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Abstract: - Time-hopping(TH) communicationtechniqueshavegatheredincreasingattentionsincetheintro-
ductionof ultra-wide-bandimpulse-radio,by Scholtz,in 1993.In thesesystems,thedesignof TH sequences
is a critical point, sincethey constitutetheonly sourceof diversity thatprotectsthetransmittedsignalfrom
theinterferencecausedby multipathandby thepresenceof otherusers.Moreover, they representa reliable
sourcefor synchronizationandchannelestimation. In this paperthe authoraddressesthe issueof build-
ing TH patternswith very good correlationpropertiesby useof a constructionbasedupon the theory of
permutation-sequences (PSs)that was recentlyproposedin the context of frequency-hoppingby Moreno.
Thepaperdevotesmuchcarein theanalyticalevaluationof correlationproperties(correctingsomemistakes
of theliterature)andin theidentificationof thewidestpossibleclassof TH patternsbaseduponPSs.
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1 Intr oduction

Time-hopping(TH) multi-user-diversity techniques
have gatheredincreasingattentionsince the intro-
duction, in 1993, of ultra-wide-bandimpulse-radio
(UWB-IR) [1]. UWB-IR is a multi-usermodulation
techniquethat employs ultra narrow pulses������� of
temporalextensionof lessthana nanosecond(hence
of ultra-wide-bandwidthin excessof a few GHz).
The way to encodeinformation is an hybrid mod-
ulation that usesTH codedivision multiple access
andbinary PPM modulation. The signalassociated
to user � is thus[3], [4]
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where #1% is the frame duration, and we have one

pulseper userper frame, 2 ' 
3����54 is the TH sequence

associatedwith user� , and 2 , 
3���� 4 is abinaryencoded
sequencecarryingtheinformationto betransmitted1.

1In the standardUWB-IR format, the encodedsequence6�7�8:93;<>= is derivedfrom a sourcebinarysequence
6�?�8:93;@>= by asim-

ple bit-repetitionapproach[1], [4]. Equation(1) takes into ac-
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Figure1: Exemplificationof theTH signal 	 

�.�U asso-
ciatedto theTH sequence' 

���� with [ �]\ .

Thedesignof TH sequencesis a critical point for
any communicationtechniqueemploying TH, andso
for UWB-IR, sincethey constitutethemainsourceof
diversityfor thesystem.By inspectionof (1), we see
thattheTH sequence2 ' 
3����S4 , with elementsbelonging
to the alphabet2(^`_baG_dcdcdcG_�[ � a 4 , is in practicede-
terminingthesub-frameof duration# in whichdata-
transmissionoccurs(andweassumethat #�%e� [ # ).
Thus,thesituationis thatdepictedin Fig. 1, whereit

count that moreefficient methodscould be usedto encodethe
source-sequence.



is alsoshown that,for our purposes,it canbeconve-
nientto associateto every TH sequencea binarysig-
nal whereonesindicatetheslotsavailablefor trans-
mission.Accordingto theabove notation,sucha bi-
narysignalis

	 
3���U � ��������� �
* U fg��h � D 8:93;< (2)

where * Uif � is theKronecker deltafunction. In each
frame interval [kjmlon ^`_�[ � aqp , of duration [ , it

carriesa oneand [ � a zeros. In otherwords, 	 

�.�U
exhibitsaone-pulse-per-framestructure.

It is intuitive to seethat,in orderto besuccessfully
employed in TH applications,the signals 	 
3���U must
haveverygoodself-correlationandcross-correlation
properties,that is, the signal 	 

���U associatedto user� and the delayedsignal 	 
 rq�U �ts associatedto user u
(where � � u for self-correlation)musthave in com-
mon as few positionswheretransmissionoccursas
possible.In particular, therequeston self-correlation
is two-fold. On one side, it guaranteesrobust syn-
chronizationand robust channelestimation, espe-
cially with UWB-IR where multipath components
canbe modeledasdistinct arrivals [5], [6]. On the
otherside,it guaranteesto attenuatetheinter-symbol-
interferencedueto thepropagationdelayspread.In-
stead,the requeston cross-correlationclearly guar-
anteesa minimizationof the multi-user-interference
which, in the presenceof multipath,is true both for
synchronousandasynchronoustransmission.

Accordingto theliterature,theconstructionof TH
sequencescould be addressedin two ways. The
first approachis to make useof frequency-hopping
(FH) results, that is to directly employ known FH
sequences,sincethe similarity betweenTH andFH
is evident. Incidentally, this is the approachof the
only explicit referencesfound by the authoron TH
sequencesconstructionsfor UWB-IR, [7], [8]. An
alternative approachwould be to make useof opti-
cal orthogonal codes(OOC), typically employed in
fiber-optics[9], [10], [11], whichhaveoptimalcorre-
lation propertiesbut do not guaranteetheone-pulse-
per-framestructureof Fig. 1.

In this paperwe follow theFH approach,guaran-
teeingthe one-pulse-per-frame structure,and inves-
tigatethepossibility to use,for TH applications,the
FH patternsbaseduponpermutationsequences(PSs)

recentlyproposedby Moreno[12]. Thepaperis or-
ganizedasfollows. SectionII reviews theconstruc-
tion of hoppingpatternsbaseduponPSs.SectionIII
proceedswith theanalyticalevaluationof correlation
propertiesin the context of TH, and underlinesthe
relationto FH.Wenotethat,theanalyticalevaluation
of correlationpropertiesis a centralresultof this pa-
per, sincein theliteraturethis topicwasnotcorrectly
addressed.For this reason,correlationpropertiesof
thehoppingsequences(baseduponPSs)proposedin
the literatureare reviewed in an example. Finally,
SectionIV identifiesthe widest possibleclassesof
hoppingpatternsbaseduponPSsthatguaranteenon-
catastrophiccorrelationproperties.

2 Hopping Patternsbasedupon PSs

2.1 Mathematical preliminaries

A Galois field (GF) is a finite field v>w �2(^`_baG_dcdcdcM_�x � a 4 of x �zy � elementswhere y is a
prime(see[13] for anoverview onGFs).A projective
line (PL), {�w , is angeneralizationof a GF extended
to includetheelement| , thatis

{�w � v}w�~�2M| 4
In PLs the element | has the usual properties,
namely ��l�| � | , �k��| � | , �J��| � ^ and���M^ � | , andalsotheusualindeterminates| � | ,^i�M^ , |���| and ^��G| .

A permutationsequenceis a sequence2(� � 4 of
period xel�a suchthat the valuesin a periodrepre-
senta permutationof the elementsof { w andwith
the further property that eachvalue is determined
from the previous by applicationof a function, that
is � � � O ����� � � � [12]. Moreover, it is customaryto
set � A � ^ . Theexistenceof functions ��� � � thatgen-
erateaPSis assuredby thefollowing theorem[13].

Theorem 1 For every field v}w there alwaysexist a
primitive element� such that � K l��>l�� is an irre-
duciblepolynomialover thefieldandthefunction

��� � ��� � ���l$a _ ����{mw (3)

generates a PS of the elementsof {�w . A pe-
riod of the resulting sequenceis thus of the form^`_ � ��_dcdcdcM_ � aG_�| . �



In this context, we define the mappingfunction����� ����� w � O�� {�w (where
������� w � O is the ring

of integersmodulo x�l�a ) thatmaps! into � � , and
its inverse

� ��O � {mw � ������� w � O .A further conceptthat needsto be introducedis,
accordingto the languageof [12], that of fractional
linear transformations(FLTs) in {�w . We thusrecall
thefollowing results[13].

Theorem 2 A fractionallinear transformation

�t� � ��� ��� l ,' �¡l£¢ _ �k��{�w �¤_ , _ ' _�¢��mv¥w
(4)

where ��¢"¦��,t' (sothat numerator anddenominator
do not simplify), providesa permutationof the ele-
mentsof {�w . TwodifferentFLTs �t� � � and § � � � have
at mosttwocoincidences,that is valuesof � for which�t� � �¨� § � � � , whereastwo FLTswith threeor more
coincidencesare equal. Thecombinationof FLTsis
an FLT. �
2.2 Definition and problem formulation

According to the above notation, the most general
formulationof a classof hoppingpatterns(eitherTH
or FH) baseduponPSsis

' 
3���� � � ��O ��� � � � � � / _ � � aG_dcdcdc©_�[ s (5)

wherewe requirethateach� � � � � is a FLT. Notethat,
eachof the sequencesin (5) hasperiod length ª �x¨l«a andalphabetwidth [ � x�l«a . Moreover, it
is easilyseenthat 2 ' 
3���A _1cdcdcb_ ' 
3���w 4 is apermutationof
theelements2(^`_1cdcdcb_¬x 4 .

The definition of patternsof the form of (5) that
are suitable for TH (or FH) applications,requires
to properly define the FLT family 2 � � � � � _­� �aG_dcdcdc(_�[ s 4 . To correctlyaddresstheproblemof op-
timally choosingsucha FLT family, we first needto
investigatemethodsfor the analyticalevaluationof
correlationproperties.

3 Corr elation Properties

3.1 Preliminaries

As we have seen,hoppingpatternsbaseduponPSs
have the characteristicto be periodicof period ª �x®l$a . This is a welcomeproperty, which guarantees

a certaineasein synchronization,andwhich implies
thattheTH signal(1) canbewrittenas

	 

�.�U � ¯ ��O���� A * 
 h ¯ �U f���h � D 8:93;< (6)

where* 
 h ¯ �Uif � is theKroneckerdeltafunctionperiodic
of period [�ª .

The correlationbetweenuser � anduser u , that is° � f r ��±�����² h ¯ ��OUG� A 	 

�.�U 	 
³r��U �ts , aftersubstututionof (6)
becomes

° � f r ��±J��� ¯ ��O��®f UG� A * 
 h ¯ �sM� ��h � D 8:93;< fgU�h � D 8 ´µ;@ (7)

and is a periodic function in ± of period [�ª . In a
period,(7) consistsof ª K Kronecker deltasandopti-
malcorrelationpropertiesarethusobtainedwhenever
these“deltas” arescatteredall–over theperiod.Note
alsothat, for � � u equation(7) forces

° � f � � ^ � , that
is thesignalenergy, to ª . By furtherexpressing± asj`[¶lR· where ^¹¸�jkº]ª and ^�¸»·�º][ , we have
(recallthat ^}¸ ' 

�.�� º�[ )

° � f r � j`[�l¼· ��� ¯ ��O���� A * D 8³9
;< �¤½ fgD 8 ´µ;<�¾i¿ l * D 8:93;< �¤½ f�h � D 8 ´µ;<�¾i¿Q¾ H
(8)

wherethemodulooperationdisappeared.

3.2 Quality measures

Wenow introducetwo quantitiesasqualitymeasures
for classesof TH sequences,which will turn very
usefulfor comparison.TheseareÀ ��ÁÃÂ �ÅÄ}ÆMÇ� f�ÈTÉ� A ° � f � � j � _ ° ��ÁÃÂ � Ä}ÆMÇ� f r É� � fgÈ ° � f r � j �

(9)
where

° ��ÁÃÂ
is the maximum value for cross–

correlation,and
À ��ÁÃÂ

is themaximumvaluefor self–
correlation(

° � f � � ^ �m� ª excluded). Evidently, the
lower thevalues

À ��ÁÃÂ
and

° ��ÁÃÂ
thebettertheclass.

In this context, classesof TH sequencesaresaid
having ideal self–correlation propertiesif

À ��ÁÃÂ � a
and ideal cross–correlation propertiesif

° ��ÁÃÂ � a .
Theseevidently requirethat the Kronecker deltasin
(7) aredistinct andalsothat [ËÊÌª . We notethat,
classesof ideal TH sequenceswith a one-pulse-per-
framestructure(e.g.thosederivedfrom FH patterns)



are, to the author’s knowledge,not known2. So we
will talk of hoppingclassessuitablefor TH whenever
bothvalues

À ��ÁÃÂ
and

° ��ÁÃÂ
are ÍÎª andascloseas

possibleto a . Instead,we will talk of catastrophic
classes(i.e. uselessfor TH applications)wheneverÀ ��ÁÃÂ

or
° ��ÁÃÂ

approachª , that is assoonassome
peakoccursin thecorrelationfunctions.

3.3 Analytical evaluation

Theanalyticalevaluationof correlationpropertiesfor
a classof TH sequencescanbe performedby direct
useof (8). This requiresto identify, for any j and · ,
themaximumnumberof solutionsin ! to

' 
3���� le· �$' 
 rq�� � È and ' 

�.�� le· � [Rl ' 
 rq�� � È � O (10)

Althoughfindingasolutionto (10)isaveryhardtask,
the evaluationof the maximumnumberof solutions
in ! to

' 
3���� lS· �$' 
³r��� � È �ÏÄ}Ð�Ñ [ � (11)

is a much feasibleoperation. In addition, by com-
parisonbetween(10) and (11), we note that twice
the maximumnumberof solutionsto (11) is an up-
per boundto the maximumnumberof solutionsto
(10), sowe follow this approach.For TH sequences
baseduponPSs,our boundturnsout to bevery strict
and,in almostall cases,upperboundandmaximum
coincide.

The particularizationof (11) to hoppingpatterns
generatedfrom PSs(5) furthergives

� ½ ��� � � � � / �)� r �Ò� È � � � / _ � � � � (12)

with � È � � � the the j –fold applicationof ��� � � and
whereweusedtheproperty

� � � ��O � � � lÓ· ���]� ½ � � �
whosestraightforwardderivationis left to thereader.

The possibility to evaluatethe maximumnumber
of solutionsof (12) in � (or equivalently � � , or ! ) is
a centralresultof this paper, andis givenby thefact
that � È � � � is aFLT in � . Accordingto Theorem3, by
imposingthreevaluesto thegenericfunction(4), we

2It is perhapsworth recallingthat thereexist OOCconstruc-
tionswith idealcorrelationproperties.However, theserequireto
relaxtheone-pulse-per-frameconstraint.

thenobtainthat � È � � � canbewrittenexplicitly as3

� È � � ��� ��� È lS� � ��lR� È �� � �Ô� È (13)

This guaranteesthat both termsof (12) areFLTs,
sincethe combinationof FLTs is an FLT. By appli-
cationof Theorem3 we further obtainthat (12) has
up to Õ solutionsoncewe provide that (12) is not
an equivalence. As a direct consequence,a class
of hoppingsequencesgeneratedby the FLT family2 � � � � � _�� � aG_dcdcdc©_�[ s 4 is suitablefor TH when-
ever thegeneratingFLTs do not make (12) anequiv-
alencefor any valueof ��_ÖuT_�jt_Q· otherthan � � u andj � · � ^ (thatrefersto theenergy of theTH signal).
In this case,we will talk of a noncatastrophicclass,
for whichwe have

À ��ÁÃÂ � ° ��ÁÃÂ �»× .
To show how the analyticalevaluationworks we

now give someexamples. This is of someinterest
sincetheliteraturedid notaddressthistopiccorrectly.

Example 1 We derive correlationpropertiesfor the
linear classgeneratedby theFLTs� � � � ��� �)� w �Ø_ � � aG_�Õ�_dcdcdcM_�x � a (14)

thatwasproposedin [12]. To thisend,wemustcheck
whether(12) givesanequivalencefor some��_Öu�_�jt_Q· .
This is simply doneby substitutionof (14) and(13)
into (12), thatgives

��� ½ lR�®� � �mlR� ½ �� � �®�Ù� ½
� ��u�� È l+�Úu � ��lR� È �� � �Ô� È

whereoperationsaredefinedon {�w . From this we
derive theequivalentequationsystemÛÜÜÝ ÜÜÞ

��� ½ �»ß ��u�� È� � �ml�� ½ ���»ß u � ��lR� È �� �»ß ��i� ½ �»ß � È
whereß ¦� ^ . After somestraightforwardalgebra,we
obtainthatsolutionsto thesystemarefoundfor somej and · whenever (see[14])

�gu � a (15)

with the exception,when x is not a power of Õ , of� � u ��� a .
3As acheck,notethat(13)gives à ¿(á�âÒãØä ? ¿ , andis valid forå ä�â

aswell giving à E á.æTãçä�æ .



Equation(15) indicatesthat the sequence� � a
hascatastrophicself-correlationproperties,while se-
quences� and u � a(�©� have catastrophiccross-
correlationproperties.So,by limiting thechoiceof �
in (14) to

� � � O _�� K _dcdcdc(_�� h�è [ s �êéQ� x � a � �GÕMë (16)

where� is primitive in v&ì , weobtainaclassof éQ� x �a � �GÕMë TH sequenceswith
À ��ÁÃÂ � ° ��ÁÃÂ �í× . Note

thatthis is thewidestsubsetof thelinearconstruction
thatguaranteesto benoncatastrophic.

Example 2 Following thesameprocedure,it canbe
easilyfoundthat,thecorrelationpropertiesof thehy-
perbolic classgeneratedfrom the FLT set � � � � ����î�Ã�©� leadsto (15) andto the choiceof � asin (16).
Note that, this is a slightly modified,but equivalent,
versionof thehyperboliccodeproposedin [12].

Example 3 The possibility of co-existencebetween
the linear and the hyperbolic classcan be instead
testedby assumingthat, in (12), � � � � �)� �ï� and� r � � �ð� �tuÙ�©� . In this case,the referenceequation
turnsout to beanequivalencewhenever

�tl a � l0u�l au � a� � � � È 9 _îu � � È ´ (17)

where,accordingto (16), j � _�j r � aG_dcdcdc(_�[ s .Equation(17) constitutesa quick check to indi-
viduatewhethera sequenceof the hyperbolicclass
cancoexist with the linear class. For instance,withx � Õ P , generatingpolynomial � P l��ñl"a and � �]ò ,
equation(17) is solved for j � � a , j r � Õ andforj � � Õ , j r � a (accordingto this result, the exam-
ple above in Fig. 2 shows acatastrophiccollisionbe-
tweenuser � � � O �íò anduseru � � K � abó ). So,
the joint classallows for up to ÕG[ s � Õ � abÕ non
catastrophicsequences,that is j r � aG_�Õ excluded.
For x � ÕGô themaximumnumberof usersis insteadÕG[ s �$õ+� Õ�Õ . Noneof the examplesreachesthex � Õ noncatastrophicsequencesclaimedin [12].

3.4 Relation to FH results

Equation(8) is closelyrelatedto thecorrelationmea-
surein FH applications,which readsas

° � f r � jt_ç· ���Ì¯ ��O���� A * D 8:93;< �¤½ fgD 8 ´Ã;<�¾i¿ (18)
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Figure 2: Co–existencebetweenlinear and hyper-
bolic TH sequencesfor x � Õ P (we used� P l��ðl�a
asgeneratingpolynomialand � � ò ). Recallingthat° � f r ��±�� Ê ^ , the figure shows an exampleof catas-
trophic collision (top half) and one of perfect co–
existence(bottomhalf in upside–down fashion).

where j representstheframedisplacementand · the
presenceof a frequency shift. So, (11) is the refer-
enceequationfor correlationpropertiesin FH appli-
cationsaswell. However, in FH themaximumnum-
berof solutionsto (11)shouldbeconsideredonce(as
opposedto the TH twice), asclarified by inspection
of (18). This suggeststhatuseof FH patternsfor TH
applicationsgive slightly degradedperformances.In
particular, in theFH context, hoppingpatternsbased
uponPSsguarantee

À ��ÁÃÂ � ° ��ÁÃÂ � Õ .
4 Wider Classesbasedupon PSs

4.1 General results

The problemto derive the widest possibleclassof
hopping patternsbasedupon PSs (valid both for
TH and FH) can be addressedexhaustively using
the tools developedin this paper. The problemcan
be reformulatedin the following terms. We need
to identify an appropriateFLT family 2 � � � � � _+� �aG_dcdcdc©_�[ s 4 for which (12),or equivalently,

� � � � � ¦�]� � ½ �Y� r �Ò� È � � � /ç/ (19)

is satisfiedfor every choiceof � , u , j , · other than� � u , j � · � ^ .
Wenotethat,(19) inducesanaturalpartitionof the

set
�

of all FLTs. In fact, let � � � � � be a FLT, and
definetheFLT set

� � ���Ø� � ½ ��� � �Ò� È � � � / /	��� jt_Q· � ^`_dcdcdc(_�x�

� �
(20)



which is closewith respectto theoperationthatgen-
eratesit,

§ � � � � � � ��� � � ½ � § �Ò� È � � � / / � � � (21)

Thisassuresthattheremustexist apartitionof
�

into
setsof the form (20), and this partition is unique.
In particular, given any two elementsbelongingto
different sets, � � � � � and � r � � r with �«¦� u ,
thesealways satisfy (19), that is, the hopping se-
quencesthey generatehave non-catastrophiccross-
correlationproperties.Furthermore,(19)assuresthat
sets� � with cardinality � x�l�a � K (thatwecall full car-
dinality sets)generatehoppingsequenceswith non-
catastrophicself-correlationproperties. In conclu-
sion, the widest possibleclassof hoppingpatterns
baseduponPSscanbeobtainedbychoosingonerep-
resentativefrom eachof thefull-cardinality-sets.

We note that setswith restrictedcardinalityexist
and theseare the two setsgeneratedby the FLTs �
and � � � a , thatis4

��� � � � È � � � � �� j � ^`_dcdcdc©_�x 
� � � ��O ���`� È �Q� � � a � � �� j � ^`_dcdcdc(_�x�
 (23)

bothwith cardinality � x�l�a � , while all theremaining
setshave full cardinality. Sincethenumberof differ-
entFLTsis � x�l�a � x � x � a � , thenumberof setswith
full cardinalityis� xñl$a � x � x � a ��� Õ � x®l$a �� xñl$a � K � x � Õ
and,with theadditionof (23), theclassof FLTS can
bethuspartitionedin x sets.So, the following theo-
remholds.

Theorem 3 There exist at most [ s � x � Õ non-
catastrophichoppingpatternsderivedfromPSs,with
correlation properties

° ��ÁÃÂ � À ��ÁÃÂ � Õ for FH
applicationsand

° ��ÁÃÂ � À ��ÁÃÂ � × for TH applica-
tions. �

4The proof canbe obtainedby first proving that eachsetof
the form (20) containsat leastone linear function of the form? æ�� 7

. It is thenrequiredto investigatewhich linear functions
belongto setswith restrictedcardinality. To doso,wemustlook
for solutionsto (12)where� 9 á.æTãçä � ´ á.æ�ã¤ä ? æ�� 7 , thatisà�� á ? æ�� 7 ã¤ä ? à ¿ á.æTã�� 7 (22)

After somestraightforwardalgebrawegetthetwo results� á.æTãçäæ
and � á.æTãçä��1æ���� .
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Figure3: Correlationpropertiesfor theTH class(24)
with x � Õ P (weused� P l5�¼l�a asgeneratingpoly-
nomialand � �]ò ).
4.2 The caseof ! a power of "
The identificationof a representative for eachset is
particularlyeasywhen x is apowerof Õ . In this case,
asuitableFLT classof representativesis

� � � � ��� �$l 
 K < � �¤_ � � ^`_baG_dcdcdc©_�Õ � � a (24)

Restrictedcardinalitysetsaregeneratedby � A � � �¨�� and � O � � ��� ��lSa ��� � � a (sincein v>w , x � Õ �
wehavetheequivalence� ��� � ) so,for TH applica-
tions,weneedto restricttheclassto � � Õ�_dcdcdc(_�x � a .
Theproof that (24) with �¥¦� ^`_ba constitutesa class
of Õ � � Õ noncatastrophicsequencescanbederived
asin Example1 (but the interestedreadercanfind a
detailedproof in [14]), while an illustrative example
of correlationpropertiesis givenin Fig. 3 for x � Õ P .
4.3 The caseof ! not a power of "
For x notapowerof Õ , all expressionslike (24)seem
togeneratearestrictednumberof representatives.We
thus proceedby inspectionand presentan efficient
methodto obtainexactresults.

As can be easily proved, eachset
� � containsat

leastone linear function, say � � � � �¹� ����l , . By
applicationof definition (20) we further derive that
eachfull-cardinality-setcontainsexactly x�l»a linear
functionsof theform � � f È � � ��� � È ��l , È , with

� È � j K$# O% l 
 %d��& �Ï
 %d��&Ã��O �%(' ) l�j¨n³Õ � � �Ó,d� � aqpçlR���j K l�j&l��
, È � j K � � �+,�� a � l�j # & 
 %b��&Ã��O �% l ' 
 % L ��O �% ) l , �j K l�j&l��

(25)
where j���{�w andwhereoperationsaredefinedon{�w . Notethat,for j � ^ weobtain � � f A � � ��� �Ù�¨l , .



Equation(25) allows to partition the set of lin-
earfunctionsinto subsetsbelongingto differentfull-
cardinality-sets(which is much more efficient than
partitioningtheFLTsset

�
), andthusto identify rep-

resentatives. As a referenceexample, for x � ó I ,
generatingpolynomial � I l�ÕM�}l a and � � ad^ , we
foundthe Õ \ full-cardinality-set representatives� � O � � I � � P � � ô � �+* � � O A � � OYO� � O K � � OÖI � � O P � � O ô � � O-, � � O/. K � � IK � � P K � �+* K � � O A�K � � O K K � � O-,ÎI � � K I � �+*I � � O A I � � OYO P � � O P ô � � O
5 Conclusion

In this papertheauthoraddressedtheissueof build-
ing TH patternswith very good correlationproper-
ties, by useof a constructionbaseduponthe theory
of PSsrecentlyproposedby Moreno[12]. Thesehave
period ª � xÚl»a andframewidth [ � x l»a wherex is a power of a prime. The paperdevoted much
carein the analyticalevaluationof correlationprop-
erties,leadingto theidentificationof thewidestpos-
sible classof TH patternsbaseduponPSsthat con-
sistsof x � Õ sequences.Theexpressionfor thehop-
ping classis straightforward when x is a power of Õ ,
whichsuggestsuseof thisclassfor practicaluse(also
becausemodulo Õ arithmeticsaremuchmoresuitable
for hardwareapplications).In conclusion,thepresent
contribution canconstitutea valid referencefor the
upcominginterestin UWB-IR andTH applications.
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