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In this paper, we show that every 2-regular graph with three components of the form 2C,, E  Cyy has an a-
labeling, except for the case p = m = 1. Furthermore, we present some general results for graphs composed
of the digjoint union of cycles. The results considerably enlarge the class of 2-regular graphs known to have

a-valuations.
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1. BASIC DEFINITIONS

This paper is closely related to a companion paper
by Eshghi, Carter & Abrham [3] where we show
that all 2-regular graphs with three components of
the form C4a E Ca E  Cy have an a-labeling.
Additional constructions are presented in Eshghi
[4].

Let G = (V, E) be agraph with m =2A/%ertices and
n =YEYedges. By the term graph, we mean an
undirected finite graph without loops or multiple
edges.

A graceful labeling (or b-valuation) of agraph G =
(V, E) is aone-to-one mapping Y of the vertex set
V(G) intotheset {0, 1, 2, ... , n} with this property:
If we define, for any edge e ={u, v} E(G), the
value Y '(e) = |Y (u)-Y (V)| then Y  is a one-to-one
mapping of the set E(G) ontotheset {1, 2, ... , n}.
A graph is called graceful if it has a graceful
labeling. An a-labeling (or a-valuation) of a graph
G = (V, E) is a graceful labeling of G which
satisfies the following additional condition: There

exists a number g (0 £ g £ ¥E(G)%) such that, for
any edgee

T E(G) with end verticesu, v1 V(G), min[Y (u),
YW £g<max [Y(u), Y(V)].

The concept of a graceful valuation and of an a-
valuation were introduced by Rosa [8]. Rosa proved
that, if G is graceful and if all vertices of G are of
even degree, then YE(G)¥2 0 or 3 (mod 4). This
implies that if G has an a-valuation and if all
vertices of G are of even degree, then YE(G)¥2 0
(mod 4) (G is bipartite). In [8] it is also shown that
these conditions are also sufficient if G is a cycle.
The symbol C, will denote a cycle on m vertices.
Abrham and Kotzig [2] proved that Rosa's
condition is also sufficient for 2-regular graphs with
two components.

A snake is atree with exactly two vertices of degree
1. In [8], it was proved that every snake has an a-
valuation. A snake with n edges will be denoted by
Pn.

A detailed history of the graph labeling problem and
related results appears in Gallian [5, 6]. One of the



results of Abrham and Kotzig should be mentioned
here: If G is a 2-regular graph on n vertices and n
edges which has a graceful valuation Y then there
exists exactly one number x (0 < x < n) such that
Y(v) ! xforal vl V(G); this number x is referred
to as the missing value of the graceful graph [2].

All parametersin this paper are positive integers. A
sequence of numbers in parentheses or square
brackets indicates the values of vertices of a graph
or subgraph under consideration according to
whether it is a snake or cycle respectively.

2. Transformations of Labeling of a
Graph

The transformations presented below are used
extensively in this paper.

Lemma 1: (Abrham & Kotzig [1]) Let r be a non-
negative integer and let s be an odd integer, s =
2k+1 $2r+1. Then Ps has an a-valuation R with
endpoints labelled w and z that satisfies the
conditions z -w = k+1 and w = r. (w.l.o.g., we
assume that w < z.)

Transformation 1: Given any 0 <=w <=k and k+1
#z # 2k+l,and z - w = k+1, we can adways
construct an a-valuation for a snake P+ with edge
labels 1 through 2k+1 and endpoints w and z, with
(= k. i.e, the snake is bipartite. Sincew =r, z =
k+r+1.
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Figure 1. Arrangement of vertex labels of snake Paug
according to lemma 1

Suppose we now add n to the top half, and add m-
(k+1) to the bottom half for any positive integers m
and n where m > n+k:
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Figure 2: Arrangement of vertex labelsin transformation 1

Then the edge labels will all increase by precisely
m-(k+1)-n.The transformation produces the edge
labels from [m-k—n] through [m+k-n].

Lemma 2: (Abrham & Kotzig[1]) Let r be anon-
negative integer and let s be an even integer, s = 2k
$4r+2. Then Ps has an a-valuation Rwith endpoints
labelled w and z that satisfies the conditions z + w =
kandw =r. (w.l.0.9., we assume that w < z.)

Transformation 2: Givenany 0#w < (k/2) <z

# k and w + z = k we can always construct an a-
valuation for a snake P, with endpointsw and z,
with (= k. i.e., the snake is bipartite. Sincew =r, z
=k-r,and r < k/2.

0 1 2 WL k2L zker k1 k
00 0] o) ¢ o)
o O 0O O
X X1 k2 kHl

Figure 3: Arrangement of vertex labels of snake P, according
tolemma 2

Suppose we now add n to the top half, and add m-
(k+1) to the bottom half for any positive integers m
and n where m > n+k:
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Figure 4: Arrangement of vertex labelsin transformation 2

Then the edge labels will all increase by precisely
m-(k+1)-n. The transformation produces the edge
labels from [m-k—n] through [m+k-1—-n].

Transformation 3: Thistransformation is derived
similar to transformation 2. Given any a -valuation
R of agraph on s edges, the complementary
valuation is defined by substituting the label's of
R(v) with s-R(v). The new valuation is again
graceful. If we apply this transformation to the
snake Py in transformation 2, we get:

Givenany 2k $w $ (3k/2) $z$ k and w + z = 3K,
we can always construct an a-valuation for a snake
P« with edge labels 1 through 2k and endpoints w
and z, with (= k. i.e., the snake is bipartite. Since w
= 2k-r, z=k+r, and 0 # r < k/2. (In the complement,
w>2z)
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Figure5: Arrangement of vertex labels of snake Py used in
transformation 3

Suppose we add n to the top half, and add m-k to
the bottom half for any positive integers m and n
where m > n+k-1:
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Figure 6: Arrangement of vertex labelsin transformation 3

Then the edge labels will all increase by precisely
m-k-n. The transformation produces the edge labels
from [m-k-n-1] through [m+k—n].

3. The Construction of an a-valuation of
the graph 2C4, E Cyn

Theorem 1. The graph 2C4 E Cym has an a-
valuation for al m, p 3 1 with the exception of p =
m=1.

Proof: Sincein [1] it was proved that if p, g3 1 and
p + g £ m then the graph Cy E Cy4q E Csmhasan a-
valuation, we only need to consider the case m < 2p
in this theorem. We also know that 3C, does not
have an a-valuation [7]. Now we will organize the
following cases, covering different special cases of
this theorem, and prove each of them separately:

31 Casel: p+t2<m<2p

The vertices of the first C4, will be successively
labeled as follows: [0, 8p+4m, 1, 8p+4m-1, 2,
8p+dm-2, ..., p-1, 7p+4m+1, p+1, 7p+4m, ..., 2p-1,
6p+4m+2, 2p, 6p+4m+1]. The resulting edge values
of the first C4, are then 8p+4m, 8p+4m-1, 8p+4m-2,
., 6pHAM+2, 6p+4m, ..., 4p+4m+2, 4p+4m+1 and
6p+4m+1.

The vertices of the second Cy4, will be consecutively
labeled by the numbers [2p+2m, 6p+2m, 2p+2m+1,
6p+2m-1, 2p+2m+2, 6p+2m-2, , 3p+t2m-1,
5p+2m+1, 3p+2m+l, 5p+2m, .. , 4p+2m-1,



dp+2m+2, 4p+2m, 4p+2m+1]. The resulting edge
values of the second Cyp are then: 1, 2, 3, ..., 2p-1,
2p, 2pt2, ..., 4p-1, 4p, 2p+1. The missing value of
the first C4, is equal to p and the missing value of
the second Cg4p, is equal to 3p+2m. The missing
value of the main graph is equal to 2p+m.

Now we must label the cycle Cym. The cycle Can
can be labeled based on the following stages:

I Join the missing value of the first Cyp, i.€., p
to the vertices labeled 5p+4m and 5p+4m-1.
This generates the edges labeled 4p+4m and
4p+4m-1.

ii.  Join the missing value of the second Cgp,
i.e,, 3p+2m to the vertices labeled 7p+2m+1
and 7p+2m+2. This generates the edges
labeled 4p+1 and 4p+2.

lii.  Construct the snake (6p+4m-1, 2p+l,
6p+4m-2, 2p+2, ... , S5p+4m+1, 3p-1, Sp+4m).
Thus the edge labels 4p+4m-2, 4p+4m-3,
4p+4m-4, ... , 2p+4m+2, 2p+4m+1 will be
generated by this snake.

iv.  Form another snake in such a way that its
vertices are labeled as follows: (5p+4m-1, 3p,
5p+4m-2, 3p+l, 5p+4m-3, .. , 2p+m-3,
6p+3m+1, 2p+m-2, 6p+3m).The value of the
edges are then 4p+2m+2, 4p+t2m+3, ... ,
2p+4m-2, 2p+4m-1.

v. Join the vertex labeled 2p+2m-1 to the
vertices labeled 6p+4m-1 and 6p+4m. The
vaue of the edges will be 4p+2m and
4p+2m+1. Next join the two vertices 4p and
6p+4m and produce the edge labeled 2p+4m.

Now we have to distinguish ten specia cases to
cover the rest of the edge values of Csn by
considering this fact that the missing value of the
main graph is equal to 2p+m. The detals of
construction of Cyy, in each of these cases are given
in Appendix 1.
32Case2m=p+i 1=210

The labeling of the vertices of the first and the
second C4p Will be the same as case 1. Now we

have to organize three special cases to label the
edges of the cycle C4m. The details of each case are
given in Appendix 2.

33Case3: (V2)p<m£Ep-1

The vertices of the first Cs, will be successively
labeled as follows. [0, 8p+4m, 1, 8p+4m-1, 2,
8p+dm-2, ..., p-1, 7p+4m+1, p+1, 7p+4m, ..., 2p-1,
6p+4m+2, 2p, 6p+4m+1]. The resulting edge values
of the first C4, are then 8p+4m, 8p+4m-1, 8p+4m-2,
., Opt4m+1, 6p+4m, ..., 4p+4m+2, 4p+4m+1. As
we can see the first cycle Cqp is constructed exactly
the same as the first cycle Cyp, in the case 1.

The vertices of the Cyn will then be consecutively
labeled by the numbers [4p, 4p+4m, 4p+1, 4p+4m-
1, ..., 4ptm-1, 4p+3m+1, 4p+m+1, 4p+3m, ... ,
dp+2m-1, 4p+2m+2, 4p+2m, 4p+2m+1]; this yields
the edge values 4m, 4m-1, 4m-2, ... , 2m+2, 2m+1,
2m,2m-1, ..., 3, 2, 1.

The second cycle Cy4, can be labeled based on the
following stages with the exception of case m = p-2:
I The missing value of the first Cap, p, is
joined to the vertices 5p+4m and 5p+4m-1 to
generate the edges labeled 4p+4m and 4p+4m-

1

ii.  Join the missing value of Cym, 4p+m, to the
vertices labeled 4p+5m+2 and 4p+5m+1. This
yields the edges labeled 4m and 4m+1.

iii.  Form the following snake in such a way
that its vertices are labeled by (6p+4m-1,
2p+1, 6p+4m-2, 2p+2, ..., 2p+m-2, 6p+3m+1,
2p+m-1, 6p+3m). The corresponding values of
the edges are then 4p+4m-2, 4p+4m-3,
Ap+4Am-4, ..., 4p+2m+3, 4p+2m+2, 4p+2m+1.

iv.  The edge labeled 4p+2m is obtained by
connecting the vertex labeled 6p+4m to the
vertex labeled 2p+2m.

v.  Theedgeslabeled 2p+4m+1 and 2p+4m are
generated by joining the vertex labeled 4p-1 to
the vertices labeled 6p+4m and 6p+4m-1
respectively.



vi. For (U2p < m £ p-3 form the snake
(6p+3m, 2p+m+1, 6p+3m-1, 2p+m+2, ... , 3p-
2, 5p+4m+2, 3p-1, 5p+4m+1). The values of
the edges of this snake are (4p+2m-1, 4p+2m-
2, 4p+2m-3, 2p+4m+4, 2p+4m+3,
2p+4m+2).

Now we have to distinguish ten special cases to
generate the remaining edge labels of C4p. The
details are given in Appendix 3.

34 Cased: 1<m£E£(1/2)p

The vertices of the first Cs, will be successively
labeled as follows: [0, 8p+4m, 1, 8p+4m-1,
W Iptdm+3, p-2, 7ptdm+2, p-1, 7p+4m+l, p,
7ptdm-1, ..., 2p-2, 6p+4m+1, 2p-1, 6p+4m]. The
resulting edge values of the first C4 are then
8p+4m, 8p+4m-1, 8p+4m-2, 4p+4m+3,
dp+4m+2, 4p+4m+1. The vertex labeled 7p+4m is
the missing value of the first Cyp.

Suppose that m < (1/2)p. The vertices of Cy4m Will be
consecutively labeled by the numbers [2p, 6p+4m-
1, 2p+1, 6p+4m-2, .... 2p+m-2, 6p+3m+1, 2p+m-1,
6p+3m, 2p+m+1, 6p+3m-1, 2p+m+2, 6p+3m-2, ...
, 2p+t2m-1, 6p+2m+1, 2p+2m, 6p+2m]; this yields
the edge values 4p+4m-1, 4p+4m-2, 4p+4m-3, ... ,
4p+2, 4pt+l, 4p. The vertex labeled 2p+m is the
missing value of 2C4, E Cym.The construction of
Csmisshownin figure 11 asfollows:

Now join the missing value of the first C,, to the
vertices labeled 3p and 3p+4m+1. This generates
the edges labeled 4p+4m and 4p-1. Then we apply
transformation type 2 to the vertex labels
(2p+2m+1, 2p+2m+2, ..., 3p, ... , 3p+dm+l, ... ,
dp+2m-1, 4p+2m) and (4pt2m+1l, 4p+2m+2, ...
,6p+2m-2, 6p+2m-1) by using the two vertices 3p
and 3p+4m+1 as end vertices. Note that since 1 <m
< (/2) p we have 2p+2m+1 £ 3p < 3p+4m+1 £
4p+2m. This transformation generates the edge
labels 4p-2,4p-3, ...., 3,2,1 and the construction of
the second Cap, will be completed.

For m = (1/2)p the construction of C4n and the
second Cy4p Will be similar to the above case with a
minor modification. The vertices of C,y, in this case
will be labeled by the numbers [2p, 6p+4m-1, 2p+1,
6p+4m-2, 2p+tm-2, 6p+3m+1l, 2p+m-1,
6p+3m, 2p+m+1, 6p+3m-1, 2p+tm+2, 6p+3m-2, ...
, 2pt2m-1, 6p+2m+l, 2p+2m+1l, 6p+2m]; this
yields the edge values 4p+4m-1, 4p+4m-2, 4p+4m-
3, ..., 4p+2, 4p, 4p-1. Now we connect the missing
value of the first Cyp, i.e, 7p+4m to the vertices
labeled 2p+2m and 3p+4m-1 (=5p-1) to generate
the edges labeled 4p+4m and 4p+l. The edge
labeled 4p-2 is obtained by joining the two vertices
2p+t2m and 6pt2m-2.  Next, we apply
transformation type 1 to the vertex labels
(2p+2m+2, 2p+2m+3, ... , 4p+2m-1, 4p+2m) and
(4p+2m+1, 4p+2m+2, ... 6p+t2m-2, 6p+2m-1) by
using the two vertices 4p+2m-1 (=5p-1) and
6p+2m-2 as end vertices. This transformation
generates the edge labels 4p-3, 4p-4, ..., 3,21 and
the construction of the second C4 will be
completed.

35 Caeh: m=1

As mentioned earlier, Abrham and Kotzig [1]
showed that the case p=1 has no graceful valuation.
The case p=2 was handled in case 4. Now suppose p
> 3. The labeling of the vertices of the first Cap will
be successively as follows: [6p+5, 2p, 6p+6, 2p-1,
e, (P4, p+1, 7p+5, p-1, 7p+6, p-2, ..., 8p+3, 1,
8p+4, 0]. The edge labels of this cycle will be 4p+5,
4p+6, 4p+7, ... , 8pt2, 8p+3, 8p+4. The missing
value of thiscycle, p, will be used in the C,.

The vertices of C4 will be labeled as follows: [p,
5p+4, 3p+3, 5p+3]. The corresponding edge values
of this cycle are then 4p+4, 2p+1, 2p, 4p+3. The
missing value of the whole graph is 2p+1.

Now we will construct the second Cgp. First we
generate a snake with vertices labeled (3p+2, 5p+5,
3ptl, 5pt6, ... , 2p+4, 6p+3, 2p+3, 6pt4, 2pt+2).
The resulting values of the edges are then 2p+3,
2p+4, 2p+5, ..., 4p-1, 4p, 4p+l, 4p+2. The edges
labeled 2p+2 and 2p-1 are obtained by connecting



the following pairs of vertices. 2p+2 and 4p+4;
3p+2 and 5p+1. In order to make the rest of the
edge labels we will perform transformation type 3
to the vertex labels (5p+2, 5p+1, 5p, ... , 4p+5,
4dp+4, 4p+3) and (4p+2, 4p+1, 4p, ..., 3p+5, 3p+4)
where we select the two vertices 5p+1 and 4p+4 as
end vertices. Therefore the edge labels 1, 2, 3, ...,
2p-3, 2p-2 will be obtained and the construction of
the second Cg4p, will be completed.

For p = 3, we will have the graph 2C;, E C4 and an
a-valuation of this graph could have the following
vertex labels: [0, 23, 6, 24, 5, 25, 4, 26, 2, 27, 1,
28], [3, 19, 11, 18], [8, 22, 13, 15, 14, 17, 12, 16,
10, 20, 9, 21].

4. THE STANDARD VALUATIONS
OF Cx

Definition 1: The standard a-valuations of Cy are
given by any of the following sequence of values of
the consecutive vertices of Cyy:

i) [4k, 0,4k-1, 1,4k-2, 2, ... , k-2, 3k+1, k-1, 3K,
k+1, 3k-1, k+2, 3k-2, ... , 2k+2, 2k-1, 2k+1,
2k] with missing value x = k.

i) [0,4k, 1,4k-1, 2, 4k-2,... , k-2, 3k+2, k-1, 3k-1,
k+1, 3k, k+2, 3k-1, ..., 2k-2, 2k+2, 2K, 2k+1]
with missing value x = k.

i) [4k, 0,4k-1, 1,4k-2, 2, ... , k-2, 3k+1, k-1, 3k-1,
K, 3k-2, ..., 2k+1, 2k-2, 2k, 2k-1] with missing
value x = 3k.

iv) [0,4k, 1,4k-1, 2, 4k-2,... , k-2, 3k+2, k-1, 3k+1,
k, 3k-1, k+1, ..., 2k-2, 2k+1, 2k-1, 2k] with
missing value x = 3k.

In figure 7 one of the standard a-valuations of Cj,

has been shown:

12 11 10 9 8 7

Figure7: A standard a-valuation of Cy,

A standard a-valuation of Cg can be replaced by
any other a-valuations of Cy. For example, an a-
valuation of Ci in figure 13 is replaced by an a-
valuation of 2Cg in figure 8:

Figure 8: Ana-valuation of 2Cg

Definition 2: The graph Ck has a standard
labeling ( or standard valuation) if the values of
the vertices of Cy can be generated from a standard
a-labeling of Cy differ by a constant factor.

For example, Cy» in the a-labeling of Ci» E Cyo
shown in figure 9 has a standard labeling because it
can be generated from a standard a-labeling of C;»
that differs by a constant factor 10:

01 23456 78910 111213 1415 16
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Figure9: Ana-valuation of C;, E Cy

If a graph has a standard labeling it can be replaced
by any a-labeling of Cu by considering the constant
factor. For instance, the standard labeling of Cy; in
figure 10 can bereplaced by an a-labeling of 2Cq
to form an a-valuation of 2Cs E Cy if we increase
the values of the a-labeling 2Cs in figure 14 by
constant factor i.e. 10:
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Figure 10: Ana-valuation of Cy,

5. EXISTENCE OF CONDITIONAL a-
VALUATIONS OF GENERAL
CLASSES OF 2-REGULAR GRAPHS

Now we present some general results for the graphs
composed of the digoint union of cycles. The
results considerably enlarge the class of 2-regular
graphs known to have a-vauations.

Theorem 2: The graph | J  C,, has an a-

. . O n .
valuation if g, .m; £ m fori=0,1,2,...,n
1

Proof: According to the definition of standard
labeling, we notice that in the construction of an a-
valuation of the graph Csp E Cym; p £ m, which was
constructed by Abrham and Kotzig [2], C4p has a
standard valuation. Suppose that Cax EC,,, ; k £
Mo, has an a-valuation. Now we replace Cy, which
has a standard labeling, by the graph C,, E C,, ; ki
£ my; K = kq + my. Inthis constructionC,, again has
a standard vauation and we can replace it by
C4k2 E C4m2; ki = ko + my; ko £ mo. If we repeat
this kind of replacement in such a way that each
time we replace a standard valuation of the graph
Cu by Cu  ECup. s Ki = Miva + Kisg; Kisg £ Misg
fori =2, ...,n-2and k1 =my; wewill obtain an
a-labeling of the graph | J' C,,, -

For example, the graph C,» E C4 E C1o E CsE C4
has an a-valuation according to the theorem 2 since

wehavemy=18 m; =10, my=3, mz=2and my =
1 and the condition of the theorem is satisfied.

Theorem 3: The graph C4 E Cy E Cym has an a-
labeling where Cam = | J C,,, and p2 r+

a.m;r=a.m:; é;ﬂm]ﬁ m; fori=1,2,

..., N1

Proof: In the construction of an a-valuation of Cu
E Csp; k £ p; we replace a standard labeling of Cyx
by C,, E 2C,, :k=mg+2p;. Weknow thatin

an a-labeling of C,, E2C,, we are aways able
to construct at least one of C,, by using a standard
labeling; thusin an a-labeling of C,., E 2C,, we
can replaceoneof the C,, by C,) EC,,, ip1=p2

+ my; p2 £ M. Now we use the same replacement
procedure as theorem 2 in such away that each time

we replace a standard labeling of the graphC,, by
Cup E Cam, s Pi = Miss + Prag; Pies £ Misg fori =2,

..., n-2and pp.1 = mp.

For instance, the graph Cis E Ceo E Cs2 E Cx E
Cs E C, has an a-valuation because the conditions
of theorem 3 will be satisfied by assuming p = 35, r
=15, m =8 my=5 mz=2and my=1.

Theorem 4: The graph Cys E C4 E Cgm E Cyp has
an a-labeling where Can = |J_ Cyr, » Cap =

ULCs, andss r+ g " (m +p);r=prandpi =
mi+1 +2pi+1 for i=1,2, ..., n-1.

Proof: In the construction of an a-valuation of Cg
E Cup ; k £ p; first we replace a standard labeling of
Ca by C,, E 2C, ;k=my+ 2p. Then we
apply the replacement procedure by substituing a
standard  labeling of the graphC,, by



2C, EC

1

» Pi = Mivy + 2p|+1 fori= 1 2 n-

Apisg am;

For example, the graph Cop E Ci6 E Ceo E Cg E
Css E Cio E Ci E Cy E C4 has an a-valuation
according to the theorem 4 if we assume s=50, r
:1,p1=20, m1=4, p2:9, m2:2, p3=m3=3
and ps=my=1

Theorem 5: The graph C4 E C4s E Ci4 E Cam E
Cap has an a-labeling where Can = | J” C,, + Cap =

ULCi ands=r+Q  (m +p);r=prandp =
Mi+1 +2pi+ for i=1,2,...,n-1.

Proof: First we consider an a-vauation of Cy E
2C4s. Then we repl ace a standard labeling of Cys by
C,. E 2C,, s s=m + 2p;. Next we apply the
replacement procedure by substituting a standard
labeling of the graphC,, by 2C,, EC, ;p=
M+ +2pi41 fori=12, ..., n-1.

4m,

Theorem 6: The graph Csm E CisE C4 hasan a-

. n t
labeling where Cym = U oCuam, + Car = U,— oCar 1 S

a_0 s al I+1m’E m; fori=0,1,2,.
1 al. ner forj=0,1,2,...,t-1;1< ajzorJ

n

<a.m and éj 02 4
Proof: We have seen that in construction of an a-
valuation of 2C4p E Cyy for 1< m < p; m (U/2)p
we are always able to construct at least one of Cyp
and C4y, by using standard labelings; thus we use
the same replacement procedure as theorem 2 for
each of these graphs to obtain the an a-valuation of
the graph Cam E C4sE Cy; .

Theorem 7: & The graph Csm E 2C4s has an a-

labeling where Cam = |J' Cun i 5= & ,M

a] LmE mfori=0,1,2..,nL

b) The graph Csm E C4s E C4 has an a-labeling

n t

where Cin = (J_Cam + Car = j0C4r,, s =
a.,.m ; é“lmE m fori=0,1,2, ..., n1;
a. .rE r forj=0,1,2, ... ,t-1land ét. r

j+1 j=0"1

n

t
|=j+
[o]
al 0

Proof: In construction of Cs, , we have seen that
two isomorphic components of Cg, have standard
labelings. In part (a) of theorem 7 we use the same
replacement procedure as theorem 2 for one of these
components and in part (b) we use it for both of
them. In fact in part b each standard labeling of Cy,
decompose to the different components which are
not necessarily isomorphic to each other.
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APPENDIX 1: Casel: p+2<m<2p

Conditions: m =2p-1,p 3 13

Step The successive vertex labels

1 (4p-2,12p-5); (4p, 12p-8);( 4p-2,10p-1)

2 (12p-3, 4p+1, 12p-4, 4p+2, 12p-5)

3 (11p-1, 5p-4, 11p-2, 5p-2, 11p-3, 5p-1, ..., 10p+1, 6p-5, 10p, 6p-4, 10p-1)

4 (11p, 5p-5, 11p+1, 5p-3, 11p+4)

5 Apply the transformation type 3 to the vertex labels (12p-6, 12p-7, 12p-8, ... , 11p+3, 11p+2) and (5p-6,

5p-7, 5p-8, ... , 4p+4, 4p+3) by using the two vertices 12p-8 and 11p+4 as end points

Conditionss m=2p-1, 4£p £ 12

p |m The successive vertex labels of Cyp,

12 | 23 | [12, 152, 35, 153, 34, 154, 33, 155, 32, 156, 31, 157, 30, 158, 29, 159, 28, 160, 27, 161, 26, 162, 25, 163, 69, 164, 48, 136
52, 137, 51, 138, 55, 134, 54, 135, 53, 131, 82, 132, 57, 133, 56, 130, 58, 129, 59, 128, 60, 127, 61, 126, 62, 125, 63, 124
64, 123, 65, 122, 66, 121, 67, 120, 68, 119, 46, 139, 50, 140, 49, 141, 45, 142, 44, 143, 43, 144, 42, 145, 41, 146, 40, 147
39, 148, 38, 149, 37, 150, 36, 151]

11 | 21 | [11, 139, 32, 140, 31, 141, 30, 142, 29, 143, 28, 144, 27, 145, 26, 146, 25, 147, 24, 148, 23, 149, 63, 150, 44, 124, 48, 123
49, 126, 47, 125, 52, 122, 50, 121, 75, 120, 51, 119, 53, 118, 54, 117, 55, 116, 56, 115, 57, 114, 58, 113, 59, 112, 60, 111,
61, 110, 62, 109, 42, 127, 46, 128, 45, 129, 41, 130, 40,131, 39, 132, 38, 133, 37, 134, 36, 135, 35, 136, 34, 137, 33, 138]

10 | 19 | [10, 125, 30, 124, 31, 123, 32, 122, 33, 121, 34, 120, 35, 119, 36, 118, 37, 117, 41, 116, 42, 115, 38, 110, 68, 109, 46, 111,
45, 112, 44, 113, 43, 114, 52, 103, 53, 102, 54, 101, 55, 100, 56, 99, 47, 108, 48, 107, 49, 106, 50, 105, 51, 104, 40, 136, 57
135, 21, 134, 22, 133, 23, 132, 24, 131, 25, 130, 26, 129, 27, 128, 28, 127, 29, 126]

9 | 17 | [9 112, 27, 111, 28, 110, 29, 109, 30, 108, 31, 107, 32, 106, 33, 105, 37, 104, 38, 103, 34, 98, 61, 99, 41, 100, 40, 101, 39
102, 46, 94, 45, 95, 44, 96, 43, 97, 42, 89, 50, 90, 49, 91, 48, 92, 47, 93, 36, 122, 51, 121, 19, 120, 20, 119, 21,118, 22, 117
23, 116, 24, 115, 25, 114, 26, 113]

8 | 15 | [8, 99,24, 98, 25, 97, 26, 96, 27, 95, 28, 94, 29, 93, 33, 92, 34, 91, 30, 86, 37, 87, 54, 88, 36, 89, 35, 90, 42, 81, 41, 82, 44
79, 43, 80, 38, 85, 39, 84, 40, 83, 32, 108, 45, 107, 17, 106, 18, 105, 19, 104, 20, 103, 21, 102, 22, 101, 23, 100]

7 | 13 | [7, 86,21, 85, 22, 84, 23, 83, 24, 82, 25, 81, 29, 80, 30, 79, 26, 74, 33, 75, 32, 76, 47, 77, 31, 78, 38, 69, 37, 70, 36, 71, 35
72,34, 73, 28,94, 39, 93, 15, 92, 16, 91, 17, 90, 18, 89, 19, 88, 20, 87]

6 | 11 | [6,73, 18,72 19, 71, 20, 70, 21, 69, 25, 68, 26, 67, 22, 62, 29, 61, 30, 60, 31, 59, 32, 66, 40, 65, 27, 64, 28, 63, 24, 80, 33
79, 13,78, 14, 77, 15, 76, 16, 75, 17, 74]

5 | 9 |[[5, 60,1559, 16, 58, 17, 57, 21, 54, 33, 55, 18, 53, 22, 56, 24, 51, 23, 52, 26, 49, 25, 50, 20, 66, 27, 65, 11, 64, 12, 63, 13
62, 14, 61]

4 | 7 | [4,47,12, 46,13, 45, 17, 44, 26, 43, 14, 40, 19, 39, 20, 42, 18, 41, 16, 52, 21, 51, 9, 50, 10, 49, 11, 48]

Conditions: (9/5) p+1<m £ 2p-2 [ Note:s = 3m-5p-3, w=4p-2m+3, N =&/ w -1, r =s- (N+1) w]

Step

The successive vertex labels

1

(6p+3m, 2p+tm+1, 6p+3m-1, 2p+tm+2, ..., 4p-1, 4p+4Am+1, 4p+1, 4p+4m, ..., 6p-m, 2p+5m+1, 6p-m+1,
2p+5m) when m < 2p-2. For m = 2p-2 the vertex labels have the following order: (12p-6, 4p-1, 12p-7,




4p+1, 12p-8, 4p+2, 12p-9, 4p+3, 12p-10)

2 (2p+m-1, 2p+5m); (2p+m-1,7m-2p-3);( 11lp+r+5, 5p-r);( 4p,10p+4);( 7p+2m+2+r, 9p-2m-r+4)

3 (7Tp+2m+r+2, p+2m-r-2, 7p+2m+r+1, p+2m-r-1, ..., 7p+2m+3, p+2m-3, 7p+2m+2)
[Note: If r = 0, we need to exclude this snake from our consideration]

4 Apply thetransformation type 3 on the vertex labels (6p-m+2,6p-m+3, ... , p+2m-r-4, p+2m—r-3) and
(7Tp+2m+r+3,7p+2m+r+4, ...,2p+5m-2,2p+5m-1) by using the end vertices 11p+r+5 and 7m-2p-3.

5 (7p+2m+1, p+2m-2, 7p+2m, p+2m-1, ... , 3p+dm+r, 5p-r-1, 3p+4m+r-1, 5p-r)

6 Apply the transformation type 1 on the vertex labels (5p-r+1, 5p-r+2, ..., 9p-2m-r+4, ..., 2p+2m-3,

2p+2m-2) and (6p+2m+1, 6p+2m+2, ..., 10p+4, ..., 3p+4m+r-3, 3p+4m-+r-2) by choosing the end
vertices 9p-2m-r+4 and 10p+4.

Condition: m = (9/5)p+(3/5)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+m+2, ..., 4p-1, 4p+4m+1, 4p+1, 4p+4m, ..., 6p-m, 2p+5m+1, 6p-m+1,
2p+tbm-1, ..., p+2m-3, 7p+2m+3, p+2m-2, 7p+2m+2)

2 (2ptm-1, 2p+5m); (2p+m-1, 7m-2p-2);( 2p+5m, 5m-4p-3); (4p, 10p+2)

3 Apply transformation type 1 to the vertex labels (p+2m-1, p+2m, ..., 5m-4p-3, ..., 2p+2m-3, 2p+2m-2)
and (6p+2m+1, 6p+2m+2, ..., 10p+2, ..., 7p+2m-1, 7p+2m) by using the two vertices 5m-4p-3 and
10p+2 as end vertices

Condition: m = (9/5)p+(4/5)

[Note: Therest of the edge labels are generated by the same method as the above case]

Step The successive vertex labels

1 (6p+3m, 2p+tm+1, 6p+3m-1, 2p+tm+2, ..., 4p-1, 4p+4Am+1, 4p+1, 4p+4m, ..., 6p-m, 2p+5m+1, 6p-m+1,
2p+tbm-1, ..., p+2m-3, 7p+2m+3, p+2m-2, 7p+2m+1)

2 (2p+5m ,5m-4p-4);( 2p+m-1, 7p+2m+2)

3

Apply the transformation type 1 to the vertex labels (p+2m-1, p+2m, ..., 5m-4p-4, ..., 2p+2m-3, 2p+2m-
2) and (6p+2m+1, 6p+2m+2, ... , 10p+2, ... , 7p+2m-1, 7p+2m) by using the two vertices 5m-4p-4 and
10p+2 as end vertices.

Condition: m = (9/5)p+1

[Note: Therest of the edge labels are generated by the same method as the above case]

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+m+2, ... , 4p-1, 4p+4m+1, 4p+1, 4p+4m, ... , 6p-m, 2p+5m+1, 6p-
m+1, 2p+5m-1, ... , p+2m-4, 7p+2m+4, p+2m-3, 7p+2m+2)

2 (2p+m-1, 2p+5m);( 2p+m-1, 7p+2m+3); (2p+5m,5m-4p-6);(7p+2m+3, p+2m-1); (4p, 10p}

3 (7p+2m+1, p+2m-2, 7p+2m, p+2m-1)

4 Apply the transformation type 1 to the vertices (p+2m, p+2m+1, ... , 5m-4p-6, ... , 2p+2m-3, 2p+2m-2)
and (6p+2m+1, 6p+2m+2, ..., 10p, ..., 7p+2m-2, 7p+2m-1) by using the vertices 5m-4p-6 and 10p as
end vertices.

Condition: (7/4) p+(1/2) <m £ (9/5) p+(2/5)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+tm+2, ..., 4p-1, 4p+4m+1, 4p+1, 4p+4m, ..., 6p-m, 2p+5m+1, 6p-m+1,
2p+bm-1, ..., 7p+2m+3, p+2m-2, 7p+2m+2)

2 (2p+m-1,7m-2p-2); (2p+m-1, 2p+5m); (2p+5m,5m-4p-3); ( 4p, 10m-8p-4)

3 (7m-2p-2, 10p-3m+1, 7m-2p-1, 10p-3m, ..., 7p+2m, p+2m-1, 7p+2m+1)
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Apply transformation type 1 to the vertex labels (10p-3m+2, 10p-3m+3, ... , 5m-4p-3, ... , 2m+2p-3,
2m+2p-2) and (6p+2m+1, 6p+2m+2, ... , 10m-8p-4, ... , 7m-2p-4, 7Tm-2p-3) and choose the two vertices
5m-4p-3 and 10m-8p-4 as end vertices

Conditions. (5/3) p+1£ m £ (7/4) p+(1/2), m® (22/13) p + (7/13)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+m+2, ..., 4p-1, 4p+4m+1, 4p+1, 4p+4m, ..., 6p-m, 2p+5m+1, 6p-m+1,
2p+tbm-1, ..., 7p+2m+3, p+2m-2, 7p+2m+2)

2 (2p+m-1,2p+5m); (2p+5m, 5m-4p-3); (2p+m-1,7m-2p-2);(4p,20p-6m+5)

3 (5m-4p-3, 12p-m+3, 5m-4p-4, 12p-m+4, ..., p+2m, 7p+2m, p+2m-1, 7p+2m+1)

4 Apply transformation type 3 to the vertex labels (12p-m+2, 12p-m+1, ..., 7/m-2p-2, ..., 20p-6m+5, ...,
6p+2m+2, 6p+2m+1) and (2p+2m-2, 2p+2m-3, ... , 5m-4p-1, 5Sm-4p-2) by using the two vertices 7m-2p-
2 and 20p-6m+5 as end points

Conditions. (5/3) p +1 £ m £ (7/4) p+(1/2), m = (22/13) p + (7/13)

[Note: Therest of the edge labels are generated by the same method as the above case]

Step The successive vertex labels

1 (2p+m-1,18p-5m+4); (4p , 6m-1)

2 Apply transformation type 3 to the vertex labels (12p-m+2, 12p-m+1, ..., 6m-1, ..., 18p-5m+4, ...,
6p+t2m+2, 6p+2m+1) and (2p+2m-2, 2p+2m-3, ... , 5Sm-4p-1, 5m-4p-2) and select the two vertices 6m-1
and 18p-5m+4 as end vertices

Condition: m = (5/3)p+(1/3)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+m+2, ..., 4p-1, 4p+4m+1, 4p+1, 4p+4m, ..., 7p+2m+3, p+2m-1,
7p+2m+2)

2 (2p+m-1, 7p+2m+1); (2p+m-1,8p+m+1)

3 Apply transformation type 3 to the vertex labels (7p+2m, 7p+2m-1, ..., 10p+1, ..., 8p+m+1, ...,
6p+2m+2, 6p+2m+1) and (2p+2m-2, 2p+2m-3, ..., p+2m+1, p+2m) by using the two vertices 10p+1 and
8p+m+1 would be end vertices

Condition: m = (5/3)p+(2/3) [Note: The case where p =5, m = 9 was discussed in m = 2p-1; so we can assume

that the first values of p and m that satisfy the criteriaarep=8and m = 14.]

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+2m+2, ..., 4p-1, 4p+4m+1, 4p+1, 4p+4m, ... , p+2m-2, 7p+2m+3,
p+2m-1, 7p+2m+1)

2 (2ptm-1, 7p+2m+2); (2p+m-1, 8p+m+2); (4p,10p+1)

3 Apply transformation type 3 to the vertex labels ( 7p+2m, 7p+2m-1, ..., 10p+1, ..., 8p+m+2, ...,
6p+2m+1) and (2p+2m-2, 2p+2m-3, ... , p+2m+1, p+2m) by choosing the vertices 10p+1 and 8p+m+2
as end vertices

Conditions: (312)p+1<m£ (5/3) p, m?! (8/5p + (2/5)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+m+2, 6p+3m-2, ..., 4p-1, 4p+dm+1, 4p+1, 4p+4m, 4p+2, ...,

7pt2m+4, p+2m-2, 7p+2m+3, p+2m-1, 7p+2m+2).

2 (2p+m-1, 2p+5m); (2p+m-1, 8p+m+1); (4p, 6m-1)

3 (7p+2m+1, p+2m, 7p+2m, p+2m+1, ..., 2p+5m+1, 6p-m, 2p+5m)
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4 Apply transformation type 3 to the vertex labels (2p+5m-1, 2p+5m-2, ..., 6m-1, ..., 8p+m+1, ...,
6p+2m+2, 6p+2m+1) and (2p+2m-2, 2p+2m-3, ... , 6p-m+2, 6p-m+1) by selecting the vertices 6m-
1 and 8p+m+1 as end vertices

Conditions: (3/2) p+1<m£ (5/3) p, m=(8/5)p + (2/5) [Note: The first snake and the edge labeled 4m+1

will be obtained by the same procedure ascasem?® (8/5)p + (2/5)]

Step The successive vertex labels

1 (4p, 10p+2); (2p+m-1, 6p+2m+1)

2 (7p+2m+1, p+2m, 7p+2m, p+2m-1, ..., 10p+4, 6p-m-1, 10p+3, 6p-m)

3 (6p-m, 10p+1, 6p-m+1, 10p, ..., 2p+2m-3, 6p+2m+2, 2p+2m-2, 6p+2m+1)

Conditions:. m=(3/2)p+1,p3 8

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+tm+2, ..., 4p-1, 7p+2m+3, 4p+1, 7p+2m+2)

2 (2p+m-1, 2p+5m); ( 2p+m-1, 8p+m+1); (4p, 9p+5)

3 (10p+3, 4p+2, 10p+2, 4p+3, ..., (92)p-2, (19/2)p+6, (9/2)p-1, (19/2)p+5)

4 Apply transformation type 3 to the vertex labels ((19/2)p+4, (19/2)p+3, (19/2)p+2, ..., 9p+5, 9p+4,
9p+3) and (5p, 5p-1, ..., (972)p+1, (9/2)p) by using the two vertices (19/2)p+2 and 9p+5 as end vertices

Conditions:. m=(3/2) p+1,p£6

p M | 2C4 E Cynm An a-vauation of 2C4 E Cyn

4 7 | 2Ci6E Co See casem=2p-1, 4£p£ 12

6 2C4 E Cao [0, 77, 12, 78, 11, 79, 10, 80, 9, 81, 8, 82, 7, 83, 5, 84, 4, 85, 3, 86, 2, 87, 1, 88], [32, 45, 44, 46, 43, 47,
0 42, 48, 41, 49, 40, 50, 39, 51, 37, 52, 36, 53, 35, 54, 34, 55, 33, 56], [6, 70, 17, 71, 16, 72, 15, 73, 14, 74,

13, 75, 31, 76, 24, 57, 30, 58, 29, 59, 28, 60, 21, 62, 26, 61, 27, 64, 38, 63, 25, 65, 23, 66, 20, 67, 19, 68,
18, 69]

Condition: m=(3/2) p + (1/2)

Step The successive vertex labels

1 ((212)p+3/2, (7/2)p+3/2, (21/2) p+1/2, ... , 4p-2, 10p+4, 4p-1, 10p+3)

2 ((712)p-(1/2), (19/2)p+3/2); ((7/2)p-(L/2), (19/2)p+5/2); (4p, IPp+2)

3 (10p+2, 4p+1, 10p+1, 4p+2, ..., (92)p-(3/2), (19/2)p+(7/2), (92)p-1L/2, (19/2)p+5/2)

4 (10p+2, 6p+1, 10p+3)

5 ((19/2)p+(3/2), (912)p+(1/2), (19/2)p+(1/2), ... , 5p-2, 9p+3, 5p-1, 9p+2)

Conditions: (4/3) p+(2/3)<m £ (3/2) p, m* (10/7) p + (4/7)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+tm+2, ..., p+2m-3, 7p+2m+3, p+2m-2, 7p+2m+2)

2 (2p+m-1,8p+m+2); (2p+m-1,2p+5m-1); (4p,12p-2m+3)

3 (7p+2m+1, p+2m-1, 7p+2m, p+2m, ..., 4p-1, 4p+4m, 4p+1, 4p+4m-1, ..., 3m-3, 8p+m+3, 3m-2,
8p+tm+2)

4 Apply transformation type 3 to the vertex labels (8p+m+1, 8p+m, ..., 2p+5m-1, ..., 12p-2m+3, ...,
6p+2m+2, 6p+2m+1) and (2p+2m-2, 2p+2m-3, ..., 3m, 3m-1) by selecting the two vertices 2p+5m-1
and 12p-2m+3 asend vertices

Conditions. (4/3) p+(2/3) <m £ (3/2) p, m = (10/7) p + (4/7)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+tm+2, ... , p+2m-3, 7p+2m+3, p+2m-2, 7p+2m+2)

2 (2p+m-1,8p+tm+2); (2p+m-1, 8p+m+1); (7p-2m+2, 7p+2m+1); (13p-6m+4,7p+2m); (7p-2m+2, 15p-
Am+5); (4p , 26p-12m+10)

3 (7p+2m, p+2m-1, 7p+2m-1, p+2m, ..., 4p+4m, 4p-1, 4p+4m-1, 4p+1, ..., p+6m-1, 7p-2m+1, p+6m-2,
7p-2m+3, ..., 3m-3, 8p+m+3, 3m-2, 8p+m+2)

4 (8p+m+1, 3m-1, 8p+m, 3m, ... , 8m-7p-7, 15p-4m+6, 8m-7p-6, 15p-4m+5)
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5 Apply transformation type 1 to the vertex labels (8m -7p-5, 8m-7p-4, ... , 2p+2m-3, 2p+2m-2) and
(6p+2m+1, 6p+2m+2, ..., 15p-4m+3, 15p-4m+4) by choosing the vertices 8m-7p-4 and 6p+2m+2 as
end points

Condition: p+3£m £ (4/3)p+(2/3)

Step The successive vertex labels

1 (6p+3m, 2p+m+1, 6p+3m-1, 2p+tm+2, ..., p+2m-3, 7p+2m+3, p+2m-2, 7p+2m+2)

2 (7p+2m+1, p+2m-1, 7p+2m, p+2m, ..., 3m-4, 8p+m+3, 3m-3, 8p+m+2); (2p+m-1,10p-m+3)

3 Apply transformation type 1 to the vertex labels (3m-2, 3m-1, ..., 4p, ..., 2p+2m-3, 2p+2m-2) and
(6p+2m+1, 6p+2m+2, ..., 10p-m+3, ..., 8p+m, 8p+m+1) by selecting the two end vertices 4p and 10p-
m+3

Appendix 2. Case22m=p+i 1=2,1,0

Condition: m=p+2, p34

Step The successive vertex labels

1 (P, 9p+7) ; (p, 9p+8); (3p+2m, 9p+5); (3p+2m, 9p+6); (4p,10p+8); (4p+3, 10p+8); (4p+3,10p+7);
(3p+1,9p+4); (3p+3,9p+5); (3p+3,9p+4);( 3p+1,9p+1)

2 (10p+7, 2p+1, 10p+6, 2p+2, ..., 3p-2, YPp+9, 3p-1, 9p+8)

3 (9p+7, 3p, 9p+6)

4 Apply transformation type 1 to the vertex labels (3p+4, 3p+5, ..., 4p, 4p+1, 4p+2) and (8p+5, 8p+6, ...,
9p+1, 9p+2, 9p+3) by choosing the two vertices 4p and 9p+1 as end points

Condition: m=p+2, p=123

P | M | 2C4ECan An a-valuation of the graph 2C4, E Cyn

3 5 2C12ECxo [0,44,1,43,2,42,4,41,5, 40, 6, 39], [16, 28, 17, 27, 18, 26, 20, 25, 21, 24, 22, 23], [3, 34,9, 33, 19, 32,
14, 29, 13, 30, 10, 31, 12, 38, 15, 37, 7, 36, 8, 35]

2 | 4 2C4E Cus [0, 29, 4, 30, 3, 31, 1, 32], [12, 19, 13, 18, 15, 17, 16, 20], [2, 26, 6, 21, 10, 22, 9, 23, 14, 24, 5, 27, 11,
28,7, 25]
1 | 3 2C4ECy2 [0, 19, 2, 20], [8, 11, 10, 12], [1, 16, 3, 15, 9, 14, 6, 13, 4, 18, 7, 17]

Conditions: m=p+1, p3 10

Step The successive vertex labels

1 (P,9p+4); (p, 9p+3); (5p+2, 9p+3); (4p+1,8p+3); (5p+2,9p+5); (2p+1, 8p+6);
(4p,10p+4);(4p+1,10p+4); (4p-6, 8p+3);

(2p+1, 10p+3, 2p+2, 10p+2, ..., 3p-2, P+6, 3p-1, 9p+5)

(4p, 8p+4, 4p-1, 8p+5, 4p-2, 8p+6)

(9p-3, 3p, 9p+1, 3p+3, 9Pp+2, 3p+2, YPp+4)

g wiN

Apply transformation type 1 to the vertex labels (3p+4, 3p+5, ..., 4p-6, 4p-5, 4p-4, 4p-3) and (8p+7,
8p+8, ..., 9p-3, 9p-2, 9p-1, 9p) by selecting the two vertices 4p-6 and 9p-3 as end points

Conditions: m=p+1,1£p£9

p m Cum The labeling of the cycle Cy,

9 10 | Cwo | [9, 84, 47,86, 26,87, 25, 88, 24, 89, 23, 90, 22, 91, 21, 92, 20, 93, 19, 78, 33, 80, 32, 81, 31, 82, 29, 83, 27, 79,
35, 77, 34, 75, 37, 94, 36, 76, 30, 85]

8 9 Css | [8, 75,42, 77, 23,78, 22,79, 21, 80, 20, 81, 19, 82, 18, 83, 17, 70, 30, 71, 29, 72, 28, 67, 33, 84, 32, 68, 31, 69,
24,73, 27, 74, 26, 76]

7 8 Ca | [7,66,37,68, 20, 69,19, 70, 18, 71, 17, 72, 16, 73, 15, 62, 27, 61, 25, 63, 26, 59, 29, 74, 28, 60, 21, 64, 24, 65,
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23, 67]

Cas [6, 57,32, 59, 17, 60, 16, 61, 15, 62, 14, 63, 13, 54, 22, 53, 23, 52, 24, 64, 25, 51, 18, 55, 21, 56, 20, 58]

Co4 [5, 48, 27,50, 14, 51, 13, 52, 12, 53, 11, 46, 15, 43, 21, 54, 20, 44, 19, 45, 18, 47, 17, 49]

Cxo [4,39, 22, 41, 11, 42, 10, 43, 9, 38, 15, 37, 12, 36, 16, 44, 17, 35, 14, 40]

Cie [3,30,17,32,7,33,9,29,11, 28, 12, 34, 13, 27, 8, 31]

Rl N W | O] O

Cr [2,21, 12,23, 6, 24, 8, 20, 5, 19, 9, 22]

N W & O] O N

Cs [1,12,7,14,5,11, 3,13]

Condition: m=p [Ana-valuation of 3 C4, was constructed by Abrham and Kotzigin [1].

Appendix3: Case3:. (UV2)p<mEp-1

Conditions: m=p-1

Step The successive vertex labels
1 (9p-5, 3p, 9p-6, 3p+1, ..., 8p-2, 4p-3, 8p-3, 4p-2)

[Note: For p = 2 and m = 1 an example of an a-valuation of 2CsE C4isasfollows: [0, 17, 4, 18, 3, 19, 1,
20],[2, 13,6, 16, 7, 15, 9, 14], [8, 11, 10, 12]. The missing value is 5]

Conditions: m=p-2,p3 13

Step The successive vertex labels

1 (p, 9p-8); (2p+1, 10p-8); (p, 9p-10); (5p-2, 9p-9); (5p-2, 9p-8); (4p-2,10p-12); (4p-1,10p-9); (4p-1,10p-
8); (2p+1,10p-16);

2 (4p-2, 8p-7, 4p-3, 8p-6, ..., 3p+2, 9p-11, 3p+1, 9p-10)

3 (9p-9, 3p, 9p-4, 3p-4, 9p-5, 3p-3, 9p-6, 3p-1, YPp-7, 3p-8)

4 (10p-12, 2p+4, 10p-11, 2p+3, 10p-10, 2p+2, 10p-9)

5 Apply transformation type 1 to the vertex labels: (2p+5, 2p+6, ..., 3p-8, 3p-7, 3p-6, 3p-5) and (9p-3, 9p-

2, ..., 10p-16, 10p-15, 10p-14, 10p-13) by using the two vertices 3p-8 and 10p-16 as end points.

Conditions: m=p-2, 3Ep£12

P | Cu The labeling of Cyp,

12 | Cus | [12, 100, 58, 99, 36, 105, 31, 106, 30, 107, 29, 102, 35, 101, 33, 103, 32, 104, 25, 112, 47, 111, 26, 110, 27, 109, 28, 108,
46, 89, 45, 90, 44, 91, 43, 92, 42, 93, 41, 94, 40, 95, 39, 96, 38, 97, 37, 98]

11 | Cas | [11,91, 53,90, 33, 96, 29, 95, 27, 97, 28, 93, 32, 92, 30, 94, 23, 102, 43, 101, 24, 100, 25, 99, 26, 98, 42, 81, 41, 82, 40, 83,
39, 84, 38, 85, 37, 86, 36, 87, 35, 88, 34, 89]

10 | Cao | [10, 82, 48,81, 30, 87, 25, 86, 26, 85, 27, 83, 29, 84, 21, 92, 39, 91, 22, 90, 23, 89, 24, 88, 38, 73, 37, 74, 36, 75, 35, 76, 34,
77,33, 78, 32,79, 31, 80]

9 | Cs | [9,73,43,72,27,77, 23,76, 24, 75, 26, 74, 19, 82, 35, 81, 20, 80, 21, 79, 22, 78, 34, 65, 33, 66, 32, 67, 31, 68, 30, 69, 29,
70, 28, 71]

8 | Ca | [8, 64,38 63, 24,69 19,67, 20, 66, 23, 65, 21, 70, 18, 71, 31, 72, 17, 68, 30, 57, 29, 58, 28, 59, 27, 60, 26, 61, 25, 62]

7 | Cas | [7,55,33,54, 21,59, 15, 62, 27, 61, 16, 57, 20, 56, 17, 60, 18, 58, 26, 49, 25, 50, 24, 51, 23, 52, 22, 53]

6 | Cau | [6,46,28, 45,18, 50, 15, 49, 13, 52, 23, 51, 14, 47, 17, 48, 22, 41, 21, 42, 20, 43, 19, 44]

5 | Co | [5, 37,23, 36,15, 39, 14, 40, 12, 41, 19, 42, 11, 38, 18, 33, 17, 34, 16, 35]

4 | Cis | [4,28,18,27,12,30,11, 32,9, 29, 15, 31, 14, 25, 13, 26]

3 [ Ci | [3,19,11,17,8,22,9,21,10,20, 13, 18]

Conditions: (3/4) p-1<m£ p-3, m?t (5/6)p- (5/6)
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Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+dm-2, 3p+1, ..., 4p-m-5, 4p+5m+3, 4p-m-4, 4p+5m+2)

2 (5p+4m+1, 5p-2m-4); (5p+4m, 7p-4m-5)

3 (4p+5m+1, 4p-m-3, 4p+5m, 4p-m-2, ..., 3p+6m+3, 5p-2m-5, 3p+6m+2, 5p-2m-4)

Apply transformation type 2 to the vertex labels (5p-2m-3, 5p-2m-2, ... , 7p-4m-5, ..., 2p+2m, ..., 4p-3,
4p-2) and (4p+4m+1, 4p+4m+2, ..., 3p+6m, 3p+6m+1) by selecting the vertices 7p-4m-5 and 2p+2m as
end vertices

Conditions: (3/4) p-1<m£ p-3, m=(5/6) p- (5/6), m =5 [Note: This case was discussed in case m =

p+2]

Conditions: (34 p-1<m£ p-3, m=(56) p-(56), mt 5

Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+dm-2, 3p+1, ..., 4p-m-5, 4p+5m+3, 4p-m-4, 4p+5m+2)

2 (5p+4m+1,5p-2m-4); (5p+4m,7p-4m-6); (5p-2m-4 , 4p+4m+2); (2p+2m-1, 6p+2m- 2)

3 (4p+5m+1, 4p-m-3, 4p+5m, 4p-m-2, ... , 3p+6m+3, 5p-2m-5, 3p+6m+2, 5p-2m-3, 3p+6m+1, 5p-2m-2,
..., 2pt2m-3, 6p+2m+1, 2p+2m-2, 6p+2m, 2p+2m)

Apply transformation type 3 to the vertex labels (6p+2m-1, 6p+2m-2, ...., 4p+4m+2, 4p+4m+1) and (4p-
2,4p-3, ..., 2pt2m+2, 2p+2m+1) by considering the vertices 6p+2m-2 and 4p+4m+2 as end points

Conditions: m=(3/4) p-1, p>4 [Note: For p =4 thiscasewas solved incasem = p+2 ]

Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+4m-2, 3p+1, ..., 4p-m-5, 4p+5m+3, 4p-m-4, 4p+5m+2)

2 (5p+4m,5p-2m-2); (5p+4m+1, p+4m+1); (2p+2m-1,6p+2m-3)

3 (4p+5m+1, 4p-m-3, 4p+5m, 4p-m-2, ..., 6p+2m, 2p+2m-2, 6p+2m-1, 2p+2m)

4 Apply transformation type 1 to the vertex labels (2p+2m+1, 2p+2m+2, ... , 4p-4, 4p-3, 4p-2) and
(4p+4m+1, 4p+4m+2, ..., 6p+2m-3, 6p+2m-2) by considering the vertices 4p-3 and 6p+2m-3 as end
vertices

Conditions: (213)p-1Em<@B/4)p-1,m?t (23 p-1

Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+dm-2, 3p+1, ..., 4p-m-5, 4p+5m+3, 4p-m-4, 4p+5m+2)

2 (5p-2m-4,5p+4m+1); (p+4m+2,5p+4m); (2p+2m,10m+6)

3 (4p+5m+1, 4p-m-3, 4p+5m, 4p-m-2, ..., 6p+2m-1, 2p+2m-1, 6p+2m-2, 2p+2m+1, ..., 3p+6m+4, 5p-
2m-5, 3p+6m+3, 5p-2m-4)

4 Apply transformation type 1 to the vertex labels (5p-2m-3, 5p-2m-2, ..., p+4m+2, ..., 4p-3, 4p-2) and
(4p+4m+1, 4p+4m+2, ..., 10m+6, ... , 3p+6m+1, 3p+6m+2) by using the two vertices p+4m+2 and
10m+6 as end vertices

Conditions: (213)p-1Em<@B/4)p-1,m=(23)p-1

Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+dm-2, 3p+1, ..., 4p-m-5, 4p+5m+3, 4p-m-4, 4p+5m+2)

2 (2p+2m, 4p+5m+1); (p+4m+2 5p+4Am+1); (p+4m+3,5p+4m)

3 Apply transformation type 2 to the vertex labels (2p+2m+1, 2p+2m+2, 2p+2m+3, ... , p+t4m+2, p+4m+3,
e, 4p-3, 4p-2) and (4p+4m+1, 4p+Am+2, ..., 4p+5m-1, 4p+5m) by choosing the two vertices p+4m+2
and p+4m+3 asend vertices

Condition: @B/5)p-1<m<(23)p-1

Step The successive vertex labels

1 (5pt4m-1, 3p, 5p+4m-2, 3p+1, ..., 2p+2m-2, 6p+2m, 2p+2m-1, 6p+2m-1, 2p+2m+1, ..., 4p-m-4,
Ap+5m+3, 4p-m-3, 4p+5m+2)

2 (pt4m+2, 5p+4m+1); (5p-2m-4, 5p+4m); (8p-2m-6, 2p+2m)
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(4p+5m+1, 4p-m-2, 4p+5m, 4p-m-1, ..., 7p-2, p+4m+1, 7p-3, p+t4m+2)

3 Apply transformation type 1 to the vertex labels (p+4m+3, p+4m+4, ..., 5p-2m-4, ..., 4p-4, 4p-3, 4p-2)
and (4p+4m+1, 4p+4m+2, ..., 8p-2m-6, ..., 7p-6, 7p-5, 7p-4) by considering the two vertices 5p-2m-4
and 8p-2m-6 as end vertices

Condition: m= (3/5)p-1

Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+4m-2, 3p+1, 5p+4m-3, 3p+2, ..., 6p+2m, 2p+2m-1, 6p+2m-1, 2p+2m)

2 (2p+2m+1, 6p+2m-2, 2p+2m+2, 6p+2m-3, ... , 4p-m-4, 4p+5m+3, 4p-m-3, 4p+5m+2)

(5p+4m+1, p+4m+3); (2p+8m+5, 2p+2m+1); (4p+5m+1, p+4m+3); (5p+4m, 5p-2m-2)

Apply transformation type 1 to the vertex labels (p+4m+4, p+4m+5, ..., 5p-2m-2, ..., 4p-3, 4p-2) and
(4p+4m+1, 4p+tdm+2, ..., 2p+8m+5, ..., 4p+5m-1, 4p+5m) by selecting the two end points 5p-2m-2 and
2p+8m+5.

Conditions: (4/7) p-(8/7) <m < (3/5) p-1

Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+4m-2, 3p+1, 5p+4m-3, 3p+2, ..., 6p+2m, 2p+2m-1, 6p+2m-1, 2p+2m)

2 (pt4m+3, 5p+4m+1); (5p-3m-5, 5p+3m); (5p-2m-4,5p+4m); (2p+3m+1,4p+5m+2)

3 Apply transformation type 2 to the vertex labels ( 2p+2m+1, 2p+2m+2, ..., 5p-3m-5, ..., p+4m+3, ...,
4p-m-4, 4p-m-3) and (4p+5m+3, 4p+5m+4, ... , 6p+2m-3, 6p+2m-2) by selecting the two vertices 5p-3m-
5 and p+4m+3 as end points.

4 (4p+5m+1, 4p-m-2, 4p+5m, 4p-m-1, ..., 5p+3m+2, 3p+m-3, 5p+3m+1, 3p+m-2, 5p+3m)

5 Apply transformation type 2 to the vertex labels (3p+m-1, 3p+m, 3p+m+1, ..., 2p+3m+1, ..., 5p-2m-4,
e, 4p-3, 4p-2) and (2p+4m+1, 2p+Am+2, ..., 5p+3m-2, 5p+3m-1) by using the two vertices 2p+3m+1
and 5p-2m-4 as end vertices

Conditions: m=(4/7)p - (8/7)

Step The successive vertex labels

1 (5p+4m-1, 3p, 5p+4m-2, 3p+1, 5p+4m-3, 3p+2, ..., 6p+2m, 2p+2m-1, 6p+2m-1, 2p+2m)

2 (pt4m+3, 5p+4m+1); (2p+2m+1, 8p-2m-6); (5p-2m-4, 5p+4m); (p+4m+4, p+10m+6)

3 (2p+2m+1, 6p+2m-2, 2p+2m+2, 6p+2m-3, ... , p+4m+1, 7p-2, p+4m+2, 7p-3, p+4m+3)

4 (pt4Am+4, 7p-4, p+t4m+5, 7p-5, ... , 4p-m-3, 4p+5m+3, 4p-m-2, 4p+5m+1)

5 Apply transformation type 1 to the vertex labels (4p-m-1, 4p-m, 4p-m+1, ..., 5p-2m-4, ... , 4p-3, 4p-2)
and (4p+4m+1, 4p+dm+2, ..., p+10m+6, ... , 4p+5m-1, 4p+5m) by considering the two vertices 5p-2m-4
and p+10m+6 as end vertices

Conditions: (1/2) p<m < (4/7)p-(8/7)

[Note: Therest of the edge labels are generated by the same method as the above case]

Step The successive vertex labels
1 Apply transformation type 2 to the vertex labels( 2p+2m+1, 2p+2m+2, ..., p+4m+3, ..., 5p-3m-5, ... ,

4p-m-4, 4p-m-3) and (4p+5m+3, 4p+5m+4, ... , 6p+2m-3, 6p+2m-2) by selecting the two vertices 5p-
3m-5 and p+4m+3 as end points.
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