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Abstract: - Results are presented on the optimization of the electric field distribution obtained during Transcranial 
Magnetic Stimulation (TMS) for deep neuron stimulation by using the Continuum Design Sensitivity Analysis 
(CDSA) combined with a commercially available generalized finite element code (OPERA). In order to obtain a 
magnetic field that can penetrate deeply and safely to activate the brain’s central structures, an iron core is 
introduced and its shape is optimized, as opposed to searching for a combination of several coils that make both the 
analysis and construction of such a design very complex. It is revealed that the introduction of an optimized iron 
core enhances the magnitude and localization of the electric field induced inside the brain when compared with 
conventional coil structures. 
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1   Introduction 
   Considerable research on magnetic stimulation of 
the human brain through Transcranial Magnetic 
Stimulation (TMS) has been carried out in the past few 
years due to its demonstrated ability to activate 
specified areas of the nervous system and the 
non-invasive nature of the stimulation [1-4]. Most of 
the effort has recently focused on an attempt to 
improve the design of the stimulating coil that is 
necessary for deep penetration and localized 
distribution of the fields inside the brain mass.  

Existing designs of stimulating coil configurations 
are somewhat crude and their energy efficiency of 
coupling to the brain are very low because the TMS 
stimulator in all cases is made out of a wire-wound 
coil, typically circular or in the shape of the figure of 
eight, or variations of these [3, 4], placed against the 
scalp. As a result, there is a need for new TMS coil 
configurations to generate sufficient and localized 
electric fields to achieve deep stimulation.  

As part of the search for new TMS coil 
configurations, the authors have already examined the 

effects of the geometrical models of the head on the 
distribution and penetration of the electric field 
induced in the brain. Moreover, the advantages of 
using a properly designed iron core for short operating 
times of typical TMS operation (50-200 µs) have been 
demonstrated by revealing increased maximum field 
strength induced inside the brain in the presence of the 
iron core in the range 50-70 V/m [5]. 

This paper presents results on the optimization of 
the distribution and penetration of the electric field 
induced inside the brain during the TMS. To obtain 
sufficient and localized electric fields inside the brain, 
an iron core is introduced and its shape is optimized 
using the Continuum Design Sensitivity Analysis 
(CDSA) combined with the Finite Element Method 
(FEM) [6, 7]. Finally the results obtained with the 
optimised coil are compared with those obtained from 
coil designs employed in commercial TMS 
stimulators, namely the butterfly-shaped coil and the 
three-loop slinky coil, demonstrating enhanced 
performance in terms of magnitude and localization of 
the electric fields induced inside the brain.  



2   Analytical Sensitivity Formula 
Under the assumption of the quasi-static 
approximation of the electric fields generated inside 
the brain at low frequencies and linear material 
properties, an analytical sensitivity formula for steady 
state eddy current problems is developed. A detailed 
expansion of the formula is omitted here since it is 
somewhat complicated but otherwise a fairly routine 
process [6, 7]. Fig. 1 illustrates the conversion 
relationship of the dual system of the CDSA in eddy 
current problems, which consists of the primary and 
the adjoint systems.  

 
(a) 

 
(b) 

Fig. 1 Dual system of the CDSA: (a) primary system, 
(b) adjoint system. 
 

In the primary system shown in Fig. 1(a), the 
optimization problem of adjustment of a local quantity 
distribution such as the electric field or eddy current in 
the region of interest, Ωf is mathematically formulated 
as shown in equations (1)-(3). 
We minimize 
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where the subscripts, 1 and 2, denote different material 
regions where the physical quantities are defined, 
respectively. In equation (1), f is an arbitrary scalar 
function differentiable with respect to A. The 
argument A of the objective function F representing a 

design goal must satisfy the system equation (2) with 
the interface boundary condition, equation (3), on γ, 
which describes the primary system depicted in Fig. 
1(a).  

To obtain an explicit expression for the variation of 
equation (1) with respect to the design variables, the 
material derivative concept of continuum mechanics 
and some mathematical manipulations are applied to 
the augmented objective function including the 
objective function (1) and the equality constraints, (2) 
and (3). An adjoint system shown in Fig. 1(b)– the 
counterpart of the primary system – is systematically 
derived during the procedure mentioned above [6, 7]. 
This gives 
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where f1 = [∂ f /∂Ax, ∂ f /∂Ay, ∂ f /∂Az] represents the 
pseudo electric current in the adjoint system and λ is 
the complex vector interpreted as the adjoint variable. 
The above adjoint system is the core of the CDSA as 
the design sensitivity is computed ultimately by using 
A and λ.  

Finally, the continuum sensitivity formula takes the 
surface integration form along the movable part of γ, 
which is assigned for the design variables: 
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where p is a vector of design variables and n is the unit 
vector normal to the interface where p is defined. The 
three integrands on the right-hand side of equation (6) 
contribute to the sensitivity coefficients only when the 
design variables experience the difference of 
permeability, conductivity and current density across 
the interface boundary γ. 

 
 

3 Implementation of Standard EM 
Software as a design tool 
The derived formula, equation (6), combined with a 
general FEM software, such as OPERA in this case, is 
used to compute the design sensitivity, which 
represents the first-order derivative of the objective 
function. The program architecture consisting of two 
independent modules as shown in Fig. 2 is employed. 
The Optimization Module controls the overall design 
procedure and evaluates crucial quantities such as the 
objective function, adjoint load term, and design 



sensitivity. This module generates two important data 
files, which store updated information about the 
changes of the design variables and the adjoint load. 
The purpose of the Analysis Module is to estimate the 
performance of the dual system at each design stage 
and to execute the command files that include the 
complete specification of the design model. When 
changes to the design variables and adjoint loads are 
uploaded into the two data files at each iterative design 
process, the command file reads the improved design 
information from the data files using the user 
input/output commands offered by the software 
package. The Analysis Module can contain any 
commercial EM software as long as the commands 
used are compatible with the software. It should be 
noted that the two modules are constantly 
communicating with each other and exchanging 
information about design variables, regions of interest 
and state variables through the data/output files.  
 

 
Fig. 2 Program architecture for design optimisation. 

 
The sensitivity coefficients are evaluated from the 

analytical formula, equation (6), using the two 
post-processing output files of the dual system. The 
flow of the optimization algorithm can thus be 
summarized as follows: 

 (I) Read updated information about design variables 
through the command file of the Primary System 
Model; 

 (II) Solve the primary system for the state variable A 
by the Analysis Module; 

 (III) Take the post-processing data of the primary 
system and then calculate the objective function F 
and adjoint load term f1 in the Optimization 
Module; 

 (IV) Read the updated adjoint load through the 
command file of the Adjoint System Model; 

 (V) Solve the adjoint system for the adjoint variable 
λ by the Analysis Module; 

 (VI) Take the post-processing data of the adjoint 
system and then compute the sensitivity coefficient 
by numerical surface integration of the sensitivity 
formula in the Optimization Module. 

The above design process is repeated until the 
objective function converges to the optimum solution.  
 
 
4 Results 
In order to obtain sufficient and localized electric field 
inside the brain, an iron core inserted into the stimulus 
coil is thought to be the best choice in terms of degree 
of focusing, combined with simplicity and ease of use, 
rather than searching for a combination of several 
coils such as the slinky coil, butterfly coils etc, used by 
other authors [3, 4]. The shape of an iron core is 
optimized in terms of increasing and localizing the 
electric field induced by the single-loop stimulating 
coil using the CDSA combined with the OPERA 
axisymmetric steady state solver. Thereafter a 
practical core, deduced from the optimized one with 
considerations of manufacturing constraints, is applied 
to a butterfly-shaped coil of two loops as well as a 
single-loop coil and their field distributions are 
compared with those of the conventional coil 
combinations by using the OPERA 3d steady state 
solver. 
 
 
4.1 Shape optimization of the iron core 
For the sake of saving design time, an optimization 
problem presented here is conducted with the 
traditional sphere head model (HM1) and a 
single-loop stimulating coil. By means of the FE 
simulation, it is ascertained that the electric field 
generated by a stimulus coil with a cylindrical core 
(without any use of optimization) shown in Fig. 3 is 
increased by nearly two times compared to the 
coreless coil. This is effectively caused by the increase 
in flux linkage passed through the coil. However, in 
order to penetrate and concentrate the field deeply and 
locally into the brain, the optimum shape of the iron 
core is still required. To achieve this, the optimization 
algorithm described earlier is applied to the initial 
design model with the traditional sphere head model 
(HM1) of radius 10 cm as shown in Fig. 3, where the 
effective centre of the coil is 4.0 cm above the vertex 
of the head. The stimulator consists of a 30-turn 
circular coil with a cross section of 1.0 cm × 1.0 cm 



and effective radius of 2 cm. The coil is excited with 
an amplitude of 1 A and frequency of 10 kHz. The 
homogeneous and isotropic conductivity of 0.4 S/m is 
assumed here.  

The design goal is to produce the required electric 
field distributed over the 15 objective regions, which 
is chosen to be stronger by 30% than the initial field 
distribution and to have the maximum field position 
shifted towards the centre of the coil by 5 mm (refer to 
Fig. 4(c)). To achieve this goal, the objective function 
was mathematically expressed in terms of eddy 
current loss and evaluated over the 15 objective 
regions as follows: 
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where Pj and Pjo are the eddy current loss and target 
value generated in the j-th objective region, 
respectively. Ωej denotes the area of the j-th objective 
region and Je means the eddy current vector. In this 
case, the pseudo source in the adjoint system appeared 
in equation (4) is defined as: 

*
1 ej Jf ω−=                                   (8) 

where ω is a angular frequency and * means a 
conjugate vector. 

 
Fig. 3 Initial design model. 
 

A total of 13 grid points forming the bottom line of 
the core are selected as design variables and allowed to 
move in the y and z-axis. To facilitate the conformity 
of the FE mesh with the continued shape changes of 
the design during the optimization process, the z 
directional movement of individual design variable is 
limited to 5 mm from the perimeter of HM1. 

After 11 iterations, the optimal core shape was 
obtained and compared with the initial one in Fig. 4(a). 
Taking into account manufacturing constraints, a 
practical core is deduced as shown in Fig. 4(b) based 
on the optimized shape. Fig. 4(c) illustrates the 
optimized and practical core field distribution, which 

is approximately 30% stronger than the initial one. 
Furthermore, the maximum field position shifts by 3 
mm compared with the initial core. This result clearly 
demonstrates that the electric field distribution 
induced inside the brain during TMS can be controlled 
in terms of magnitude and localization by using a 
well-designed iron core. 
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(c)  

Fig. 4 (a) Optimized core shape, (b) practical core 
shape, (c) comparison of the induced electric field 
along Test line A. (angular frequency ωt=90o). 

 
 

4.2 Comparison of the field distribution 
between different stimulators 
The optimized practical iron core is now used in 
conjunction with a second head model (HM2) 
incorporating different radii along the three axes as 
shown in Fig. 5. Fig. 5(a) shows the induced electric 
field distribution over the surface of HM2 when the 
effective centre of the coil is 2.0 cm above the vertex 
of the head and when the coil with the core is tilted by 
25o against the rotating axis parallel to the x-axis and 
passing through the centre of the brain located at 
(0,0,-12 cm). It can be seen that the presence of ears in 
the head model affects the flow of the induced fields 
on the surface of the head. The effect of the optimized 
practical iron core on the induced field distribution 



along the two test lines depicted in Fig. 5(b) is 
presented in Fig. 6 for HM2 where a major component 
of the electric field induced along the two test lines is 
parallel to the x-axis. The practical core causes a field 
increase of more than 230% in terms of maximum 
value of the fields, compared to the coreless coil. 
The single-loop coil is then replaced by a two-loop 
coil widely used in commercial devices. This 
stimulator consists of a butterfly-shaped coil with a 
driving current in opposite direction and each coil 
plane located at 2 above the vertex of the head. Fig. 7 
shows two conventional coil assemblies referred to as 
a butterfly-shaped coil of two loops and a three-loop 
Slinky coil. A butterfly-shaped coil with the optimized 
core is also shown. Their induced electric field 
distributions over the surface of HM2 also appear in 
Fig. 7. The localization of the induced fields is 
assessed by the half-power region (HPR), which is 
defined as the region within which the magnitude of 
the normalized field is greater than about 0.7. Fig. 8 
presents the comparison of the field localization and 
magnitude between the three different stimulators 
along the two test lines. It can be seen that the 
butterfly-shaped coil with the optimized practical core 
(Fig. 7(c)) produces a field increase of more than two 
times in terms of maximum value of the fields, while it 
helps to slightly improve the field localization, 
compared to the butterfly-shaped coil without the core 
(Fig. 7(a)). 
 
 
5   Conclusion 
In this paper an optimized practical iron core for 
effective TMS of the brain has been presented. Two 
different geometrical head models and conventional 
coil combinations were considered in order to validate 
the use of the optimized core. The CDSA is used to 
establish an optimized practical core for a single-loop 
stimulating coil to enhance the magnitude and 
localization of the electric field induced inside the 
brain. The optimized practical core applied to a 
single-loop and a butterfly-shaped coil is shown to 
lead to increased energy efficiency of coupling to the 
brain, induced field magnitude and field localization 

Work is under way towards an improved TMS 
stimulation coil structure that can enhance the 
localization as well as the magnitude of the electric 
field. 
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(a)                                      (b)  

Fig. 5 (a) Head Model HM2 and the induced electric 
field distribution, (b) lateral views of HM2. 
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Fig. 6 Comparison of the induced current density 

distributions between the coreless coil and the 
practical core for HM2 (ωt=90o): (a) along Test line A 
(b) along Test line B. 

 



 
(a) 

 
(b) 

 
(c) 

Fig. 7 Comparison of the induced current density 
distributions on the surface between three different 
coil assemblies for HM2: (a) a butterfly-shaped coil of 
two loops without the core, (b) a three-loop Slinky coil, 
(c) a butterfly-shaped coil of two loops with the 
practical core. 
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Fig. 8 Comparison of the induced current density 
distributions and localization between three different 
coil assemblies for HM2 (ωt=270o): (a) along Test line 
A, (b) along Test line B. 
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