy (t) =
T

where f (t; T ) is any function, so that f (t; 0) = 0
for all t.

So we insure that when T ! 0 it is veri ed that
(2)
lim Æy(t) = dydt(t)
T !0

The following particular case is studied
f (t; T ) = n2 (Æy (t + T ) Æy (t)) with n2 2 IR (3)
With this de nition for the function f (t; T ), the
general delta operator is de ned by
y (t + T ) y (t)
n Æy (t) n Æy (t + T ) =
(4)
1

2

T

with n1 n2 = 1
Using the shift operator (q(y(t) = y(t + T )) and
assuming that the identity operator is represented
by the constant 1, the following expression is obtained
(q 1) y(t)
Æ (n1 n2 q )y (t) =
T
with n1 ; n2 2 IR and n1 n2 = 1. Due to the fact
that the product of operators (n1 n2 q) 1 (q 1)
commutes, the following de nition of general delta
operator is obtained accordingly to the shift operator
q 1
Æ=
with n1 n2 = 1 (5)
T (n
n q)
1

2

In the case n2 = 0 it coincides with the delta
operator of Middleton [6].
In the theorem 2.5 it will be shown that the
model in a general delta operator converges to the
continuous model, while the model in the shift operator does not converge to the continuous model
and places the poles at the point z = 1 of the complex plane, to which the numerical errors will seriously a ect.
The models in the general delta operator from
a continuous model in the di erential operator are
obtained in the following way. Consider a given
continuous time linear state space model of the
form
dx(t)
= Ax(t) + Bu(t)
(6)
dt
y (t) = Cx(t)
(7)
where x(t) is the state vector, u(t) the input variable, and y(t) the output variable. The general
solution to the state equation at t and t + T has
the form
Zt
x(t) = eAt x(0) +
eA(t  ) Bu( )d
(8)
0

x(t + T ) = e

AT

x(t) + e

AT

Z

t+T
t

eA(t

)

Bu( )d(9)

Therefore, since Æ is lineal it is veri ed that
Æx(t+T ) = eAT Æx(t)+eAT Æ

"Z

t+T

t

eA(t

)

Bu( )d

#

(10)
Applying the expression (4) and (9) in (10) the following result is obtained


(n I n eAT )Æ + 1 (I eAT ) x(t) =
1

2

T

"

ZT
(1 + n2 T Æ) T1 eA Bu(t + T

 )d

0

#

(11)

R

The expression T1 0T eA Bu(t + T
 )d converges to Bu(t) when T tends to zero,
assuming the continuity of u(t) in the interval
[t; t + T ].
If, for example, we assume that u(t) is constant
at intervals of constant width T , the expression (11)
take the form
A(Æ )x(t) = B (Æ )u(t) with
Remark 2.1

A(Æ )



= (n1 I

AT

n2 e

"

)Æ + T1 (I

ZT
1
B (Æ ) = (1 + n2 T Æ )
eA d
T
0

AT

#

e



) (12)
(13)

B

For other functions of u(t) other expressions of B (Æ)
will be obtained.
Since the purpose of this article is to study the
problem of discretization of continuous time systems, we will express the temporal parameter in
the form tk , tk+1 , etc... From now on, we will consider that the interval of discretization is constant
and of width the parameter of discretization, which
we will call the sampling period T . So tk = kT .
In this way the following discrete-time system
in the operator Æ is obtained

1 (eAT I )x(kT )+
Æx(kT ) = (n I n eAT ) 1
"

1

(1 + n2 T Æ) T1

2

Z

T
0

e

A

T

Bu(kT

+T

 )d

##

(14)

and if we assume that u(t) is constant in intervals of constant width T we obtain the following
state equation
Æx(kT ) = (n1 I
(n1 I n2 eAT )

n2 eAT ) 1 T1h(eAT I )x(ikT )+
R
1
(1 + n2 T Æ) T1 0T eA d Bu(kT )

(15)

This method of discretization must not be confused with those based on the discrete approximation of a derivative or integral. These latter numerical methods, such as the method of Tustin,
carry on the discretization substituting in the differential equation the di erential operator by the
corresponding approximation.
The matrix expressions in the Æ operator obtained in (15) are analytical expressions
and their numerical computation must be done
without going through the exponential matrix,
which is the matrix that appears in the discretetime systems obtained with the shift operator.
Taking into account that the matrices
AT
(e
I ) and (n1 I
n2 eAT ) 1 commute and
de ning the matrix
ZT
A2 T 2
= T1 eA d = I + AT
+
2!
3! + : : : (16)
0
which converges to the identity matrix when the
sampling period T tends to zero, we obtain the following discrete-time system in the general delta operator.
8
< Æx(kT ) = (I n2 T A) 1 Ax(kT )+
(I n2 T A) 1 B (1 + n2 T Æ)u(kT )
:
y (kT ) = Cx(kT )
(17)
which converges to the continuous time system
when T tends to zero, since
1 (eAT I ) = A = A T !!0 A (18)
Remark 2.2

T

(n1 I n2 eAT #) 1 = (I
1 Z T eA d B =
T

"

0

n2 T A)
B

T !0

!

B

1

T !0

! I(19)
(20)

The equations (17) are the ones we must use in
order to discretize a continuous time system given
in state variables, in the general delta domain. If
we use the equations (15) the possible numerical
errors made in the shift operator domain (that is,
in the exponential) will be transmitted to the delta
domain which is by no means desirable.
2.2

Complex Domain

In the analysis of lineal systems, and in particular
for certain applications such as the design of lters
and controllers, it will be very convenient to know
the frequency components of the solution of a linear
di erential equation. In order to do so we normally

use the Laplace transform de ned in the following
form.
Z1
L(y(t)) = e sty(t)dt
0
Applying the Laplace transform to the expression (4) the following is obtained
L(n1Æy(t) " n2Æy(t + T ))
#
ZT
1
sT
sT
s
y ( )e d Y (s)
= e Y (s) e
T

=

0

esT
T

1 Y (s)

esT

RT
0

y ( )e
T

s d

(21)

Applying limit when T ! 0 in both sides of the
previous equation we obtain
lim L(n1 Æy(t) n2 Æy(t + T )) =
T !0
= L((n1 n2 )Æy(t)) = #L(Æy(t))
" sT
RT
s d
e
1
sT 0 y ( )e
lim
Y (s) e
=

T !0

T

T

= sY (s) Tlim
y (T )e
!0

sT

= sY (s)

y (0)

Therefore, we obtain the following relation between
the Æ operator and the Laplace transform
L(Æy(t)) = sY (s) y(0)
(22)
that coincides with the Laplace transform the
derivative of a function, that is


dy (t)
L(Æy(t)) = L
(23)
dt

On the other hand, if we apply again the
Laplace transform to the expression (4), taking into
account the relation (22) we have
L(n1Æy(t) n2Æy(t + T )) = s(n1 n2esT )Y (s)+
R
sn2 esT 0T y ( )e s d n1 y (0) + n2 y (T )
(24)
then from expression (21) it follows
sT
s(n1 n2 esT )Y (s) = e T 1 Y (s)
(1 + n2 T s)

esT

"R T
0

y( )e s d
T

which veri es that

"R T

#

+ n1 y(0)

T !0

0

Y  (s)  L(y  (t)) =

#

we obtain

s

= y(0)
= y(0)

1
X

k=

1

y (kT )e

kT s

This expression suggests the following de nition
of the General Delta transform, D. We de ne a
complex transformation, in the variable of the
sampled signal y (t) in the following way
D(y(t)) = T L(y(t))
(28)
The reason why we add the factor T is because
upon sampling a signal we increase the gain in a
factor of 1=T , and thus we compensate it. This way
the discrete-time frequency response, will have the
same amplitude as the continuous time frequency
response.
Taking into account the relation between esT
and given by (27), the General Delta transform
will stay in the form

1
X
1 + n1 T  k (29)
D(y(t))  T
y (kT )
1 + n2 T
k= 1
Using the Z -transform de ned in the following
way
1
X
Z (y(t)) =
y (i)z i

(25)

y ( )e s d
T
lim (n1 y(0) n2 y(T ))

lim (1 + n2 T s)esT
T !0

n2 y (T )

The expression (25) suggest the introduction of
a complex variable de ned in the following way
sT
= T (ne n 1esT ) with n1 n2 = 1 (26)
1
2
or inversely
1 + n1 T
esT =
(27)
1 + n2 T
It is easy to verify that if T ! 0 then ! s.
This does not occur with the complex variable z of
the Z -transform, since z = esT converges to 1 when
T tends to zero.
It is well known that the output y (t) of an ideal
sampler de ned as a pulse train modulation of a
continuous time signal y(t), has Laplace transform

i=

1

D(y(t)) = T Z (y(t))jz

1+n

T

= 1+n1 T
2

(30)

The relations between the complex variables z ,
and are the following
1 + n1 T
z = esT =
(31)
1 + n2 T
= T (nz 1n z )
(32)
1

2

From this we can conclude that the General
D, can be easily realized through
the Z-transform by simply doing a change in the z
(taking into account that this will be done in the
analytical studies, but not in numerical implementations, as we have aforementioned). This way we
also de ne the gamma transfer function of a lineal
system, which allow us to generalize all the well
known techniques of linear systems analysis in the
complex and frequency domains.
The following theorem whose demonstration
can be found in [4], shows how the General Delta
transform operates on the general delta operator.
Delta transform,

Theorem 2.5 Given a linear causal time-invariant
continuous time system with transfer function
C (s)
cm sm +    + c0
G(s) =
=
A(s)
sn + an 1 sn 1 +    + a0
with @C = m  @A = n, the following pulse
transfer function, obtained by step-invariance, in
the general delta form is obtained
CD ( )
(@AD = n; @CD  n)
GD ( ) = A
D( )
= C ( A)+D (CR) ( ) (@C  n; @CR = @C = m)

0

= cn

Theorem 2.3

D(Æy(t)) =

Y(

) (1 + n1 T )(y(0) + n2 T Æy(0))
(33)

Next, we o er a lemma that relates a model in
the Æ operator of a sampled system with its corresponding Delta transform.
Let us consider the following discretetime input-output model in the general delta operator
A(Æ )y (kT ) = (1 + n2 ÆT )B (Æ )u(kT )
with A(Æ) = Æn +an 1 Æn 1 +  +a0 , B (Æ) = bm Æm +
   + b0 , m < n, T the sampling period, u(kT ) the
input variable, y(kT ) the output variable and A(Æ),
B (Æ ) two coprime polynomials.
Taking General Delta transform on both sides
of the previous equation, taking into account how
the Delta transform acts on the general delta operator (see theorem 2.3) and assuming zero initial
conditions, we obtain
(1 + n2 T )B ( )
Y ( ) = G( )U ( ) with G( ) =
A( )
(34)
where U ( ) and Y ( ) are the General Delta transform of the input and output variables. G( ) is
de ned as the system transfer function, and is the
General Delta transform of the unit pulse response
g (kT ).
For linear causal time-invariant systems any
discrete-time transfer function in the General Delta
transform, corresponding to the operator Æ, obtained by step-invariance method, converges on the
continuous time model from which it has been obtained, when the sampling period T tends to zero.
This can be seen in the following theorem demonstrated in [4].
Lemma 2.4

n + +c0
m+1 +c0 m + +c0 +c0
m
m+1
1
0
n +a0
n 1 + +a0
n 1
0







satisfying

(35)

lm AD ( ) = A( )
(36)
lm C( ) = 0
(37)
T !0
lm CR ( ) = C ( )
(38)
T !0
where T is the sampling period and the limit refers
to the coeÆcients of the polynomials, that is,
T !0

a0n

T !0

! an ;
T!
c0n ! 0;
T!
c0m ! cm ;

1

1

0

0

T !0

: : : ; a00

!a

0

(39)

T !0
: : : ; c0m+1 ! 0
(40)
T !0
T !0
0
0
: : : ; c1 ! c1 ; c0 ! c0 (41)

3

Numerical Advantages of the
General Delta transform
Many authors have recognized the importance of
the numerical questions in such elds as important
as digital control ([10], [1], [11], [3]), signal processing and reconstruction ([8]) among others.
The numerical errors can be dues to several reasons. For example dues to the coeÆcients quanti cation is necessary in digital systems, in which
the data are taken and manipulated by a computer
and therefore represented in nite word length. It
is also necessary the use of nite word length when
dealing with on-line computations. A typical case
of this arises from adaptive control applications,
where the controller is updated on-line using an estimated model.
The sensitivity of the roots pk of a polynomial
P (x) with regard to variations in the coeÆcient ai
is given by the following equation [3]

4pk 

pn

Qn k
j =1 (pk
j=
6 k

i

pj )

4ai

Therefore, the numerical sensitivity in the roots
due to variations in the coeÆcients will be very high
if the roots are close. Let's now assume that P
represents the denominator of the transfer function
of a sampled system, in the zeta form or in the
delta form. In every method of discretization based
on the Z -transform it is veri ed that, when the
sampling period T tends to zero, the poles zk of
the sampled system go to 1, since they are of the
form zk = esk T , being sk the poles of the continuous
system from which the sampled system comes from.
Therefore, it is veri ed that

4zk 

zn

i

Qn k
j =1 (zk
j=
6 k

zj )

4ai T !! 1
0

(42)

Then a fast sampling frequency, that approximates all poles to z = 1 will need high accuracy
in the coeÆcients. This neighborhood to z = 1
where the poles of the sampled system will concentrate, due to its high numerical sensitivity will
be called dangerous zone. This is due to the fact
that small numerical errors can cause the fatality
that the stable poles jump to the unstable zone and
could completely change the system performance.
On the other hand, in the case of the General
Delta transform, when the sampling frequency is
fast, the poles k of the sampled system will approach to its corresponding poles
of the continuous
time system, since k = T (nesknT e1sk T ) (see [4]) and
not to a speci c value of the stability border, as it
happens in the discretization methods in the zeta
form.
It is also veri ed that the coeÆcients of the sampled system converge to its corresponding continuous time system coeÆcients when the sampling
period tends to zero (theorem 2.5). Therefore, in
the delta case when the sampling period T tends to
zero, the sensitivity of the sampled system poles,
k , will depend on the sensitivity of its corresponding continuous time system poles,sk , with respect
to variations on its corresponding coeÆcients, aci ,
1

4 k
=

n i

Qn k
j =1 (
j=
6 k


j)

k

2

4ai

n i
esk T 1
s
T
 T (n1 n2 e k )

Qn
esj T 1
esk T 1
j =1
s T
sj T )
j 6=k T (n1 n2 e k ) T (n1 n2 e

# T!

0

n i

Qn sk
j =1 (sk
j=
6 k

sj )

4aci

4ai

(43)

This makes the models in the general delta form
at high sampling speeds to be more robust than the
models in the zeta form.

4 Examples
In the following example it is shown that the models in the zeta form are very sensitive to numerical
errors in the so called dangerous zone, whereas the
models in the general delta form are much more
robust. We see that in the zeta form it is necessary
to have at least 24 bits in the coeÆcients quanti cation, in order to obtain an acceptable response.
However, in the delta models, we obtain a satisfactory response with only 2 bits. Moreover, with 8
bits and n2 = 12 , it is obtained the same response
that the corresponding without quanti cations.
Let us suppose that we want to implement a
sampled system whose discrete time transfer function in the zeta form is
6:1 10 8
Hd (z ) = 3
z
2:9788z 2 + 2:9577122z 0:97891214
(44)
with poles in z = 0:9994, z = 0:9922 and z =
0:9872.
This transfer function, Hd (z ), corresponds to
the discretization by means of the step invariance
method of a continuous time system with a sampling period T = 0:01.
The corresponding pulse transfer function of the
delta transform with n2 = 21 , is
1
0:01 B )
B + 0:0617)(1
2
) = ( 3 0+:0006
2
2:1313 B + 1:1331 B + 0:0606
B
(45)
that has its poles in B = 0:0601, B = 1:2882
and B = 0:7830; and with n2 = 0 is
0:0610
Hd ( M ) = 3
(46)
2
M + 2:12 M + 1:122 M + 0:06
that has its poles in M = 0:0601, M = 1:2802
and M = 0:7797.
In order to implement this system it is necessary
to quantify the coeÆcients and this is why we study
the quanti cation e ects of the coeÆcients of the
denominator polynomial in the poles of the system,
in both forms z y Æ.
We study the roots of the denominator polynomial of Hd (z ), that are obtained with the coefcients quanti ed for n bits with n from 2 to 24,
round them to four digits. All computations have
been made with the n digits corresponding to each

Hd (

B

1
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Fig. 2: Step response to the Æ-models
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9000

10000

case. It is veri ed that we at least need 19 bits in
the quanti cation of the coeÆcients in order to obtain stable poles, even though they are not exactly
the same as those originals of the system. It is also
veri ed that in order to obtain the true poles of the
system, at least 24 bits are necessary.
In gure 1, it is shown the step response of the
system for di erent coeÆcients quanti cations of
the denominator polynomial of Hd (z ). In the rst
graph of the gure 1we see the response for quanti cations with 5, 7, 9, 13, 14, 15, 16 y 17 bits; in
the second graph we have the response for quanti cations with 2, 4, 6, 8 y 11 bits; in all these cases
the system is clearly unstable. In the third graph
we see the behavior of the system for quanti cations with 19, 20, 21, 22, 23 and 24 bits and the
response of the system is also shown when there are
no quanti cations in the coeÆcients of Hd (z ); as it
can be seen the response of the quanti ed system
is not acceptable, in comparison to the response of
the true system, for a quanti cation of less than 24
bits.

In this example the transfer function Hd (z )
is highly sensitive with regard to the coeÆcients
quanti cation of the denominator polynomial.
On the other hand we compute the roots from
the coeÆcients of Hd ( B ) and Hd ( M ) quanti ed
for n bits with n from 2 to 12, rounding them to
four digits. It is veri ed that with only 2 bits in
the quanti cation of the coeÆcients stable poles are
obtained (see [4]),even though they are not exactly
the same as those originals of the system. It is
noticed that in order to obtain the true poles of
the system 12 bits are necessary.
In gure 2 we see that the response is acceptable even with 2 bits. We also see, in the rst graph
of the gure 2, that the response of the quanti ed
system equates to that of the system without quanti cations, with only 8 bits, in the case n2 = 12 . In
the case n2 = 0, we see in the second graph of gure
2, that the response of the system without quanti cation and that of the quanti ed system with 8
bits slightly di er. As we see these discrete time
models with the General Delta transform behave
much better than the model Hd (z ).

5 Conclusion
In this work, it has been introduced an operator
which, by means of a parameter, generalizes the
known delta operator of discrete time. It emphasizes its properties of robustness before the variation of parameters due to quanti cation, without
a ecting the linear aspects of the discretized model.
The presented analytical results guarantee the desire properties of robustness when a low sampling
period is chosen. Computer simulations have been
carried out showing qualitatively the di erences in
behavior between the proposed operator and the Z transform. Numerous questions, both theoretical
and practical, remain open. Particularly the most
adequate selection of parameter n2 , which has been
studied in [4] and whose results will be presented
in a future communication.
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