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MEXICO

Abstract: - We consider the Cauchy problem for higher order linear parabolic equations in a
layer. We establish new a priori estimates for the solution to this problem in general anisotropic
Holder norm, under the assumption that the coefficients and the independent term satisfy the
general anisotropic Holder condition of exponent a(l) with respect to the space variables only.

In this connection, however, we also obtain an estimate for the modulus of continuity with
respect to the time of the higher derivatives with respect to space variables of the corresponding
solutions. On the basis of our new a priori estimates for the solution to the Cauchy problem for
higher order linear parabolic equations, we establish the corresponding solvability theorem for
this problem in general Holder anisotropic spaces. We establish the local solvability of the
Cauchy problem for higher order nonlinear parabolic equations with the aid of the results of

the corresponding linear theory.
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1. Introduction

In the present work we consider the higher
order linear parabolic equation
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Here x=(x1,...,xn)is a point of the n-
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We establish new a priori estimates for solutions
u(t,x) to the problem (1),(2) in general
anisotropic norms, under the assumption that the

coefficients) and the independent term are
continuous satisfy the

D¥u =

general Holder in  [7,0f exponent
a(l), I>0 with respect to the space
variables x = (x, R ) only ( See theorem

1). In this connection, however, we also
obtain an estimate for the modulus of
continuity with respect to the time t of the
leading derivatives D%u, |k|=2m (See
theorems 2,3).

Note that in the works [1]-[12] , the a priori
estimates of this type have been obtained
under the fulfilment of a (general) Holder
condition with respect to the totality of
variables (t,x) on the coefficients and the
independent term of equation (1).

On the basis of our new a priori

estimates for the solutions to the problem (1),
(2), we establish the corresponding
solvability theorems for this problem in
general Holder anisotropic spaces (See
theorem 4).

We assume that the coefficients of Equation
(1) satisfy the uniform parabolicity condition:
for any non-zero vector

&=(¢,,...&,)0E, ; (e,x)On,



(D™ 3 a,(tx)g" >N,

|k|=2m

A=const.>0,&" =g\ &l (3

We apply our results in the linear theory to
establish the local solvability with respect to
the time t, in general Holder anisotropic
spaces, to the Cauchy problem for the
nonlinear parabolic equation (See theorem 5),

u, = Alt,x,u,D .., D" ) (4)

in /7, with the initial condition (2),

0 0 .
where D _u = (—u “ Jand D uis the
X, ox,
set of all
derivative Dfu, |k|=r,1<Sr<2m. In

the present work, the equation (4) is
linearized directly. No conditions are
imposed here on the nature of the growth of
the  nonlinearity = of  the  function

A(t,x,p”,p',...,pz”') (See
[9]),where p’scalar, p” = (...,p,: ,...),WhiCh
is defined for (t,x) O/77;and any

p',p  A<r<2m.

The main assumption concerning to the
function A(t,x,p”,p’ ey P )is the
parabolicity condition: for any non zero
vector§ = ({, ,...,fn)l:l E,; (t,x)EI 1,

and p’,p’ ., p?"
~pm+l v A 2m[t,><,p0,p1 ..... psz£k>0,
k=2m Pi

k k
gh=g 1.8 N (5)

In almost all the work we suppose that in the
equation (1), the function f = f, + f,;the
functions a, (¢, x), |k| = 2m and £, satisfy
the general Holder condition in /7, of
exponent ,B(l), 1 > 0 with respect to the
space variables x = (x, ,...,xn) only

and f, satisfies the general Holder condition
in /7, of exponent a(l), 1 > 0 with respect

to the space variables x = (xl ,...,xn)only.

All the coefficients and the independent
terms of equation 1 are continuous in the

layer /7, .

We require less smoothness conditions from
the functions A(t, xp',p ,...,pz'”) and
¢ (x)that in the works b[ 61, [ 7]and [ 9] (

See theorem 5 ).Some close results for
second order parabolic equations have been
established in [13] -[17] and [19].

2. Basic Notations. Auxiliary
Propositions

We shall say that the function #(%,x) defined
in the layer /7, satisfies the general Holder

condition of exponent ,B(l), [>0in ],
with respect to the space variables if there
exists a constant C > @ such that

‘u(t,x)—u(t,y)‘ sqx—y{B ) )

(t’ X)’(t’ y) DrIT'
The function ﬂ(l) is defined and continuous

in 0 <I <oo. Moreover it has the following
properties:

la.

B(1) ~ oofod]

|f I — O+ or I — +oo
1b.

g'()1in = 0

if ] 0" or | o +o
Ic. If 0 =0 then

,B(l)ln - =0 forl - 0"and
(B()+p'(1)1m)>0 for 10)0.1,]
where [, is sufficiently small number (we

suppose that the derivative 8’ (l) exists and it is
a continuous function in

R, =o.1,[ 0] o).

Note that the condition Ic introduces a new set of
functions ( the functions #(%,x) that satisfy the
general Holder condition with respect to
space variables only ).In this new set of
functions we will obtain the corresponding
existence and uniqueness theorems for the
solutions to the problems (1),(2) and (4),(2).
It follows from the conditions la, b, Ic that



na. 120 s a monotonically increasing
function for /00 R,.

(ql)ﬁ(l)'a' ) )
Ib. 7(;)7 -1 if and only Iif
I -0 or I - +o,
uniformly respect to g,0 <a<gqg<b<o

We denote by [/ the set of functions
B(t), 1 > 0 for which

A lp(l) = Aﬁ(l) = Itp(t)_ldt < 00
0

For the functions ,B(l)l:l I we

introduce the

Llnm.

Inl Aﬁ(])

The function Bﬁ(,) is a function of the type

Bl).

IMa. By >0 for l|:|]0. +00[.

I1lb. There exist constants C,,C, such that

for IR,

180 < C,1%

and

1”0 < 1P for 1>0

Illc. There exists a constant C,such that for
(0.1,

functions B g,y =

+00
!
Now we give two examples of functions of

the type ,B(l):

1ﬂ(l)=ﬂ, B=const., 0<pB<I

2.

ﬁ—w, 0<ISexp(—%)
n
ﬂ(’)= b

’B_bln(;) I'> ex (_2)

Inl '’ P(~a

where
0<a<l, PB=const., 0< [ <I((see
[18]).

For the functions u(%,x) defined and Holder
continuous( in the general sense) of exponent

,B(l), [ >0 in the layer /7, with respect to

space variables, we introduce the following
norms

t
AvE sup ully .
0<r<t
|u|[t] = sup |u|r , (6)
0.4(0) 0<Tst 001
where

|u|t00 = sup |u(t,x)|,
’ xEIEn

|u|t0"3(l)=|u|t0’0+Htﬂ(l)(u), @)

| u(t,x)-u(ty) |

X'yDEn |X—y|B(|X_y|)
x;ty

For the functions u(?,x) that have

continuous derivatives with respect to x up

t _
H B(I)(u)— (8)

to the order m(m =0,1,2,...) inclusively in
the layer /7, and satisfying the general
Holder condition of exponent ,B(l),l>0,

with respect to space variables in the layer
[7 , we define the norms

T =ZDkT
|qmﬁ0)lwsm‘xu%ﬁ0) ©

m=01,.2,....

[d T
u = sup [u ,m=012,....(10)
| |m’B(I) Osrst| |m’B(I)
We will denote by
[¢] _
Cm,ﬂ(l) (ﬂt) m=0,1,2,... the

Banach space of functions U(t, X) that are
continuous in /7, = [0,t]><En together with
all derivatives respect to X up to the order
m (m =0,1,2,..) inclusively and have a
finite norm (10).

With respect to the coefficients of the
equation (1) we assume that

[t]
a, (t,x)0 CO,B(I)(HT) ,

0<k|<2m



and
|k|zS:m‘ 9o B
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Lemma. Suppose that the function
[t]
u(t,x) O C2m, B (r,)
Bay
O<t<T.

Then for 0 < € <1 the following inequality
holds

|u|[t]

2m—1,BB(|)

[t]

<e|u
2 Bg()

+C(s)| u|g[]O

For the proof of this lemma see [7].

For equation (4) we consider in addition to
the parabolicity condition (5) that there exists
a domain

v ={(t,x)0M+ ;|U|S M-
in
...‘pr‘g M,1<r<2m,M =const}

which the function A(t,x,p”,p’ ,...,pz”‘)
together with its derivatives with respect to
PP = (...,p,: ,) I1sr= |k| <2mup

to the second order inclusively is continuous,
satisfies the Lipschitz condition with respect

top", I<r=|k|<2m and the general
Holder condition of exponent ,B(l),l>0,
with respect to x and with the constant
C,.

Moreover A(t, x,0,.. O)EIC(fT]”)(n ),

(e, x.0,..0)") <cC .

All the mentioned derivatives are bounded in
H, by the constant C,,.Now we shall

consider the equation ( 1 ) with the initial
zero condition:

ul =0 = (12)

3. Bounds for solutions to the
Cauchy problem for linear
parabolic equation

Let Ut,X) EICm (rl_l_)
"B

be a solution to the problem (1), (12) in the

layer /7, .Assume that

f=rf+f.60c¢ ,),

Theorem 1.

0,B(1)
f0cl (). B(,a()or,
Bl -0, a(l)-o,

ifl - 0%orl - +oo,
Furthermore the conditions (3 ) and ( 11 ) hold.

Then there exists a constant K, depending only on

n,m,A,B,T,a(l),B(l) and B, suchthat
for0<t<T

g,-0

2 1

ju|t® <K[ ‘fl‘[t] £t 2m ‘f ‘[t]
2m,B 0,B(1) 0, a(l)
B(1
(13)
Remark. We can reduce the Cauchy problem
with non-zero initial condition

u|t=0 = u, ( x ) to the Cauchy problem (1) ,

(12) by means of the transformation
u=u(t,x)—u0(x)where

Tl
uy (x)UC, ,B(l)(En)'

Now we shall establish an estimate of the
modulus of continuity with respect to the
time t of the derivatives D*u, [k|<2m
for the solutions to the equation ().

Theorem 2. Let U(t,X) chm Bai)

solution to the equation (1) in the cylindrical
domain Q, = [0,T ] xQ2, Q —bounded
domain in E, .Assume that

f£oct (o, ),p)ar,

Copar

if | 5 0"orl - +oo,
l) -0,
A ! 0<o,<1
Furthermore the conditions ( 3 ) and (11)
hold. Then if the points ,

(N1) bea

2
(t, o) (1, x,)0Q 2 =32, T1x0 ®

0’ <t,<t,<T,
Q9 =y x00;dist(x,00Q)> &} there

0<o,<0,<1.



exists a constant K, depending only on
n,m,A,B,T,a(l),B(l)and By,

such that for any derivative

D!u, |k|<2m of the function u(t,x )the
following estimate holds for
j=0,,.,2m-1

D)Z(m_ju(tl ,xo)—D)z(m_ju(tz ,xo)‘
L <
1 \BB( ty~tp[2m)*]
[ty =ty 2m

[tq] [tq]
< K[ |f|0’%3(|) + |u|0%) ]

The proof of the theorem 2 is similar to the
proof of the theorem 2 in [16] but reasoning
as in the proof of theorem 1 of the present

paper.

Theorem 3.Suppose that all assumptions of
the theorem 1 hold. Then for every

(t;,,x ) (t,,x)d 1 ,,

0<t,<t,<T, there exists a constant K,
depending only on
n,m,A,B,T,a(l),B(l)and Bg,,, such
that for any derivative D*u, |k|< 2m of
the solution u(t,x) to the Cauchy problem

(1),(12)the following estimates hold for
j=0,,.,2m-1
u(t,,x)=u(t,,x) <K Mlt, —t,|

(14)
D2™u(t,,x) = DI u(t,, x) <

<K M(ft, -t [om BBtttz )

(15)
where
g,—-0
[t] 2 1 [t]
M =[|f +t f
[‘ Loy 1 2m ‘ 2 o,a(l)]

The proof of this theorem is similar to the
proof of the theorem 3 in [16] but reasoning
as in the proof of theorem 1 of the present

paper

4. Existence and uniqueness
theorems.

Theorem 4.Suppose that all conditions of
theorem 1 are true. Then there exits a unique

(T]
solution u(t,x)[lC2 (”T) to the

m’Bﬁ(l)
Cauchy problem (1), (2) with continuous

derivatives ”t in 77

We can get the proof of this theorem on the
basis of the new priori estimates established
in this work and with the aid of the method of
continuity in a parameter. (see [4] and [20]).
We proceed now to formulate the local
existence theorem for solutions to the non-
linear problems for the equation (4). Here we
consider that the function

A(t,x,u, D,u,..., Dimu)z
L (u) + F(t,x,u,D u,..,D2"u) +
+A(t,x,0,...,0)

where

L (u) =A(t,x,0,...,0)u+
(A 1 (t,x.0,...,0),D,u) +...+

(A o (t,x,0,...,0),D?"u)

Theorem 5. Suppose that all assumptions
with respect to the function

A(t, x,p”,p’,...,pz"’) hold. Moreover
0 < 0, <0, <1 .Then there exists

t, determined by the above assumptions,

such that the problem (4) ,(12) has in the
layer r|to =|0.t, <€, @ unique solution

[to]
u(t,x) 0Comp (I'lto)with a continuous

A1)
derivative ", in r|tO = lo,tojx E,.

Remark. We can reduce the Cauchy problem
with non-zero initial condition

u|t=0 = @( x ) to the Cauchy problem with

the zero initial condition u =0 = 0 by means



of the transformationu = u(t,x)—@9(x),

[T}

ac E
where @ (x) m, ,B(l)( ;

).
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