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Abstract We formulate novel general models of vector hysteresis. For @delmwith two
elementary output states, we establish the novel property of maeiweasal points (analogue of
the wiping-out property of scalar models), and algorithms for ideatiidic of the weight function

and the switching hypersurfaces.
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1 Introduction

The phenomenon of hysteresis is arises in
many areas of Physics, Engineering,
Economics, Biology, etc. Originally,
hysteresis was most extensively studied in
the context of magnetic hysteresis. It is well
known that there is, in adition to magnetic
hysteresis, also optical hysteresis,
superconducting hysteresis, ecnomic
hysteresis, hysteresis in biology (e.qg. cell
expresion), mechanical hysteresis (models
of friction, rheological models, etc.), and
other manifestations of hysteresis.
Generally, hysteresis is characterized by
phenomena of non-local memory, of a
nature that cannot be modelled by Volterra
integral equations or Wiener-Volterra series
due to lack of adequate smoothness and
scale-invariance (to be explained below).
The problem of modelling hysteresis when
the input is a scalar-valued signal was
initiated in the paper of Preisach and
continued in the works of Everett, Neel, and
others. A big step in the study of hysteris
has been the work of Krasnosel'skii and
Pokrovskii [4] who provided (among other
things) a firm rigorous foundation for the
Preisach model as a strictly mathematical
operator regardless of the physical

interpretation of each manifestation of
hysteresis.

In many applications, it is necessary to use a
hysteresis model which accepts vector-
valued input signals. Among many
applications of vector hysteresis, we
mention the new technology of
magnetoresistive random-access memory
(MRAM), where programming is achieved
by a vector-valued input signal (time-
varying electric currents along the two
programming line directions), and
particularly the Savtchenko switching
invention. Vector hysteresis has also many
other applications, for example, mechanical
systems that contain elements that are
rheologically modelled as hysteretic
elements (such as reinforced concrete
structures) under the effects of complex
loading induced, e.qg., by seismic excitation.
The extension of the classical Preisach
model to the vector-valued case is not a
straightforward matter. There exist many
models of vector hysteresis, many of which
are summarized in [5]. Other recent works
dealing with system-theoretic and control-
theoretic aspects of hysteresis include [1, 2,
3]



In this paper, we define and study a novel
generalized model of vector hysteresis that
preserves as many of the features of the
scalar Preisach model as possible.

2 Brief outline of some

properties of the Preisach model

The standard Preisach model is described in
terms of the elementary transducers (non-
ideal relays) and a Borel measure for the
superposition of elementary transducers.
For each(a,B), o >, the operatoVqg,

acting on continuous functions u(t), has two
output states, which we may conventionally
designate as 0 and 1. A switching from 0 to
1 takes place when u exits frofac,a , )

and the reverse switching, from 1 to O, takes
place when u exits fronf3,+c .)The

hysteresis operator H is defined by

HO®= [[ Vapu)(OpEa,dp) (1)

a>f

In caseu is absolutely continuous relative to
the Lebesgue measure in th@-space, the
hysteresis operator becomes

(Hu® = [[ (Vagu)tw(a,B)dadB (2)

a>f

As established in [5], the Preisach operator
has, among other important properties, the
following two:

(1) the Preisach operator stores only
information about dominant local extrema of
the input signal u(t), and every other
information about u(t) is wiped out;

(2) the weight function ve(,8) can be
identified (if it is unknown) on the basis of
using special types of input signals and
obtaining the first-order reversal curves.

In the sequel, we shall be interested in,
among other things, establishing analogues
of these two properties for general vector
hysteresis models that are introduced in this
paper.

3 Generalized vector model with

two elementary output states

Every model that preserves some essential
analogies with the Preisach scalar model has
to represent the hysteretic output as a
superposition of elementary transducers:

(Hu)(t) = J.Q (Vyu)(u(dy) ®3)

Where{Vy: y O} is the family of

elementary output operators parameterized
by a (generally vector-valued) parameter
andy is a finite Borel measure on the space

Q of parameter values.

The classical Preisach model has two output
states for each elementary transducer (non-
ideal relay). For the generalized vector

model of this section, we take also two

output states for the elementary transducers;
we label these states as 0 and 1. We consider

an open subset G ¢R" and 2 families of
hypersurfaces (manifolds of co-dimension 1)

S*(c"), S (¢) in G, parameterized by m-
dimensional vector-valued parameters

¢’ ¢ taking values in the se™,C™,
respectively. We postulate that each
hypersurface é( Yaivides IR\ §( [0

into two open subseﬁ;—'(c), j=0orl1.A

pair (c+ ,c ) of parameters will be called
admissiblef the following two conditions
are satisfied:

Ry(c)D S (<) D R (¢); "
Ro(cT)0 S (¢)0 R(¢)

The set of all admissible pairs+( c, will
be denoted bQ; clearly, Q0 C* xC™.
The set A=A¢* ¢~ u t)of admissible
output statesf the elementary transducer
Vy (v:=(c”,c))is defined as follows:



if u(t) DRy (c*), then A={1};
if u(t) ORg(c ), then A:={0}
if u(t) ORG(c")n RE(C), then
A:={0, 1}
)
The transducek/y is defined in terms of 4

variables: thdR" - valued signal u, the
initial time tg, the current time t, and the

initial output statevg OA(C™,c™;u, tg).
The time-evolution of the transducery 3

described in terms of the exit times
Tp or 11 of the signal u from the sets

Ro(c) or Ry (¢"). The exit time
T =1(u, S t) of a signal u that satisfies

u(t) OS where S is an open setiR" is
the first time, after time t, that the signal hits
the boundary of S, specifically

(u,SH:=inf{t>t: 1) 0% (6)

The switching rule for yis:

if (Vyu)(t™) =0, and if

10 = 1(u, R (c), 1), then
(Vyu)(t') =0fort<t<rtg,

(Vyu)(tg) =1;
if (Vyu)(t™)=1, and if

171 =T(u, Ry (¢ ), 1), then
(Vyu)(t‘) =Ifort<t'<tg,

(Vyu)(t;) =0
(7)
Under the conditions specified in this

section, and if u a continuous function of t,
then each transducery‘i,s well-defined.

Admissible initial states for\(yu 6 have

to be chosen so that the resulting function of
y is measurable.

We remark that this model can be extended
to include a vector output, by making the
modification of using two linearly
independent vectors gy 4y instead of the

numbers 0 and 1, as the possible output
states of elementary transducers.

4 Generalized vector model with
an arbitrary number of output

states

We define a vector hysteresis model with an
arbitrary (finite) set of possible output states
for the elementary transducers. Let A be the
set of all possible output states. Otherwise
the terminology and notation are the same as
in section 2 above.

The model is defined through the following
ingredients (for eachin Q):

(i) a collection{C%: a OA of open subsets

of Gsuchthat| J C% =G ;
a A

(ii) a partition of each boundadC? into
mutually disjoint sets ¥, pOA\{d ,

with the propertys®P 0 cB.
The admissible output states, when the value
of the input signal is ¢, comprise those

o for which ug OC® . The switching rule
is:

if (Vyu)(t")=a and
uty) 0SB (t4:=1(u &, ), then
(Vyu)(tq) =B

8

The superposition of the elementary output
operators 'y is carried out as in section 3.



5 Some properties of generalized

models of vector hysteresis

We shall examine some properties of
themodel of section 3.

The first question we examine is: what is the
analogue of the wiping-out property of the
Preisach model?

The role of local extrema of the input signal
is played by the reversal poiraéthe input
signal in the vector case. A reversal paifit
the vector signal u is a point where (i) u(t)

belongs to the boundary of a sl%}t (0 (j=0

or 1) for some ¢, and (i) there existse®
such that, for all t' that satisfy Z|t'-t|< €,

we have (') O I:J%( . We also define a
reversal intervato be an intervaltf to ]
such that ()t0d I]$( t) 0 B[ ¢t 4] and,

for somee>0 we have

u(t)DRji(ci)
Ot0(tg —&,t7) O (to,to +€)

(9)

The role of dominant local extrema is played
by maximal reversal pointsvhich we define
now. We introduce a partial order on the sets

c*,c” by the following conditions:

we say thatc] < c5 if
+, + +,

Ry (c1) O Ry(c5);

we say thatty < cy if

Ro(c1) O Ro(c2)
(10)

When a signal has a non-trivial interval (i.e.
an interval[tq,to] with tq <t») of reversal

points, then we call the elements of that
interval lingering pointsThe properties and
the identification methods described below
apply to signals without lingering points.
However, with some modifications, it is
possible to include cases of lingering points.

A reversal point is said to be maximithe

corresponding value of*cis maximal
relative to the partial order defined above.
The analogue of the wiping-out property for
the model introduced in this paper is: if the
signal u has no lingering part, then the
hysteresis operator of section 3 of this paper
stores information only about the maximal
reversal points, and all other information is
wiped out.

The second question we wish to address is
the issue of identification. For the vector
hysteresis model of section 3, there are two
identification problems:

(I) identification of the measure

(distribution)u if the hypersurfacesir (ci )

are known;

(1) identification of the hypersurfaces

st (ci) if the parameter sel8™,C” are
known (or conventionally defined) but the
hypersurfaces themselves, as well as the
measurel, are unknown.

The solution of the first identification
problem is based on the solution of the
corresponding problem for the Preisach
model. If there exists a curve (k) in G that

intersects all surfaces™ (ci) transversally,
and intersects each such hypersurface at one
single point. The restriction of the operator
Vy to signals that take values in (k) is,

under certain conditions to be stated below,
an operator of the Preisach type. To show
this, we observe that the curve (k) intersects
the two families of hypersurfaces at points
which we conventionally denote loy(for

the family S* (¢*),c* OC™) andB (for the

family S (¢ ),c OC ). Now we need an
assumption:

(A) The parameters, 3 defined above,
corresponding to admissible values of

(c+ ,C ), have no crossover, i.e. each
admissiblex is on the same side (relative to
an orientation on the curve (k)) of the
corresponding.



In that case, each admissibialivides

(K){ a} into two relatively open parts (in the
relative topology of (k) inherited from the
set G) and the correspondifidies in one of
those parts; denote that part @ ) -

Similarly, each3 divides (k)\{a} into two
relatively open subsets, and we denote by
(k) that part that contaires. In this way, a
switching from 0 to 1 occurs when u exits
from (ky ), and, symmetrically, a switching
from 1 to O occurs when u exits fro(hB) :

But this is precisely the definition of a scalar
KMPP operator. Consequently, the standard
identification methods for scalar Preisach
hysteresis, developed in [5], can applied.
We remark here that, without the

assumption of no crossover, the
identification method of [5] can still be

modified to identifyp.

The second identification problem can be
solved if, in addition to the previous
assumptions, we postulate the existence of
two families of curvegky),i= 12
parameterized by a vector-valued parameter

0, so that eaciﬁkio), i = 1mhtersects the
two (now presumed unknown) families of

hypersurface§i (cir jransversally, and
also eacl‘(k1 ) intersects eacl(1k2 )
01 02

transversally. Further, we postulate that each
of the two families(k'c),i = L1%ill up the

entire set G. Then each point in G can be
represented as an intersection of some

(klol) with some(kczj2 ) On each curve of

each of the two familiegky),i= 12ve

label all its points as
a(o1),B(01);a(02),B(02).

On each curve of the first family, by using
the identification method for a scalar
Preisach model, we estimate the weight
function wj (oj,a,B),i =12 (assumingl is
absolutely continuous relative to the
Lebesgue measure on thp-space). If the
same point in G can be represented both as

(01,a,B) and(op,0,p), then the values of
w1 andwo should be equal at that point.
The system of 2 equations

wq(01,a,B) =w(o2,a,B)=c (11)
can be solved, in principle, for each value of
¢, to give some solution
a=01(01,02,0),=92(01,02,c)  (12)

The hypersurfaces described by these two
families of equations are the wanted

s ().

6 Conclusions

We have introduced a general model of
vector hysteresis that possesses interesting
analogues of the properties of the standard
(scalar) Preisach model. We have
established an anlogue of the wiping-out
property, which in our model becomes the
maximal reversal point property. The
identification problem for our problem is
qualitatively different from the case of the
standard Preisach model, as it involves not
only the identification of a measure (used in
the superposition of elementary transducers)
but also the identification of two families of
hypersurfaces that determine the model. We
have established methods for the solution of
both identification problems. We have also
extended the general vector hysteresis model
to the case of an arbitrary number of
elementary output states.
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