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Abstract: - In this paper, we solve semiconductor device drift diffusion equations with

the Gummel’s decoupling and monotone iterative methods.

With monotone iterative

technique, we prove each Gummel’s decoupled and finite volume discretized device eq-

uation converges monotonically. The proposed method here provides an alternative in

the numerical solution of semiconductor device drift diffusion equations.
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1. Introduction

Numerical methods for the fundamental semicon-
ductor device equations provide an alternative
in the development of microelectronics [1, 2, 3,
4,5, 6, 7, 8, 9]. The drift diffusion model con-
sists of the Poisson, electron current continuity,
and hole current continuity equations has been of
great studied for semiconductor device simulation
in the past years [10, 11, 12, 13, 14]. A widely
approach to solve these equations efficiently is to
decoupled them firstly with the Gummel’s decou-
pling method [14, 13, 16]. Each decoupled equa-
tion is then discretized and solved with the New-
ton’s iteration method subsequently. It is a tra-
ditional method for the solution of system of non-
linear algebraic equations and converges quadrat-
ically when the initial guess is in the neighbor-
hood of the exact solution. However, to simulate
the submicron and nano-scale semiconductor de-
vices with an accurate initial guess is a difficult
task and has involved many engineering works.

The monotone iterative method is not only a
classical constructive technique for the solutions
of PDEs but also useful for the numerical solu-
tions of physical models [17, 18, 19]. In this work,
we use this method to simulate device character-
istics with exploiting the basic nonlinear property
in drift diffusion model. By considering the quasi-
Fermi levels in the approximation for carrier’s
density and electrostatic potential, the drift dif-
fusion model in (¢, n, p) variables is transformed
into a self-adjoint model with variables (¢, u,v)
[11, 12, 13]. The transformed drift diffusion
model is decoupled into three independent PDEs
with the Gummel’s decoupling scheme. The ba-
sic idea of this well-known Gummel’s decoupled
method is that the device equations are solved
sequentially [14]. In the drift diffusion model,
Poisson’s equation is solved for ¢t given the
previous states u(® and v(9. The electron cur-
rent continuity equation is solved for (91 given
#9) and v9). The hole current continuity equa-
tion is solved for v@*Y given ¢¥) and u9). Each



decoupled PDE is discretized with finite volume
method and then solved with the monotone iter-
ative method. We prove this approach converges
monotonically for all three decoupled equations.
It means that we can solve the device equations
with arbitrary initial guesses. Numerical results
for various devices have been reported to demon-
strate the robustness of the method in our earlier
work [2, 3,4, 5,6, 7, 8, 9.

In Sec. 2 we state the drift diffusion model.
Sec. 3 presents the monotone iterative meth-
ods for the Gummel’s decoupled drift diffusion
model. For each decoupled equation, we prove
the convergence property for finite volume ap-
proximated equation by using monotone iterative
method. Sec. 4 draws the conclusions and sug-
gests future works.

2. SEMICONDUCTOR DEVICE DRIFT
DI1rFrFuUsioON MODEL

The steady state drift diffusion model of semi-
conductor devices is [10, 11, 12, 13, 14]

A¢p=2L(n—p+D),
%v : Jn = R(¢an7p)a
_Tlv : Jp = R(¢7nap)a

where ¢ is the electrostatic potential, n and p
are the electron and hole concentrations, ¢ is the
elementary charge, €5 is the dielectric constant
of semiconductor, D are ionized impurities, J,
and J, are the electron and hole current densi-
ties, and R(¢,n,p) is the carrier recombination
rate. The J,, Jp, and Shockley-Read-Hall recom-
bination rate R(¢,n,p) are as follows:

JIn = —qunnVo + qDpVn,
Jp = —quppV o — qDpVp,

_
R(¢7 n, p) - TS(P+PT)+T;9(7L+"T) ’

where n; is the intrinsic carrier concentration, 70
and 7'19 are the electron and hole lifetimes, and p,.
and n,, are the electron and hole densities associ-
ated with energy levels of the traps. The u, and

itp are the doping- and field-dependent electron

and hole mobilities [10, 11]. The diffusion coeffi-
cients of electrons and holes are expressed in the
Einstein relations D, = Vru, and D, = Vpu,,
where Vp = % is the thermal voltage, k is Boltz-
mann’s constant, and T is temperature.
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Fig. 1. A 2D domain for a submicron
N-MOSFET device.

Using Boltzmann statistics, we write above
equations as

¢ —
n; ue VT —pe VT +D
Ag = dlnitue™T —ve¥T)4D)

V- (Dnnie‘_%Vu) =R (¢, u,v), (1)

V - (Dpnier Vv) = R (¢, u,v),

—¢n £p .
where u = e V7 , and v = eVr are the exponential
quasi-Fermi levels. The expressions for electrons
and holes in terms of the quasi-Fermi potentials
¢n and ¢, are

P—on
n=n;e Vr |
¢2—¢
p=mne V1T .
The carrier recombination rate R(¢,n,p) be-
comes a nonlinear function in terms of ¢, u, and
.
We have derived a self-adjoint semiconductor
device drift diffusion model (1) with the state



variables (¢,u,v) and it is favorable for the
monotone iterative method. As shown in Fig.
1, [10] the model (1) is subject to boundary con-
ditions on a rectangular domain Q C R2?. The
domain is formed by the ohmic contact parts:
source, gate, drain, and substrate and left and
right boundaries. By the charge neutrality condi-
tion and the mass action law, the boundary con-
ditions for three state variables are as follows [10].

The Dirichlet type boundary conditions are
[11]

¢ = Vo
Ny —Np (VA-Np) 211/2
+ Ve i)
n;
Yo Yo
u=e"r , and v = e"ron 0{2p,where 0Q2p

consists of source, drain, and substrate contacts,
Vo = Vs, Vp, or Vp, is the source, drain, or
substrate applied voltage, respectively. On the
left and right boundaries, we artificially assume
that the normal components of the electric field
E = —V ¢ and current density are zero, and have
the Neumann type boundary conditions Bﬁ% =0,
a‘% =0, and % = 0 on 0Q2y, where O is the
union of the left and right boundaries, 7’is the
outward normal vector on 0. At the interface
between semiconductor and oxide, we derive the
Robin and Neumann types boundary conditions
Egi&%f—l—(ﬁ:‘/g, %:0, and% = 0 on 0Qg,
where 0€Q)g is the interface between semiconduc-
tor and oxide, Vi is the voltage applied on the
gate, to, is the gate oxide thickness, and ¢4 is the
dielectric constant of the gate oxide.

3. THE GUMMEL’S DECOUPLING AND
MONOTONE ITERATIVE METHODS

In this section, we briefly state the Gummel’s de-
coupling method for the coupled drift diffusion
equations. The monotone iterative method is
then applied to compute the solution for each
decoupled and finite volume discretized equa-
tion. In order to use the classical monotone it-
erative in the numerical solution for each decou-
pled and discretized equation directly, we state

the Gummel’s decoupling method firstly and the
monotone iterative method for each equation will
be addressed later on.

With a given initial guess (qﬁ(o), u(©), U(O)) and
for each Gummel’s iteration index g, g = 0,1, .. .,
we first solve the nonlinear Poisson equation

AT = Ro(p6HD) ), 2)

for ¢t where R? is the right hand side func-
tion of the Poisson equation in (1). We then solve
the electron current continuity equation

89 _
V- (Donge V1 Vul9t)) = Re(,ult) ) (3)

with the known functions #@and v@ for uloth),
and the R" is the right hand side function of the
electron current continuity equation. Finally we
solve the hole current continuity equation

b 9) —~
V- (Dpnie vr vv(g+1)) = RU(-: . U(g+1))a (4)

with computed ¢@ and w9 for v+, The R
is the right hand side function of the hole cur-
rent continuity equation. The Gummel’s itera-
tion loops will be terminated when a pre-specified
criterion for (¢, u,v) is satisfied. This method is
widely used in semiconductor device simulation
and some theoretical works for its convergence
could be found in [12, 13, 15, 16]. Each decoupled
equation in Gummel’s algorithm leads to an in-
dependent nonlinear PDE to be solved. Conven-
tionally, these decoupled and discretized equa-
tions (by using finite difference or finite volume
methods) [20, 21] are solved with the Newton’s it-
erative method. This method has quadratic con-
vergence rate, however it encounters many ini-
tial guess problems in submicron and nano-scale
semiconductor device simulation.

Our monotone iterative method is applied to
solve the nonlinear algebraic system resulting
from the discretization of each PDE. We prove
for each decoupled PDE the computed solution
with monotone iterative method converges to the
unique solution of the equation monotonically.



Theorem 1 For a fized Gummel’s index g, the
nonlinear terms R(z), z = ¢WtD, w0+t and
0@t in the Poisson and electron-hole current
continuity equations are monotone functions in

z, that is 3¢ > 0, — 61;3) >c, Vz.

Remark 1 We note the applied voltage at de-
vice contacts is finite, so the electrostatic poten-
tial ¢ is bounded function in device domain. In
addition, based on the physical definition, the ex-
ponential quasi-Fermi levels u and v are positive
and bounded functions.

Proof. With Remark 1 and direct calculation
for these three functions, we have the results
directly. l

We discertized nonlinear PDEs (2)-(4) with fi-
nite volume method and approximate the integra-
tions with quadrature rule. The system of non-
linear algebraic equations for each PDE is then
solved by the monotone iterative method. We fix
the Gummel’s iteration index g for the following
discussions. The three discretized systems can be
written as

—&ij—1%ij-1

—&i—1,j%i-1,5 + &ij%ij (5)
—&it1,j%i41,5

— &% = —F(zi5),

for all nodes (x;,y;) in the device domain, where
zi ; = z(x4,y;) represents the approximated value
®i,j, uij, and v; ; of the function ¢, u, and v at
(xi,y5) in Egs. (2), (3), and (4), respectively.
The discretization coefficients & ;, &i41,5, &i—1,5,
& j—1, and & ;41 are associated with the opera-
tors as well as their boundary conditions. Simi-
larly, the nonlinear function F' is associated with
each nonlinear function R and boundary condi-
tions. It can be verified that the coefficients sat-
isfy the conditions:

gi,j Z 07£i+17j 2 O,gifl’j 2 O’
§ij—1 20,8541 >0, (6)
52,] = £1+1,] + fl 1, + 517] 1+ SQJJFL

for all discretization index (i,7) in the device

domain. We write now Eq. (5) into a compact
form, the system of nonlinear algebraic equations,

AZ = —F(2). (7)

Theorem 2 The system of nonlinear algebraic
equations (7) has at most a solution.

Remark 2 The matriz A in Eq. (7) is an M-
matriz [20] and since %R(zi,j) > 0, the func-

tion F is uniformly bounded and %F(zm) >0

Proof. It is a direct result with the monotone
property of F'(Z). R

The iterative scheme for each system are now
written explicitly in terms of nodal points (x;, y;)
in the device domain and the monotone iteration
index m, m =0,1,.... The first iterative scheme
is

S+ _ U@\ —R(@) A0 o)
ij £ AP v
RA@) = RO, . ), ®
o-(m) 9§ (m)
Wi g™ Ro(¢i57),

for all nodes (x;,y;) in the device domain where
¢§?+1) is an approximation of the potential func-
tion ¢ at the node (x;,y;) and [,Ll(qﬁl(-?)) is the
sum of the corresponding coefficients at m itera-
tion. Similarly, for all nodes (x;,y;) we can write
the iterative schemes

LU - R(u(m))+)\u_(m) (m)

(m+1) _ fig

I & ]+/\j;(’”) ’
() = By ), ®)
)\i,j (m) Ru( ,L )7

and

(m+1) _ U -RET)+A T o)

,] 51]+A —(m) 9
RO = R”(, . f’?), (10)
ve(m)” |

i,j 8 (m R ( 7] )’

for electron and hole current continuity equa-
tions. We express above Egs. as

(m+1) 1 (m L(m)
Zij - {£Z+17 Z; +€Z 1,5%—
J )‘z('?)JFfi,g J +1] J%i—1,

+ &g 121(?)1 + fi,j+12§?4)r1 - R(Zz(rjn))
+ )\(m)z(m)}’ (11)

[2¥) 2y}



for all nodes (x;,y;) in the device domain and for
all m.

Theorem 3 Let zi(o») be an arbitrary solution se-

quence and z;j be the solution of Eq. (5). Let

{20},

Then ZZ(T) — z;"J as m — o0, for all (xiyyj)

in the device domain.

be a solution sequence of Eq. (11).

Proof. The nodal values fixed on boundary part
are uniquely determined by their associated val-
ues. We prove now the result for all interior nodes
of the device domain. Define

(m) _ _(m) *
Yij T Fig T i

for all (z;,y;) in the device domain. Since 2;; is
the solution of Eq. (5), we have

1
Zij o = &—j{iz‘+1,jzf+1,j+ §i-1i%1,

+ fi,j—lZ;j,1 + f@j-&-lZ;jJrl
From Egs. (10) and (11) we derive

(12)

(m+1) 1 1% (m) (m)
ij = T Sigwinn; tSio1win
AZ(’]-) +&i;
fz’,j—lwi(,?zl + §i,j+1wi(,7ﬁl - (Zz(rjn))

Raty) + 27l
_
)\E?) +&ij
+ Ei,j—le(?L + €i7j+1w§?—3—1 + ()‘z(?)
R — R(2*.
SARIELCOWIN (13)
w(m) sJ

1,J

+ o+

{€i+1,jw§T1),j + fi—l,ijTl),j

Since R is increasing function, there exists a pos-
itive constant ¢ such that

R(z ") — R(%.
(Zz,] ) (Zz,]) >c> 07
w(m)

i’j

where the constant ¢ can be calculated in The-
orem 1. We calculate the estimation from Eg.

(13) and note the Eq. (6), the following expres-
sion can be derived directly

where the positive parameter v is given by

(m+1)

Wi

Sv‘wﬁ)uw,

I

Am) +&ij—c
i, )\i? +&ij

for all nodes (z;,y;) in the device domain. There-
fore,

o5 = ),
< s,
<
< s,

(0)

for all z; 7 and nodes (;,y;) in the whole device
domain, and the result follows. W

4. CONCLUSIONS

Based on the Gummel’s decoupling and
monotone iterative methods, we have presented
a numerical solution method for semiconductor
device drift diffusion equations. With monotone
iterative technique, we have proved each Gum-
mel’s decoupled and finite volume discretized de-
vice equation converges monotonically. The pro-
posed method here provided an alternative in the
numerical solution of semiconductor device equa-
tions. Computational results for PN diode, MOS-
FET, DTMOS devices have been reported in our
earlier work [2, 3, 4, 5, 6, 7, 8, 9] to demonstrate
the robustness of the method. This method is
inherently parallel and can be systematically ex-
tended to simulate not only VLSI circuit but also
biological transportation.
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