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Abstract: - We consider the Cauchy problem for higher order linear parabolic equations in a 
layer. We establish new a priori estimates for the solution to this problem in general anisotropic 
Hölder norm, under the assumption that the coefficients and the independent term satisfy the 
general anisotropic Hölder condition of exponent α(l) with respect to the space variables only. 
In this connection, however, we also obtain an estimate for the modulus of continuity with 
respect to the time of the higher derivatives with respect to space variables of the corresponding 
solutions. On the basis of our new a priori estimates for the solution to the Cauchy problem for 
higher order linear parabolic equations, we establish the corresponding solvability theorem for 
this problem in general Hölder anisotropic spaces. We establish the local solvability of the 
Cauchy problem for higher order nonlinear parabolic equations with the aid of the results of 
the corresponding linear theory. 
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1.   Introduction 
 

In the present work we consider the higher 
order linear parabolic equation 
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initial condition 
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We establish new a priori estimates for solutions 
(((( ))))x,tu  to the problem (1),(2) in general 

anisotropic norms, under the assumption that the 
coefficients) and the independent term are 
continuous satisfy the  
 
 

 
 

general Hölder in TΠΠΠΠ of exponent 
(((( )))) 0l,l >>>>αααα  with respect to the space 

variables (((( ))))n1 x,...,xx ==== only ( See theorem 
1). In this connection, however, we also 
obtain an estimate for the modulus of 
continuity with respect to the time t of the 
leading derivatives m2k,uDk

x ====  (See 
theorems 2,3). 
Note that in the works [1]-[12] , the a priori 
estimates of this type have been obtained 
under the fulfilment of a (general) Hölder 
condition with respect to the totality of 
variables (t,x) on the coefficients and the 
independent term of equation (1). 
On the basis of our new a priori 
estimates for the solutions to the problem (1), 
(2), we establish the corresponding 
solvability theorems for this problem  in 
general Hölder anisotropic spaces (See 
theorem 4). 
We assume that the coefficients of Equation 
(1) satisfy the uniform parabolicity condition: 
for any non-zero vector 

(((( )))) (((( )))) Tnn1 x,t;E,..., ΠΠΠΠξξξξξξξξξξξξ ∈∈∈∈∈∈∈∈====
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We apply our results in the linear theory to 
establish the local solvability with respect to 
the time t, in general Hölder anisotropic 
spaces, to the Cauchy  problem for the 
nonlinear parabolic equation (See theorem 5),  
                          

(((( ))))uD,...,uD,u,x,tAu m2
xxt ====                 (4) 

                                                                                                                                  
in TΠΠΠΠ   with the initial condition (2), 

where )(uD
n1

x x

u
,...,

x

u

∂∂∂∂

∂∂∂∂

∂∂∂∂

∂∂∂∂==== and uDr
x is the 

set of all 
derivative m2r1,rk,uDk

x ≤≤≤≤≤≤≤≤==== . In 
the present work, the equation (4) is 
linearized directly. No conditions are 
imposed here on the nature of the growth of 
the nonlinearity of the function 

(((( ))))m210 p,...,p,p,x,tA   (See 

[9]),where 0p scalar, (((( )))),...p...,p r
k

r ==== ,which 
is defined for (((( )))) Tx,t ΠΠΠΠ∈∈∈∈ and any 

m2r1,p,p r0 ≤≤≤≤≤≤≤≤ . 
The main assumption concerning to the 
function (((( ))))m210 p,...,p,p,x,tA is the 
parabolicity condition: for any non zero 
vector (((( )))) (((( )))) Tnn1 x,t;E,..., ΠΠΠΠξξξξξξξξξξξξ ∈∈∈∈∈∈∈∈====  
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In almost all the work we suppose that in the 
equation (1), the function 21 fff ++++==== ;the 
functions (((( )))) m2k,x,tak ==== and 1f  satisfy 
the general Hólder condition in TΠΠΠΠ of 
exponent (((( )))) 0l,l >>>>ββββ with respect to the 
space variables (((( ))))n1 x,...,xx ====  only 
and 2f satisfies the general Hölder condition 
in TΠΠΠΠ of exponent (((( )))) 0l,l >>>>αααα with respect 

to the space variables (((( ))))n1 x,...,xx ==== only. 
All the coefficients and the independent 
terms of equation 1 are continuous in the 
layer TΠΠΠΠ .  
We require less smoothness conditions from 
the functions (((( ))))m210 p,...,p,p,x,tA  and 

(((( ))))xϕϕϕϕ that in the works b[ 6 ] , [ 7 ] and [ 9 ] ( 
See theorem 5 ).Some close results for 
second order parabolic equations have been 
established in [13] -[17] and [19]. 
  
2. Basic Notations. Auxiliary 

             Propositions 
 
              We shall say that the function )x,t(u  defined         
               in the layer TΠΠΠΠ  satisfies the general Hölder     
               condition of exponent (((( )))) 0l,l >>>>ββββ  in TΠΠΠΠ        
               with respect to the space variables if there    
               exists a constant 0C >>>> such that   

               
.T)y,t(),x,t(

,
)yx(

yxC)y,t(u)x,t(u

ΠΠΠΠ∈∈∈∈

−−−−ββββ
−−−−≤≤≤≤−−−−

 

The function (((( ))))lβ  is defined and continuous 
in ∞∞∞∞<<<<<<<< l0 . Moreover it has the following 
properties: 
Ia. 

 
(((( )))) [[[[ [[[[

+∞+∞+∞+∞→→→→→→→→
∈∈∈∈σσσσ→→→→ββββ
++++ lor0lif

1,0l
 

Ib.  
(((( ))))

+∞+∞+∞+∞→→→→→→→→
→→→→ββββ′′′′
++++ lor0lif

0lnll
 

Ic. If 0====σσσσ  then 
(((( )))) ++++→→→→−∞−∞−∞−∞→→→→ 0lforlnlββββ and 

(((( )))) (((( ))))(((( )))) ]]]] [[[[0l.0lfor0lnlll ∈∈∈∈>>>>′′′′++++ ββββββββ  

where 0l  is sufficiently small number (we 

suppose that the derivative (((( ))))lβ ′′′′ exists and it is 
a continuous function in 

]]]] [[[[ ]]]] [[[[+∞+∞+∞+∞∪∪∪∪==== ,l.0R 0l
1

00 ). 
Note that the condition Ic introduces a new set of 
functions ( the functions )x,t(u  that satisfy the 
general Hölder condition with respect to 
space variables only ).In this new set of 
functions we will obtain the corresponding 
existence and uniqueness theorems for the 
solutions to the problems  (1),(2) and (4),(2). 
It follows from the conditions Ia, Ib, Ic that 
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IIa. (((( ))))ll ββββ   is a monotonically increasing 
function for 0Rl ∈∈∈∈ . 

IIb. 
(((( )))) (((( ))))

(((( )))) 1
l
ql

l

l

→→→→−−−−

−−−−

σσσσββββ

σσσσββββ

 if and only if 

+∞+∞+∞+∞→→→→→→→→ ++++ lor0l , 
uniformly respect  to ∞∞∞∞<<<<≤≤≤≤≤≤≤≤<<<< bqa0,q   
We denote by ΓΓΓΓ  the set of functions 
(((( )))) 0l,l >>>>ββββ for which 
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(((( ))))
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t
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For the functions (((( )))) ΓΓΓΓββββ ∈∈∈∈l we 
introduce the 

functions (((( ))))
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l
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lln
1B

ββββ

ββββ
ββββ ΛΛΛΛ

ΛΛΛΛ
==== . 

The function (((( ))))lBββββ  is a function of the type 

(((( ))))lββββ  . 
IIIa. (((( )))) 0B l >>>>ββββ   for ]]]] [[[[∞∞∞∞++++∈∈∈∈ .0l . 

IIIb. There exist constants 21 C,C  such that 
for 0Rl ∈∈∈∈  

(((( )))) (((( ))))lB
1

l lCl ββββββββ <<<<  
and                                                                     

(((( )))) (((( )))) 0lforlCl l
2

B l >>>><<<< ββββββββ      
IIIc. There exists a constant 3C such that for 

]]]] [[[[0l.0l ∈∈∈∈  
                                                             

∫∫∫∫
∞∞∞∞++++

≤≤≤≤−−−−

l
)(3Cdl 2)(

ρρρρββββΛΛΛΛρρρρρρρρββββρρρρ  

Now we give two examples of functions of 
the type (((( ))))lββββ : 
  
1 (((( )))) 10.,const,l <<<<<<<<======== ββββββββββββββββ  
  
2. 
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where       
10.,const,1a0 <<<<≤≤≤≤====<<<<<<<< ββββββββ (see 

[18] ). 
For the functions )x,t(u  defined and Hölder 
continuous( in the general sense) of exponent 

(((( )))) 0l,l >>>>ββββ  in the layer TΠΠΠΠ with respect to 
space variables, we introduce the following 
norms 

ττττ

ττττ
0,0u

t0
sup0,0u

]t[

≤≤≤≤≤≤≤≤
==== ,    
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ττττ
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u ]t[

≤≤≤≤≤≤≤≤
==== ,   (6)                       
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 )x,t(u

nEx
supt

0,0u
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)l(

Ht
0,0u

t
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For the functions )x,t(u  that have 
continuous derivatives with respect to x   up 

to the order (((( )))),...2,1,0mm ====   inclusively in 
the layer TΠΠΠΠ  and satisfying the general 
Hölder condition of exponent (((( )))) 0l,l >>>>ββββ , 
with respect to space variables in the layer 

TΠΠΠΠ we define the norms             
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mk l,0
uk

xDl,mu

====

∑∑∑∑

≤≤≤≤

ττττ

ββββ
====ττττ

ββββ              (9)                        
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t0
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l,m

u ====ττττ
ββββ

≤≤≤≤ττττ≤≤≤≤
====

ββββ
(10)                          

We will denote by 

(((( )))) ,...2,1,0mt
t

)l(,mC ====





ΠΠΠΠββββ  the 

Banach space of functions (((( ))))x,tu  that are 
continuous in [[[[ ]]]] nt Et,0 ××××====ΠΠΠΠ  together with 
all derivatives respect to x    up to the order  

(((( )))),...2,1,0mm ====  inclusively  and  have a 
finite norm (10). 
With respect to the coefficients of the 
equation (1) we assume that 

m2k0

,)(]t[
)l(,0C)x,t(a Tk

≤≤≤≤≤≤≤≤

ΠΠΠΠββββ∈∈∈∈
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and                                

∑∑∑∑

≤≤≤≤
∞∞∞∞<<<<====

ββββmk
B

]T[
)l(,0

)x,t(ka                      

(11)                                                                                                                                                                          
Lemma. Suppose that the function 

.Tt0

)(t
B,m2C)x,t(u t

)l(

≤≤≤≤≤≤≤≤

ΠΠΠΠ
ββββ

∈∈∈∈ 





. 

 Then for 10 <<<<<<<< εεεε  the following inequality 
holds                                              

]t[
0,0u)(C

]t[

)l(B,m2
u

)l(B,1m2
u ]t[

εεεε++++

++++
ββββ

εεεε≤≤≤≤
ββββ−−−−

 

For the proof of this lemma see [7]. 
For equation (4) we consider in addition to 
the parabolicity condition (5) that there exists 
a domain  

}constM,m2r1,Mrp...

,Mu;)x,t{(H TM

====≤≤≤≤≤≤≤≤≤≤≤≤

≤≤≤≤ΠΠΠΠ∈∈∈∈==== m

in 

which the function (((( ))))m210 p,...,p,p,x,tA  
together with its derivatives with respect to 
,p rk (((( )))),...p...,p r

k
r ==== , m2kr1 ≤≤≤≤====≤≤≤≤ up 

to the second order inclusively is continuous, 
satisfies the Lipschitz condition with respect 
to ,pr  m2kr1 ≤≤≤≤====≤≤≤≤  and the general 

Hölder condition of exponent (((( )))) 0l,l >>>>ββββ , 
with respect to x  and with the constant  

MC . 

Moreover (((( )))) )(C0,...0,x,tA
T

]T[
)l(,0

ΠΠΠΠ
αααα

∈∈∈∈ ,  

(((( )))) C0,...0,x,tA ]T[
)l(,0
≤≤≤≤

αααα
 . 

All the mentioned derivatives are bounded in 

MH by the constant MC .Now we shall 
consider the equation ( 1 ) with the initial 
zero condition:                                                                    

00tu ========                                   (12)                                                                   

 
3. Bounds for solutions to the  
Cauchy problem for linear  
parabolic equation 
 

Theorem 1.           Let )(C
T

]T[

)l(B,m2
)x,t(u ΠΠΠΠ

ββββ
∈∈∈∈   

be a solution to the problem (1), (12) in the 
layer TΠΠΠΠ .Assume that 

21 fff ++++==== , )(Cf T1
]t[

)l(,0
ΠΠΠΠ

ββββ
∈∈∈∈ ,

)(Cf T2
]t[

)l(,0
ΠΠΠΠ

αααα
∈∈∈∈ , ΓΓΓΓααααββββ ∈∈∈∈)l(),l( ,

,)l( 1σσσσββββ →→→→ 2)l( σσσσαααα →→→→
10,lor0lif 21 <<<<σσσσ<<<<σσσσ≤≤≤≤+∞+∞+∞+∞→→→→→→→→ ++++ . 

Furthermore the conditions ( 3 ) and ( 11 ) hold.  
Then there exists a constant K, depending only on 

)l(,T,B,,m,n ααααλλλλ , )l(Band)l( ββββββββ  such that 
for Tt0 ≤≤≤≤≤≤≤≤                               

]ft[Ku ]t[

)l(,0
m2

12
]t[

)l(,0

]t[

)l(B,m2 21f αααα

σσσσ−−−−σσσσ

ββββββββ
++++≤≤≤≤                       

                                                                       (13) 
Remark. We can reduce the Cauchy problem 
with non-zero initial condition 

)x(uu
00t ======== to the Cauchy problem (1) , 

(12) by means of the transformation 
)x(u)x,t(uu

0
−−−−==== where

)nE(
]T[

)l(,m2C)x(0u ββββ∈∈∈∈ . 

Now we shall establish an estimate of the 
modulus of continuity with respect to the 
time t of the  derivatives m2k,uDk

x ≤≤≤≤  
for the solutions to the equation (1). 

Theorem 2. Let )T(
]T

)l(B,m2
[C)x,t(u ΠΠΠΠ

ββββ
∈∈∈∈  be a 

solution to the equation (1) in the cylindrical 
domain −−−−××××==== ΩΩΩΩΩΩΩΩ ,]T,0[QT bounded 
domain in nE .Assume that 

)Q(Cf T
]t[

)l(,0 ββββ
∈∈∈∈ , ΓΓΓΓββββ ∈∈∈∈)l( ,

,)l( 1σσσσββββ →→→→
10

,lor0lif

1 <<<<σσσσ≤≤≤≤
+∞+∞+∞+∞→→→→→→→→ ++++

. 

Furthermore the conditions ( 3 ) and (11) 
hold. Then if the points  ,  

δδδδΩΩΩΩ××××δδδδ====
δδδδ∈∈∈∈ ]T,

2
(TQ)0x,2t(),0x,1t(  

Ttt 12
2 <<<<<<<<<<<<δδδδ ,

}),x(dist;x{ δδδδΩΩΩΩΩΩΩΩδδδδΩΩΩΩ >>>>∂∂∂∂∈∈∈∈====  ,there 
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exists a constant  K, depending only on 
)l(,T,B,,m,n ααααλλλλ , )l(Band)l( ββββββββ     

such that for any derivative 
m2k,uDk

x ≤≤≤≤  of the function )x,t(u the  
following estimate holds for 

1m2,...,1,0j −−−−====            
                                 

]
]1t[

0,0u
]1t[

)l(,0f[K

m2
1

2t1t

jB )m2
1

2t1t(

)0x,2t(ujm2
xD)0x,1t(ujm2

xD

++++ββββ≤≤≤≤

≤≤≤≤
















−−−−

++++−−−−ββββ

−−−−−−−−−−−−

 

The proof of the theorem 2 is similar to the 
proof of the theorem 2 in [16] but reasoning 
as in the proof of theorem 1 of the present 
paper. 
 
Theorem 3.Suppose that all assumptions of 
the theorem 1 hold. Then for every 

T)x,t(),x,t( 21 ΠΠΠΠ∈∈∈∈ ,
Ttt0 12 ≤≤≤≤<<<<≤≤≤≤ , there exists a constant K, 

depending only on 
)l(,T,B,,m,n ααααλλλλ , )l(Band)l( ββββββββ , such 

that for any derivative m2k,uDk
x ≤≤≤≤ of 

the solution )x,t(u  to the Cauchy problem 
(1),(12)the following estimates hold for 

1m2,...,1,0j −−−−====   
                                  

2121 ttMK)x,t(u)x,t(u −−−−≤≤≤≤−−−−                                                                 
                                                                    
(14) 

) jm2
1

2t1t(Btt(MK

)x,t(uD)x,t(uD

m2
1

21

2
jm2

x1
jm2

x

++++−−−−ββββ−−−−≤≤≤≤

≤≤≤≤−−−− −−−−−−−−

          

(15) 
where               

]ft[M ]t[

)l(,0m2

12

1

]t[

)l(,0 21f αααα

σσσσ−−−−σσσσ

ββββ
++++====                

The proof of this theorem is similar to the 
proof of the theorem 3 in [16] but reasoning 
as in the proof of theorem 1 of the present 
paper 
  

4. Existence and uniqueness     
     theorems. 
  
Theorem 4.Suppose that all conditions of 
theorem 1 are true. Then there exits a unique  

solution )(C
T

]T[

)l(B,m2
)x,t(u ΠΠΠΠ

ββββ
∈∈∈∈  to the 

Cauchy problem  ( 1 ) , ( 2 ) with continuous 

derivatives tu  in T
ΠΠΠΠ . 

We can get the proof of this theorem on the 
basis of the new priori  estimates established 
in this work and with the aid of the method of  
continuity in a parameter. (see [4] and  [20] ). 
We proceed now to formulate the local 
existence theorem for solutions to the  non- 
linear problems for the equation (4). Here we 
consider that the function 
 

 

(((( ))))

(((( ))))0,...,0,x,tA
)uD,...,uD,u,x,t(F)u(L

uD,...,uD,u,x,tA
m2

xx

m2
xx

++++
++++++++

====

 

 
where 
 

(((( ))))
(((( ))))

(((( )))) )uD,0,...,0,x,tA(

...)uD,0,...,0,x,tA(
u0,...,0,x,tA)u(L

m2
xm2

p

x1p

++++

++++++++
++++====

 

 
Theorem 5. Suppose that all assumptions 
with respect to the function 

(((( ))))m210 p,...,p,p,x,tA   hold. Moreover 

10 21 <<<<<<<<≤≤≤≤ σσσσσσσσ .Then there exists 

0t determined by the above  assumptions, 
such that the problem  (4) ,(12) has in the 
layer [[[[ ]]]] nE0t,0

0t
××××====ΠΠΠΠ a unique solution 

)
0t

(
]0t[

)l(B,m2C)x,t(u ΠΠΠΠ
ββββ

∈∈∈∈ with a continuous 

derivative tu  in [[[[ ]]]] nE0t,0
0t

××××====ΠΠΠΠ . 

 
Remark. We can reduce the Cauchy problem 
with non-zero initial condition 

)x(u 0t ϕϕϕϕ======== to the Cauchy problem with 

the zero initial condition 0u 0t ========  by means 
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of the transformation )x()x,t(uu ϕϕϕϕ−−−−==== , 

where )
n
E(

]T[
)l(,m2

C)x(
ββββ

ϕϕϕϕ ∈∈∈∈  . 
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