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$EVWUDFW� 0� %HQDGR >�@ DQG ODWHU '�-� +DQVHQ >�@ KDYH RmHUHG DQ DOJHEUDLF FKDUDFWHUL]DWLRQ RI D PXOWLODWWLFH�

�$���� L�H�� D SRVHW� ZKHUH HYHU\ nQLWH VXEVHW VDWLVnHV WKDW DQ\ XSSHU ERXQG LV JUHDWHU WKDQ D PLQLPDO HOHPHQW

RI WKH XSSHU ERXQGV� DQG WKH GXDO SURSHUW\� 7R REWDLQ WKLV� WKH\ LQWURGXFH VRPH DOJHEUDLF RSHUDWRUV ^ GHQRWHG

LQ WKLV SDSHU DV )A DQG )B ^WKDW DUH D JHQHUDOL]DWLRQ RI WKH RSHUDWRUV A DQG B LQ D ODWWLFH +RZHYHU� ERWK

DOJHEUDLF GHnQLWLRQV SUHVHQW YDULRXV VHULRXV GLVDGYDQWDJHV� GHULYHG IURP LPSRVLQJ WKH SURSHUW\ RI DEVRUSWLRQ

RQWR )A DQG )B DQG� PRUH LPSRUWDQWO\� EHFDXVH WKHVH DXWKRUV FKRVH WR VXEVWLWXWH WKH DVVRFLDWLYH SURSHUW\ RI A

DQG B LQ D ODWWLFH E\ DQRWKHU ^ ZKLFK WKH\ FRQVLGHU WR EH D JHQHUDOL]DWLRQ RI WKH DVVRFLDWLYH SURSHUW\ ^ ZKLFK

ZH ZLOO FDOO %�DVVRFLDWLYLW\ DQG +�DVVRFLDWLYLW\� UHVSHFWLYHO\�

q 7KHVH SURSHUWLHV DUH� LQ ERWK FDVHV� D QRQ�QDWXUDO JHQHUDOL]DWLRQ RI WKH DVVRFLDWLYH SURSHUW\ DQG� HYHQ PRUH

LPSRUWDQWO\� WKHLU GHnQLWLRQ FDQQRW EH IXOO\ GLVDVVRFLDWHG IURP WKH SURSHUWLHV VSHFLnF WR WKH RUGHU UHODWLRQ

��

q 7KHVH SURSHUWLHV GR QRW WDNH LQWR DFFRXQW WKH EHKDYLRXU RI )A DQG )B VHSDUDWHO\ DQG� WKHUHIRUH� WKH\ GR

QRW DOORZ XV WR RmHU DQ DOJHEUDLF GHnQLWLRQ RI PXOWLVHPLODWWLFHV�

q )XUWKHUPRUH� WKH\ GR QRW DOORZ WKH XVH RI RSHUDWRUV ZLWK oH[LEOH DULW\�

7KH XVHIXOQHVV RI WKH PXOWLODWWLFH VWUXFWXUH FRQVLGHUHG E\ 0� %HQDGR LQ >�@ LV IUDPHG ZLWKLQ WKH nHOG RI DULWKPH�

WLF� +RZHYHU� RXU LQWHUHVW LQ WKLV VWUXFWXUH LV UDWKHU GLmHUHQW DQG LV GULYHQ E\ WKH VHDUFK IRU HpFLHQW DXWRPDWHG

SURYHUV IRU WHPSRUDO ORJLF >�� �@�

,Q WKLV ZRUN� ZH VROYH WKHVH GLVDGYDQWDJHV� &RQFUHWHO\� ZH LQWURGXFH WKH VWUXFWXUH RI PXOWLVHPLODWWLFHV LQ

DOJHEUDLF WHUPV� GHnQLQJ WKH ZHDN DVVRFLDWLYLW\ SURSHUW\ IRU QRQ�GHWHUPLQLVWLF RSHUDWRUV �L�H�� RSHUDWRUV RI D VHW

$ LQ �$� RI oH[LEOH DULW\� :H SURYH WKDW WKLV SURSHUW\ LV LQGHSHQGHQW IURP WKH %�+�DVVRFLDWLYLW\� 7KH QRWLRQ

RI DOJHEUDLF PXOWLVHPLODWWLFHV ZH LQWURGXFH KHUH DOORZV XV WR GHnQH WKH PXOWLODWWLFHV LQ DOJHEUDLF WHUPV DQG LQ D

QDWXUDO ZD\� 6SHFLnFDOO\� ZH GR WKLV E\ WDNLQJ DV D VWDUWLQJ SRLQW WZR DOJHEUDLF PXOWLVHPLODWWLFHV �$�)A� DQG

�$�)B�� DGGLQJ WKH SURSHUW\ RI DEVRUSWLRQ� 2Q WKH RWKHU KDQG� WKH DOJHEUDLF GHnQLWLRQ SURYLGHG PDNHV WKHVH

VWUXFWXUHV D QDWXUDO JHQHUDOL]DWLRQ RI WKH DOJHEUDLF VHPLODWWLFHV DQG ODWWLFHV� ,Q SDUWLFXODU� ZH GHPRQVWUDWH WKDW

E\ VXEVWLWXWLQJ LQ RXU GHnQLWLRQ WKH SURSHUW\ RI ZHDN DVVRFLDWLYLW\ E\ WKH DVVRFLDWLYLW\ IRU RSHUDWRUV )A DQG )B�

WKH PXOWLVHPLODWWLFHV DQG PXOWLODWWLFHV DUH UHGXFHG WR VHPLODWWLFHV DQG ODWWLFHV� UHVSHFWLYHO\�

.H\ZRUGV� 3RVHW� 1RQ�GHWHUPLQLVWLF RSHUDWRUV� 0XOWLVHPLODWWLFH� 0XOWLODWWLFH� 8QLYHUVDO $OJHEUD�

� �����������

7KH UHVXOWV RI RXU UHVHDUFK JURXS LQ WKH nHOG RI DXWR�

PDWHG GHGXFWLRQ >�� �@ DUH EDVHG RQ WKH HpFLHQW PDQL�

SXODWLRQ RI XQLWDU\ LPSOLFDWH DQG LPSOLFDQW VHWV� 7KH

PDLQ REVWDFOH ZH IDFH ZKHQ DWWHPSWLQJ WR H[WHQG WKH

UHVXOWV REWDLQHG IRU FODVVLFDO ORJLFV >�@ DQG PDQ\�YDOXHG

ORJLFV >��@ WR WHPSRUDO ORJLFV� LV WKH JUHDWHU FRPSOH[LW\

RI WKH VHW RI XQLWDU\ IRUPXODH� RU OLWHUDOV� ZLWK WKH ?OR�

JLFDO LPSOLFDWLRQ� UHODWLRQ� � /LW �(��

7KH nUVW WHPSRUDO ORJLF ZH VWXGLHG ZDV WKH WHPSR�

UDO SURSRVLWLRQDO ORJLF ZLWK OLQHDU DQG GLVFUHWH )QH[W

WLPH� ZKHUH WKH XQLTXH IUDJPHQW WDNHQ LQWR DFFRXQW LV

WKH IXWXUH IUDJPHQW� ,Q WKLV NLQG RI ORJLF� WKH JUHDWHU

FRPSOH[LW\ RI WKH VHW RI OLWHUDOV ZDV HDVLO\ RYHUFRPH

EHFDXVH � /LW �(� KDV D ODWWLFH VWUXFWXUH �)LJ� ���

+RZHYHU� ZKHQ ZH DGG WKH SDVW IUDJPHQW LQ )QH[Wh�

ZH nQG WKDW � /LW �(� GRHV QRW KDYH D ODWWLFH VWUXFWXUH�

EXW LW GRHV SUHVHUYH D ODUJH SDUW RI WKH ODWWLFH SURSHUWLHV

�)LJ� ���� 7KH VDPH DSSOLHV WR IXOO\ H[SUHVVLYH WHPSR�

UDO ORJLFV� VXFK DV 86 ORJLF >�@ DQG /1 ORJLF >�@� 7KLV

PDGH FOHDU WKH QHHG WR FDUU\ RXW D WKHRUHWLFDO VWXG\

RI QHZ RUGHU VWUXFWXUHV WKDW ZRXOG HQDEOH XV WR ZRUN

ZLWK WKH VHW RI OLWHUDOV WR REWDLQ HpFLHQW PHWKRGV RI DX�
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)LJXUH �� � /LW �(� LQ )1H[W

WRPDWHG GHGXFWLRQ IRU WHPSRUDO ORJLFV� ,Q WKHVH QHZ

VWUXFWXUHV� ZH VXEVWLWXWH WKH FRQFHSW RI VXSUHPXP DQG

LQnPXP ZLWK PXOWL�VXSUHPXP DQG PXOWL�LQnPXP WKDW

DUH WKH PLQLPDO HOHPHQWV RI WKH XSSHU ERXQGV DQG WKH

PD[LPDO HOHPHQWV RI WKH ORZHU ERXQGV� UHVSHFWLYHO\�

,Q WKHVH VHWV RI OLWHUDOV WKH WZR IROORZLQJ FRQGLWLRQV

DUH HQVXUHG�

�L� )RU HYHU\ nQLWH VXEVHW� DQ\ XSSHU ERXQG LV JUHDWHU

RU HTXDO WKDQ D PXOWL�VXSUHPXP

�LL� DQG HYHU\ ORZHU ERXQG LV OHVV RU HTXDO WKDQ D

PXOWL�LQnPXP�

7KH SDUWLDOO\ RUGHUHG VHWV WKDW IXOnOO WKLV SURSHUW\ UH�

FHLYH WKH QDPH PXOWLODWWLFHV DQG ZHUH LQWURGXFHG E\

%HQDGR LQ >�@� 7KLV LV WKHQ D JHQHUDOL]DWLRQ RI ODWWLFHV�

+RZHYHU� IRU RXU SXUSRVHV� ZH UHTXLUH�

q D JHQHUDOL]DWLRQ RI VHPLODWWLFHV WKDW ZH FDOO PXOWL�

VHPLODWWLFHV DQG

q D JRRG DOJHEUDLF GHnQLWLRQ RI ERWK VWUXFWXUHV WKDW

ZRXOG DOVR DOORZ XV WR XVH RSHUDWRUV ZLWK oH[LEOH

DULW\�

,Q WKH OLWHUDWXUH� ZH KDYH IRXQG WZR DOJHEUDLF GHnQL�

WLRQV RI PXOWLODWWLFH� L�H�� WKRVH SURSRVHG E\ 0� %HQDGR

>�@ DQG E\ '�-� +DQVHQ >�@� 7R REWDLQ WKHP� WKH\ LQ�

WURGXFHG VRPH DOJHEUDLF RSHUDWRUV ^ GHQRWHG LQ WKLV

SDSHU DV )A DQG )B ^WKDW DUH D JHQHUDOL]DWLRQ RI WKH

RSHUDWRUV A DQG B LQ D ODWWLFH� +RZHYHU� ERWK DOJHEUDLF

GHnQLWLRQV SUHVHQW VRPH VHULRXV GLVDGYDQWDJHV� GHULYHG

IURP LPSRVLQJ WKH SURSHUW\ RI DEVRUSWLRQ RQWR )A DQG

)B DQG� PRUH LPSRUWDQWO\� EHFDXVH WKHVH DXWKRUV FKRVH

WR VXEVWLWXWH WKH DVVRFLDWLYH SURSHUW\ RI A DQG B LQ D

ODWWLFH E\ DQRWKHU ^ ZKLFK WKH\ FRQVLGHU WR EH D JHQH�

UDOL]DWLRQ RI WKH DVVRFLDWLYH SURSHUW\ ^ ZKLFK ZH ZLOO

FDOO %�DVVRFLDWLYLW\ DQG +�DVVRFLDWLYLW\� UHVSHFWLYHO\�

q 7KLV SURSHUW\ LV� LQ ERWK FDVHV� D QRQ�QDWXUDO JH�

QHUDOL]DWLRQ RI WKH DVVRFLDWLYLW\ SURSHUW\ DQG� HYHQ
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)LJXUH �� � /LW �(� LQ )1H[Wh

PRUH LPSRUWDQWO\� LWV GHnQLWLRQ FDQQRW EH IXOO\ GL�

VDVVRFLDWHG IURP WKH SURSHUWLHV VSHFLnF WR WKH RU�

GHU UHODWLRQ ��

q 7KHVH SURSHUWLHV GR QRW WDNH LQWR DFFRXQW WKH

EHKDYLRXU RI )A DQG )B VHSDUDWHO\ DQG� WKHUHIRUH�

WKH\ GR QRW DOORZ XV WR SURYLGH DQ DOJHEUDLF GHn�

QLWLRQ RI D PXOWLVHPLODWWLFH�

q )XUWKHUPRUH� LW GRHV QRW DOORZ WKH XVH RI RSHUDWRUV

DV oH[LEOH DULW\ RSHUDWRUV�

,Q WKLV ZRUN� ZH VROYH WKHVH GLVDGYDQWDJHV E\ WKH DO�

JHEUDLF FKDUDFWHUL]DWLRQ RI SURSHUWLHV �L� DQG� �LL�� ,Q

RWKHU ZRUGV� ZH GHnQH WKH VWUXFWXUH RI PXOWLVHPLODWWL�

FHV LQ DOJHEUDLF WHUPV� 7KH VWDUWLQJ SRLQW LV WR GHnQH

D SURSHUW\ ^ WKH ZHDN DVVRFLDWLYLW\ SURSHUW\ ^ IRU QRQ�

GHWHUPLQLVWLF RSHUDWRUV �L�H�� RSHUDWRUV RI D VHW $ LQ �$�

RI oH[LEOH DULW\� 7KH QRWLRQ RI DOJHEUDLF PXOWLVHPLODW�

WLFH ZH LQWURGXFH KHUH DOORZ XV WR GHnQH PXOWLODWWLFHV

LQ DOJHEUDLF WHUPV DQG LQ D QDWXUDO ZD\� 6SHFLnFDOO\�

ZH GR VR E\ WDNLQJ DV D VWDUWLQJ SRLQW WZR DOJHEUDLF

PXOWLVHPLODWWLFHV �$�)A� DQG �$�)B� DQG DGGLQJ WKH

SURSHUW\ RI DEVRUSWLRQ� 2Q WKH RWKHU KDQG� WKH DOJH�

EUDLF GHnQLWLRQV SURYLGHG PDNH WKHVH VWUXFWXUHV D QD�

WXUDO JHQHUDOL]DWLRQ RI DOJHEUDLF VHPLODWWLFHV DQG ODW�

WLFHV� ,Q SDUWLFXODU� ZH SURYH WKDW E\ VXEVWLWXWLQJ LQ

RXU GHnQLWLRQ WKH SURSHUW\ RI ZHDN DVVRFLDWLYLW\ E\ WKH

DVVRFLDWLYLW\ IRU RSHUDWRUV )A DQG )B� WKH PXOWLVHPL�

ODWWLFHV DQG PXOWLODWWLFHV DUH UHGXFHG WR VHPLODWWLFHV

DQG ODWWLFHV� UHVSHFWLYHO\�

�



7KLV SDSHU LV VWUXFWXUHG DV IROORZV� 6HFWLRQ � LQWUR�

GXFHV WKH QRQ�GHWHUPLQLVWLF RSHUDWRUV RI oH[LEOH DULW\

DQG WKHLU EDVLF SURSHUWLHV�

6HFWLRQ � GHVFULEHV WKH ZHDN DVVRFLDWLYLW\ SURSHUW\�

DQG GHPRQVWUDWHV WKDW� FRQWUDU\ WR ZKDW KDSSHQV ZLWK

%�DVVRFLDWLYLW\� HYHU\ ZHDNO\ DVVRFLDWLYH GHWHUPLQLVWLF

RSHUDWRU LV DFWXDOO\ DVVRFLDWLYH� WKH ZHDN DVVRFLDWLYLW\

DQG %�DVVRFLDWLYLW\ SURSHUWLHV DUH LQGHSHQGHQW� DQG�

nQDOO\� LI ) LV D QRQ�GHWHUPLQLVWLF RSHUDWRU RI oH[LEOH

DULW\ DQG ZHDNO\ DVVRFLDWLYH� DQG D KDV D V\PPHWULFDO

HOHPHQW� WKLV V\PPHWULFDO HOHPHQW LV XQLTXH�

,Q 6HFWLRQ � ZH GHnQH ERWK WKH RUGHUHG DQG WKH DOJH�

EUDLF VWUXFWXUHV RI PXOWLVHPLODWWLFHV DQG ZH SURYH WKDW

ERWK GHnQLWLRQV DUH HTXLYDOHQW� )XUWKHUPRUH� ZH SURYH

WKDW D PXOWLVHPLODWWLFH LV D VHPLODWWLFH LI DQG RQO\ LI LW

LV DVVRFLDWLYH� ,Q WKLV VHFWLRQ� ZH DOVR VWXG\ WKH VXEVHWV

RI D PXOWLVHPLODWWLFH WKDW DUH VHPLODWWLFHV� )LQDOO\� ZH

FRQFOXGH E\ SD\LQJ VSHFLDO DWWHQWLRQ WR WKH QRWLRQ RI

VXEPXOWLVHPLODWWLFH DQG LWV FKDUDFWHUL]DWLRQ�

,Q 6HFWLRQ � ZH GHnQH WKH RUGHUHG DQG WKH DOJHEUDLF

VWUXFWXUHV RI PXOWLODWWLFHV DQG ZH UHODWH WKHP WR PXO�

WLVHPLODWWLFH VWUXFWXUHV�

,Q 6HFWLRQ � ZH FRQWUDVW RXU GHnQLWLRQ ZLWK WKRVH

RI %HQDGR DQG +DQVHQ �DGDSWLQJ WKH QRWDWLRQV WR WKH

RQHV LQWURGXFHG LQ WKLV ZRUN�� WR YDOLGDWH RXU VWDWH�

PHQWV LQ WKH LQWURGXFWLRQ�

� ��� ���������	��� ��������	

,Q D SDUWLDOO\ RUGHUHG VHW� WKH VHW RI PXOWL�VXSUHPXP

DQG PXOWL�LQnPXP RI D VXEVHW DUH QRW QHFHVVDULO\ XQL�

WDU\� 6R� LW LV QHFHVVDU\ WR FRQVLGHU RSHUDWRUV WKDW KDYH

D VHW RI HOHPHQWV RI WKH GRPDLQ DV LPDJH�

'HnQLWLRQ ��� /HW $ EH D VHW� :H GHnQH WKH QRQ�

GHWHUPLQLVWLF RSHUDWRU �RQG
�
� RI DULW\ Q LQ $� DQ\

WRWDO DSSOLFDWLRQ ) � $Q
b� �$�

:H GHnQH WKH QRQ�GHWHUPLQLVWLF RSHUDWRU RI oH[L�

EOH DULW\ LQ $� DQ\ WRWDO DSSOLFDWLRQ ) � $e
b� �$�

ZKHUH $e
LV WKH XQLYHUVDO ODQJXDJH GHnQHG LQ $�

,I ) LV DQ RQG ZLWK DULW\ | � 1 > IeJ LQ $ DQG

"� % t $� ZH FDOO UHVWULFWLRQ RI ) WR %� GHQRWHG

E\ )
 %

� WR WKH RQG LQ % JLYHQ E\ )
 %
�m�  ) �m� ? %�

:H VD\ WKDW ) LV IXOO LI ) �m�� " IRU DOO m � $|
�

'HnQLWLRQ ��� /HW ) EH DQ RQG RI oH[LEOH DULW\ LQ $�

:H VD\ WKDW

�� ) LV FRPPXWDWLYH LI IRU DOO Q � 1 DQG DOO

[�� � � � � [Q � $ ZH KDYH WKDW ) �[�� � � � � [Q�  

) �[}�� � � � � [}Q� IRU DOO SHUPXWDWLRQV RI Q HOH�

PHQWV� }�

�,Q 6SDQLVK �RSHUDGRU QR GHWHUPLQLVWD��

�� ) LV DVVRFLDWLYH LI IRU DOO Q � 1 DQG DOO

[�� � � � � [Q � $

) �[�� � � � � [Q�  ) �) �[�� � � � � [Qb��� [Q�

 ) �[�� ) �[�� � � � � [Q��

�� ) LV LGHPSRWHQW LI ) �
Q

[� � � � � [�  I[J� IRU DOO

[ � $ DQG DOO Q � 1�

'HnQLWLRQ ��� /HW ) EH DQ RQG RI oH[LEOH DULW\ DQG

H � $� :H VD\ WKDW H LV D QHXWUDO HOHPHQW IRU ) LI

IRU DOO � � $e
ZH KDYH WKDW ) ���  ) ���� ZKHUH �� LW

LV WKH FKDLQ REWDLQHG ZKHQ HOLPLQDWLQJ H IURP ��

/HW ) EH D ELQDU\ RQG LQ $� D � $� DQG H � $ WKH

QHXWUDO HOHPHQW� :H VD\ WKDW E � $ LV WKH V\PPHWULF

HOHPHQW RI D LI ) �D� E�  ) �E� D�  IHJ�

$V LQ WKH GHWHUPLQLVWLF FDVH� RXU LQWHUHVW OD\V LQ

VWUXFWXUHV WKDW KDYH WKH DEVRUSWLRQ SURSHUW\� 7KLV ZLOO

EHFRPH SDWHQW LQ WKH DOJHEUDLF FKDUDFWHUL]DWLRQ RI WKH

QHZ RUGHUHG VWUXFWXUHV LQWURGXFHG LQ VHFWLRQ ��

'HnQLWLRQ ��� /HW ) DQG * EH WZR RQGV RI oH[LQOH

DULW\ LQ $� :H VD\ WKDW WKH SDLU �)�*� KDV WKH DE�

VRUSWLRQ SURSHUW\ LI IRU DOO � � $e
ZH KDYH WKDW�

q ,I [ � �� WKHQ *�[\�  I[J IRU DOO \ � ) ����

q ,I [ � �� WKHQ ) �[\�  I[J IRU DOO \ � *����

1RWLFH WKDW LI �)�*� KDV WKH SURSHUW\ RI DEVRUSWLRQ�

WKH WZR IROORZLQJ FRQGLWLRQV DUH VDWLVnHG�

�L�� ,I ) �[�� [��� "� WKHQ *�[�� ) �[�� [���  I[�J

�LL�� ,I *�[�� [��� "� WKHQ ) �[�� *�[�� [���  I[�J

7KH WZR SUHYLRXV FRQGLWLRQV� �L
� DQG �LL
�� DUH XVHG

WR GHnQH WKH SURSHUW\ RI DEVRUSWLRQ E\ 0� %HQDGR LQ

>�@ IRU ELQDU\ RSHUDWRUV� +RZHYHU� DV VKRZQ LQ WKH

IROORZLQJ H[DPSOH� WKHVH FRQGLWLRQV DUH QRW HQRXJK�

([DPSOH ��� :H FRQVLGHU WKH ELQDU\ RQGV ) DQG * LQ
WKH VHW $  I�� �� �� �� �J� JLYHQ E\ WKH IROORZLQJ WDEOHV�

) � � � � �

� I�J I�� �� �� �J I�J I�J I�J

� I�� �� �� �J I�J I�J I�J I�J

� I�J I�J I�J I�J I�J

� I�J I�J I�J I�J I�J

� I�J I�J I�J I�J I�J

* � � � � �

� I�J " I�J I�J I�J

� " I�J I�J I�J I�J

� I�J I�J I�J I�J I�J

� I�J I�J I�J I�J I�J

� I�J I�J I�J I�J I�J

�)�*� VDWLVnHV WKH FRQGLWLRQV �L
� DQG �LL
�� +RZH�

YHU LW GRHVQ
W VDWLVnHV �L� DQG �LL�� EHFDXVH� DOWKRXJK

*��� ) ��� ���  I�J� ZH KDYH WKDW � � ) ��� �� EXW

*��� ��  "�

�
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$V ZH ZLOO VHH ODWHU� LW LV H[FHVVLYH WR GHPDQG WKH DV�
VRFLDWLYLW\ SURSHUW\ WR WKH R�Q�G�V IRU WKH SRVHWV FRQ�
VLGHUHG LQ WKLV ZRUN� 0� %HQDGR LQ >�@ LQWURGXFHV DV
DVVRFLDWLYLW\ WKH IROORZLQJ SURSHUW\ IRU ELQDU\ RQGV�

'HnQLWLRQ ��� /HW ) EH D ELQDU\ RQG LQ $� ) LV %�

DVVRFLDWLYH LI LW VDWLVnHV�

�� *LYHQ D� E� F � $ VXFK WKDW ) �D� E� � " DQG
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+RZHYHU� DV ZH VKDOO VHH� WKHVH SURSHUWLHV DUH QRW
D QDWXUDO JHQHUDOL]DWLRQ RI DVVRFLDWLYLW\� EHFDXVH LI )
LV GHWHUPLQLVWLF� WKH\ DUH QRW WKH DVVRFLDWLYH SURSHUW\�
)RU WKLV UHDVRQ� ZH LQWURGXFH D QHZ SURSHUW\ ZKLFK LV
ZHDNHU WKDQ WKH DVVRFLDWLYH SURSHUW\�

'HnQLWLRQ ��� /HW ) EH D ELQDU\ RQG LQ $� :H VD\

WKDW ) LV ZHDNO\ DVVRFLDWLYH LI IRU DOO [�� [�� [�� ] �
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ZHDNO\ DVVRFLDWLYH�
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VD\ WKDW ) LV ZHDNO\ DVVRFLDWLYH LI IRU HYHU\ m  
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EOH DULW\ ) �[�� � � � [Q�  0LQLPDOVI[�� � � � [QJ LV QRW
DVVRFLDWLYH� +RZHYHU� LW LV ZHDNO\ DVVRFLDWLYH�

7KH IROORZLQJ UHVXOW LV DQ LPPHGLDWH FRQVHTXHQFH
IURP GHnQLWLRQ�

/HPPD ��� /HW ) EH D GHWHUPLQLVWLF RSHUDWRU� ,I )

LV ZHDNO\ DVVRFLDWLYH� WKHQ LV DVVRFLDWLYH�

7KHRUHP ��� 7KH %�DVVRFLDWLYLW\ DQG WKH +�

DVVRFLDWLYLW\ SURSHUWLHV DUH LQGHSHQGHQW RI WKH ZHDN

DVVRFLDWLYLW\�
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7KH SUHYLRXV H[DPSOH VKRZV WKDW� FRQWUDU\ WR ZKDW
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D %�DVVRFLDWLYH GHWHUPLQLVWLF RSHUDWRU LV QRW QHFHVVD�
ULO\ DVVRFLDWLYH� 7KH IROORZLQJ SURSRVLWLRQ UDWLnHV XV
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DVVRFLDWLYLW\�
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1RZ� ZH KLJKOLJKW D SDUWLFXODU UHVXOW RI LQWHUHVW WR
WKH UHVW RI WKH GHYHORSPHQW�

3URSRVLWLRQ ��� /HW ) EH DQ RQG LQ $ ZLWK oH[LEOH
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$V D FRQVHTXHQFH RI WKH SUHYLRXV OHPPD� ZH REWDLQ

WKH IROORZLQJ UHVXOW�

&RUROODU\ ��� /HW ) EH DQ RQG ZLWK oH[LEOH DULW\�

ZHDNO\ DVVRFLDWLYH� FRPPXWDWLYH DQG LGHPSRWHQW LQ D
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'HnQLWLRQ ��� $Q RUGHUHG B�PXOWLVHPLODWWLFH LV
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7KH IROORZLQJ SURSRVLWLRQ DOORZ XV WR SURYLGH DQ

HTXLYDOHQW GHnQLWLRQ�

3URSRVLWLRQ ��� $ SRVHW� �$���� LV DQ RUGHUHG B�

PXOWLVHPLODWWLFH LI DQG RQO\ LI IRU HYHU\ QRQHPSW\ nQLWH

VXEVHW + RI $ WKH IROORZLQJ FRQGLWLRQ LV VDWLVnHG�
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7KLV SRVHW LV D A�PXOWLVHPLODWWLFH� EXW LW LV QRW D

B�PXOWLVHPLODWWLFH� ,QGHHG� JLYHQ DQ DUELWUDU\ FL� ZH

KDYH WKDW FL � &RW��ID� EJ�� EXW WKHUH LV QRW DQ\ ] �

0XOWL�VXS�ID� EJ� WKDW IXOnOV ] � FL�
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,Q RUGHU WR LQWURGXFH WKH DOJHEUDLF FKDUDFWHUL]DWLRQ RI

PXOWLVHPLODWWLFH� ZH GHnQH QHZ VSHFLnF SURSHUWLHV IRU

RQGV�

'HnQLWLRQ ��� /HW ) EH DQ RQG ZLWK oH[LEOH DULW\ LQ

$� :H VD\ WKDW ) KDV WKH SURSHUW\ RI FRPSDUDEL�

OLW\ LI IRU DOO � � $e WKH WZR IROORZLQJ FRQGLWLRQV DUH

VDWLVnHG�

FRPS�� LI ] � ) ���� WKHQ ) �[� ]�  I]J IRU DOO [ � ��
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3URSRVLWLRQ ��� /HW ) EH DQ RQG LQ $ RI oH[LEOH

DULW\� ZHDNO\ DVVRFLDWLYH� FRPPXWDWLYH DQG LGHPSRWHQW�

,I ) VDWLVnHV WKH SURSHUW\ RI FRPSDUDELOLW\� WKHQ
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3URRI � ,W LV REYLRXV WKDW ��� LV VXpFLHQFW� /HW XV

SURYH WKH QHFHVVLW\� )URP FRUROODU\ ��� ZH FDQ DVVXPH
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7KH IROORZLQJ H[DPSOH VKRZV WKDW WKH UHFLSURFDO LV

QRW WUXH�

([DPSOH ��� /HW XV FRQVLGHU WKH ELQDU\ RQG JLYHQ LQ
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LW VDWLVnHV WKH SURSHUW\ ��� JLYHQ LQ WKH SUHYLRXV SURSR�
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� ZH REWDLQ WKH
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3URSRVLWLRQ ���� /HW �$��� EH DQ RUGHUHG n�

PXOWLVHPLODWWLFH� 7KHQ� WKH RQG )
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VDWLVnHV WKH FRP�

PXWDWLYH� LGHPSRWHQW DQG FRPSDUDELOLW\ SURSHUWLHV�

7KH IROORZLQJ WKHRUHP HVWDEOLVKHV WKH PRUH RXWVWDQ�

GLQJ SURSHUWLHV RI )B DQG )A�

7KHRUHP ���� /HW �$��� EH DQ RUGHUHG n�

PXOWLVHPLODWWLFH� 7KHQ� JLYHQ �  m�m� � $e

ZKHUH m� � � ZH KDYH WKDW�
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7KH SURRI IRU )
A
LV VLPLODU� 7KH LWHP � LV LPPHGLDWH

IURP ��

7KH H[DPSOH JLYHQ EHORZ VKRZV WKDW� LQ JHQHUDO� WKH

RQG )n LV QRW DVVRFLDWLYH LQ DQ RUGHUHG n�PXOWLVHPLOD�
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([DPSOH ��� 7KH IROORZLQJ GLDJUDP FRUUHVSRQGV WR D
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3URSRVLWLRQ ���� /HW �$��� EH DQ RUGHUHG n�
PXOWLVHPLODWWLFH� 7KHQ� )n LV ZHDNO\ DVVRFLDWLYH�

3URRI � :H SURYH LW IRU n  B� *LYHQ WKDW )
B
LV

FRPPXWDWLYH� LW LV HQRXJK WR SURYH WKDW JLYHQ �  
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�m�)B�m��� DQG� LQ FRQVHTXHQFH� WKH UH�

VXOW LV DQ LPPHGLDWH FRQVHTXHQFH RI WKHRUHP �����

1RZ ZH FDQ SURYLGH WKH GHnQLWLRQ RI DQ DOJHEUDLF

PXOWLVHPLODWWLFH�

'HnQLWLRQ ���� $Q DOJHEUDLF PXOWLVHPLODWWLFH�

�$�) �� LV D VHW $ ZLWK DQ RQG ) RI oH[LEOH DULW\ LQ

$� WKDW VDWLVnHV WKH IROORZLQJ SURSHUWLHV�

�065�� &RPPXWDWLYH ODZ�

�065�� :HDNO\ DVVRFLDWLYH ODZ�

�065�� ,GHPSRWHQF\ ODZ�
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PXOWLVHPLODWWLFHV�
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RUGHUHG B�PXOWLVHPLODWWLFH� 7KH SURSRVLWLRQV ����
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nQLWLRQ ���� DQG� WKHUHIRUH� 06
D

B  �$�)B� LV DQ
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DQ DOJHEUDLF B�PXOWLVHPLODWWLFH� )LUVWOW� OHW XV VHH

WKDW � LV DQ RUGHU UHODWLRQ�
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%DVHG RQ WKH K\SRWKHVLV� )
B
�[�� [�  I[J DQG

)
B
�[�� [�  I[J DQG� LWHP � RI OHPPD ����
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n
� LV DQ DOJHEUDLF n�PXOWLVH�

PLODWWLFH� WKHQ �0R
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] � )
B
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B
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,Q WKLV VHFWLRQ ZH SURYH WKDW� DV LQGLFDWHG LQ WKH LQWUR�

GXFWLRQ� WKH SUHVHQFH RI DVVRFLDWLYLW\ UHGXFHV PXOWLVH�

PLODWWLFHV WR VHPLODWWLFHV�

'HnQLWLRQ ���� /HW �$�)
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� EH D n�PXOWLVHPLODWWLFH�

:H VD\ WKDW LV DVVRFLDWLYH LI )
n

KDV WKH DVVRFLDWLYH

SURSHUW\�

/HPPD ���� /HW �$�)
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� EH D n�PXOWLVHPLODWWLFH� $
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2EYLRXVO\� LQ D PXOWLVHPLODWWLFH� ZH FDQ IRXQG VHPLODW�

WLFHV DV VKRZV WKH IROORZLQJ H[DPSOH� 7KLV MXVWLI\ WKH

QDPH JLYHQ WR WKLV VWUXFWXUH�

([DPSOH ��� ,Q WKH IROORZLQJ GLDJUDPV� 'LDJ� UHSUH�
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VXEPXOWLVHPLODWWLFH RI $ LI WKH UHVWULFWLRQ RI )
n
WR
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� SURYLGHV WKH VWUXFWXUH RI n�PXOWLVHPLODWWLFH
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$ nUVW DSSURDFK WR FKDUDFWHUL]H VXEPXOWLVHPLODWWL�

FHV� FRXOG EH WKH IROORZLQJ�
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B
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B
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WKH ODWWLFH VWUXFWXUH�
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'HnQLWLRQ ��� $Q RUGHUHG PXOWLODWWLFH LV D SRVHW�
�$���� VXFK WKDW IRU HYHU\ QRQHPSW\ nQLWH + t $ ZH
KDYH WKDW�

&RW��+�  
>
I>]� M ] � 0XOWL�VXS�+�J

&RW��+�  
>
I�]@ M ] � 0XOWL�LQI�+�J

7KH IROORZLQJ OHPPD� RI LPPHGLDWH GHPRQVWUDWLRQ�
HQDEOH XV WR SURYLGH DQ HTXLYDOHQW GHnQLWLRQ RI DQ RU�
GHUHG PXOWLODWWLFH�

/HPPD ��� $ SRVHW� �$���� LV DQ RUGHUHG PXOWLODW�
WLFH LI DQG RQO\ LI IRU HYHU\ QRQHPSW\ nQLWH VXEVHW +
RI $ WKH IROORZLQJ FRQGLWLRQV DUH VDWLVnHG�

q ,I [ � &RW��+�� WKHQ H[LVWV ] � 0XOWL�VXS�+�
VXFK WKDW ] � [�

q ,I [ � &RW��+�� WKHQ H[LWV ] � 0XOWL�LQI�+� VXFK
WKDW [ � ]� �

([DPSOH ���� 'LDJUDP 'LDJ� LV DQ LQnQLWH PXOWLODW�
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'HnQLWLRQ ��� /HW �$��� EH DQ RUGHUHG PXOWLODWWLFH�
:H GHnQH )

B
�[�� � � � [Q�  0XOWL�VXSI[�� � � � [QJ DQG
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A
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�7KLV LV WKH GHnQLWLRQ RI PXOWLODWWLFH JLYHQ E\ +DQVHQ HQ >�@

7KH QH[W OHPPD LV DQ LPPHGLDWH FRQVHTXHQFH RI WKH
RUGHUHG PXOWLODWWLFH GHnQLWLRQ�

/HPPD ��� /HW �$��� EH DQ RUGHUHG PXOWLODWWLFH�
7KHQ� �$��� LV D ODWWLFH LI DQG RQO\ LI IRU DOO � �
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U I�J ZH KDYH WKDW )
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��� DQG )
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��� DUH XQLWDU\

VHWV�

'LDJ� VKRZV WKDW LQ WKH SUHYLRXV OHPPD LV QRW SRV�
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RUGHUHG PXOWLODWWLFH� WKDW LV� LI $ LV DQ DUELWUDU\ SRVHW
DQG )
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A
KDYH DV LPDJHV XQLWDU\ VHWV� ZH FDQ QRW

HQVXUH WKDW $ LV D ODWWLFH QHLWKHU D PXOWLODWWLFH�

/HPPD ��� /HW �$��� EH DQ RUGHUHG PXOWLODWWLFH�
7KHQ WKH SDLU �)
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� VDWLVnHV WKH DEVRUSWLRQ ODZ�

'HnQLWLRQ ��� $Q DOJHEUDLF PXOWLODWWLFH�
�$�)

B
� )

A
�� LV D VHW $ ZLWK WZR RQGV )

B
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A

LQ $� WKDW YHULI\ WKH IROORZLQJ D[LRPV�

�05�� &RPPXWDWLYH ODZV�
�05�� :HDNO\ DVVRFLDWLYH ODZV�
�05�� ,GHPSRWHQF\ ODZV�
�05�� &RPSDUDELOLW\ ODZV�
�05�� $EVRUSWLRQ ODZ�

/HPPD ��� /HW ) DQG * EH WZR RQGV LQ $ VXFK WKDW
WKH\ YHULI\ WKH DEVRUSWLRQ ODZ� 7KHQ�
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�� ) DQG * VDWLVI\ WKH FRPS� SURSHUW\�

3URRI � �� LV LPPHGLDWH� 7KH SURRI RI � LV DV IROORZV�
,I ] � ) ���� WKHQ DFFRUGLQJ WR WKH DEVRUSWLRQ SURSHUW\
ZH KDYH WKDW *�[� ]�  I[J IRU DOO [ � �� DQG DFFRUGLQJ
WR LWHP �� LI ZH DSSO\ DJDLQ WKH DEVRUSWLRQ SURSHUW\� ZH
KDYH WKDW ) �[� ]�  I]J IRU DOO [ � ��

1RWLFH WKDW IURP WKLV UHVXOW� ZH FDQ PRGLI\ WKH GH�
nQLWLRQ ���� E\ VXEVWLWXWLQJ WKH ODZV RI FRPSDUDELOLW\
JLYHQ LQ D[LRP �05��� E\ FRPS��
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B
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,Q WKLV VHFWLRQ ZH ZLOO SURYH WKDW� DV LQ WKH PXOWLVHPL�

ODWWLFHV FDVH� DVVRFLDWLYLW\ UHGXFHV WKH PXOWLODWWLFHV WR

ODWWLFHV�
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WKH QRWDWLRQV WR WKRVH LQWURGXFHG LQ WKLV ZRUN�� LQ RUGHU

WR FRQnUP ZKDW ZH VWDWHG LQ WKH LQWURGXFWLRQ�
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1RWLFH WKDW LQ RXU GHnQLWLRQ ��� RI DQ DOJHEUDLF

PXOWLODWWLFH� WKH WUDQVLWLYLW\ RI WKH UHODWLRQ ?D w

E LI DQG RQO\ LI )
B
�D� E�  IDJ� LV DQ LPPHGLDWH FRQ�

VHTXHQFH RI WKH ZHDN DVVRFLDWLYLW\ RI )
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DOORZHG XV WR GHnQH DOJHEUDLF PXOWLVHPLODWWLFHV� VLQFH
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�0,9�� DQG WKH ODZ �09� WR JXDUDQWHH WKH WUDQVLWLYLW\
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>�@ 0LKDLO %HQDGR� /HV HQVHPEOHV SDUWLHOOHPHQW RU�

GRQQuHV HW OH WKuHRUtHPH GH UDpQHPHQW GH 6FKUHLHU�
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>�@ $OIUHGR %XUULH]D DQG ,QPDFXODGD 3�GH *X]PuDQ�

$ QHZ DOJHEUDLF VHPDQWLF DSSURDFK DQG DGHTXDWH

FRQQHFWLYHV IRU FRPSXWDWLRQ ZLWK WHPSRUDO OR�

JLF RYHU GLVFUHWH WLPH� -RXUQDO RI $SSOLHG 1RQ�
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>�@ 3DEOR &RUGHUR� 0DQXHO (QFLVR� DQG ,QPDFXODGD

3�GH *X]PuDQ� 6WUXFWXUH WKHRUHPV IRU FORVHG VHWV
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RI LPSOLFDWHV�LPSOLFDQWV LQ WHPSRUDO ORJLF� /HFWXUH
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>�@ 3DEOR &RUGHUR� 0DQXHO (QFLVR� DQG ,QPDFXODGD
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+DQGERRN RI 3KLORVRSKLFDO /RJLF� .OXZHU� �����

>�@ 5� +DKQOH DQG *� (VFDODGD� 'HGXFWLRQ LQ PDQ\

YDOXHG ORJLFV� D VXUYH\� 0DWKZDUH DQG 6RIW &RP�

SXWLQJ� �����

>�@ '� -� +DQVHQ� $Q D[LRPDWLF FKDUDFWHUL]DWLRQ RI
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SXWHU 6FLHQFH� 7R DSSHDU�
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