An Analysis of Two Open Problems of AVL Tree Insertion Algorithm
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Abstract: Two open problems of the AVL tree insertion algorithm are: 1. If all n! permutations of
n keys occur with the equal probability, what is the expected height of the constructed AVL tree?
2. What is the rebalancing probability due to an insertion ? In order to analyze these problems, an
approach is proposed to count the number of the permutations constructed AVL tree with a given
number of nodes and height.Consequently, the formulae are derived to compute the expected height
of AVL trees and the rebalancing probability. The numerical test results are presented finally.
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1 Introduction

The AVL tree technique named after its inven-
tors, G.M.Adel’son-Vel’skii and E.M.Landis,is one
of the best known algorithms to balance a binary
search tree. AVL trees obey the following rule:
The heights of the child trees of any given node
differ by at most one. In this paper, the height
of a tree is defined to be the length of the longest
path from its root to one of its leaf nodes.

The mathematical analysis of the following two
problems about AVL tree insertion algorithm have
not been done successfully.

1. If all n! permutations of n keys occur with the
equal probability, what is the expected height
of the constructed AVL balanced tree?

2. What is the probability that an insertion re-
quires rebalancing?

As an important step to the analysis,we first
propose an approach to count the number of the

permutations constructed the AVL tree with a
given number of nodes and height.

2 AVL Tree and
tions

its Permuta-

The height of an AVL tree with n internal
nodes,h, ,has been proved is to be

Mg(n +1)] =1 < hy < 1.44041g(n + 1) — 1.328.
(1)
The upper bound of Eq.(1) is the height of Fi-
bonacci tree and the lower bound is the height of
perfectly balanced tree.

Given a number of nodes,n, Fibonacci tree is
the highest AVL tree with n nodes.The height of
Fibonacci tree with n nodes can be expressed by

1—3, if n=F -1
(n21Li23) o

if Fioi—1<n< F;,—1
(n23,i25),

H, = .
" 71— 4,



where F; means the Fibonacci number of order 7,
F,=F_1+F_,

for ¢ > 2 with Fy =0, F; = 1.
The closed form of F; is

E =61 V5,  ¢=(1+V5)/2

On the other hand,given a height of tree,h, Fi-
bonacci trees have the minimum number of nodes.
Let f, be the number of nodes of the Fibonacci
tree with height of h,

fo= "I o1+ fo—2+1,

for h > 2 with fo =1, fo = 2.
Asymptotically,

fo=Frys—1=|¢"T3/V/6-1],for h>0.

(3)

On the contrary, the perfectly balanced trees
have the maximum number of nodes, 2"+t — 1.

Fig.1 illustrates the structure of the AVL tree
with » nodes and height h.
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Fig.1 The Structure of the AVL tree with n
nodes(n = L + R+ 1) and height &

For the root,if its left subtree is an AVL tree
with L nodes and height h — 1,its right subtree
must be constructed as an AVL tree with R nodes
(R=mn—L—1)and height h—1 or h—2,and vice
versa.

We consider the range of L,the number of nodes
of the left subtree. From above arguments, the
lower bound of I will be f,_1. The left subtree of
height A — 1 must have no more than 2" —1 nodes,
and the height of the right subtree has no less than
h — 2. Therefore,the upper bound of I should be
min{2" — 1,n — 1 — fy_s}. r(Lj_1) stands for

fro1 <L <min{2" —1,n —1— fl_y}

If all n! permutations of n keys occur with
the equal probability, which of these permutations
could build an AVL tree without rebalancing op-
erations? For instance,among 6 possible permuta-
tions of 3 nodes (123,132,213,231,312,321) only
213 and 231 are the permutations that will con-
struct AVL tree without rebalance. We call them
AVL tree permutations for convenience.

Assuming that in an AVL tree with n nodes
and height h as shown in Fig.1, the left subtree of
height iy, (h, = h—1), has L nodes {ay,---,ar},
a permutation of these nodes is a1 - - - ar,; the right
subtree of height hr,(hr = h — 1 or hgp = h — 2),
has R nodes {by,---,br}, a permutation of these

nodes is by - - - bg, illustrated in Fig.2.
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Fig.2 The Structure of the AVL tree

The following definition are made in order to
find AVL tree permutations consisting of ay - --ap,
and by ---br. Within the permutation aq---ar,
we call the left position of a; the (i — 1)th posi-
tion and the right position of a; the ith position
(i = 1,...,L); the most left position of a1 ---ar,
the Oth position and the most right position the
Lth position.Let k; be the number of objects of
by ---br that could be arranged from the Oth to
the ¢th position of aq - - - ar,,namely, when the left
subtree is constructed with ¢z nodes under the AVL
rule,k; is the number of nodes of the correspond-
ing right subtree.Meanwhile, (k; — k;_1) means the
number of objects of the by - - - bgr that could be ar-
ranged in the ith position of a; - - ar.

In the following example,we can see that the
AVL tree permutations shown in the right of the
following figure, are actually the arrangements
consisting of @y ---ar, and by - - - bg with AVL rule,
followed the root node.

h-1



r ai bi az bz bs
r ai b: bz a2 bs
r ai b1 b2 bs a:
r b1 a: bz a2 bs
r b: a1 b2 bs a:
r braiaz bz bs

In an AVL tree permutation how to arrange
b’s into each position of ay---ap, in other
words,what is the range of k;7 First, we con-
sider main;,the lower bound of k;. Inserting the
(7 + 1)th node into the left subtree might make
the left subtree taller,the left subtree probably
becomes a Fibonacci tree with (¢ + 1) nodes
and height H;,q,the height of the left subtree is
min{H;y1,hr}. The right subtree must be no
lower than min{H;41,hr}—1. Therefore, the min-
imum number of &; is

(4)

MAN; = frin{H(i41),h }=1-

where 1 <17 < L.

Secondly, we consider maz;, the upper bound of
k;. If the left subtree is an AVL tree with 7 nodes
and height H;, the right subtree must have no
more than 2min{hn.Hi}+2 _ 1 podes. Therefore,the
maximum number of k; is

(5)

maz; — min {R,Qmin{]“L’H”'}"'2 - 1} .

where 1 <17 < L.

Gr,h1,R,hy denotes the number of arrangements
consisting of @y - --ar, and by - --bp.These arrange-
ments obey the balance criterion of AVL tree.

mazy
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where 1 < ¢ < L.

GrL.hy,Rhg 15 a key to our analysis. We could
get the number of AVL tree permutations with a
given number of nodes and height as follows.

PE,n = Z PEph-1{Grh-1,Rn-1PERh_1
r(Lp—1)

+2Gr p-1,rh-2PERA_2}

(7)

forn > 3 and h > 2 with PE,o = 1,PE,y; =
2,PE371 = 2.

Fig.3 gives some results from Eq.(7).From these
results we can see that for a given height of tree,h,
when n is increasing from f,, the value of PE, ),
is increasing steeply.

Moreover,the number of the AVL tree permuta-
tions with n nodes can be expressed by

PE, = ZPEMz (8)
h

where [lg(n4+1)] -1 < h < 1.441g(n+1)—1.328.

We are interested in the percentage of that AVL
tree permutations with n nodes occur among all
n! permutations of n nodes.From Table 1 and
Fig.4,this percentage is extremely low: when n =

10 it is 0.8%,and when n > 20 it nears to 0%.

Table 1: Some results of Eq.(8) and n!

n PFE, n!

1 1 1

2 2

3 2 6

4 8 24

5 24 120

6 48 720

7 240 5040

8 1152 40320

9 5760 362880

10 29952 3628800

11 145152 39916800

12 857088 479001600

13 6165504 6227020800

14 46614528 87178291200
15 383698944 1307674368000
16 3361554432 20922789888000
17 30556569600 355687428096000
18 285372481536 6402373705728000
19 2709051899904 121645100408832000
20 26614178906112 2432902008176640000
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Fig.3 The number of the AVL tree permutations
with a given number of nodes and height
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Fig.4 The percentage of AVL tree permutations to
n!

3 The Analysis of Two Open
Problems

Now we analyze the two open problems of AVL
tree insertion algorithm based on the above anal-
ysis. First, the expected height of AVL trees can
be obtained by

HAVI(n) =Y hPE,,/PE,, (9)
h

Fig.5 gives results from Eq.(9).The expected
hight of the AVL tree with n nodes approximates
to 1.211gn — 0.7.
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Fig.5 The expected height of AVL trees with n

nodes

To the second open problem,we have revealed
that there are only two different patterns in AVL
trees, pattern-1 and pattern-2,associated with
the imbalance([1]). They are shown in Fig.6 (a)



where the nodes added by insertions are indicated
by crosses. Based on these two proposed pat-
terns, single and double rotations are indicated
by two essentially different types of subtrees in
Fig.6(b),where S stands for a single rotation and
D for a double rotation.
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Fig. 6 Two essential patterns in an AVL tree

Obviously,an insertion at the external nodes of
the leaf of pattern-1 should cause imbalance as
shown in Fig.7 (a). Differently, inserting a new key
into the external nodes of pattern-2 could cause
imbalance or not. Only the pattern-2’s in the sub-
trees which are taller than their adjacent subtrees
are associated with imbalance,such as those drawn
within the dotted square in the Fig.7 (b).
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Fig. 7 The instances of 1mbalance associated with
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pattern-1 and pattern-2

When all n! permutations of » nodes occur with
equal probability,p;, , denotes the average num-
ber of pattern-1 and p2,, denotes the average
number of the pattern-2 that will cause imbalance
among the AVL tree permutations with n nodes
and height h respectively.

1
= PEp
Pl,h PEnn E L,h—1

'[GL,h—l,R,h—lPER,h—l{plL,h_1 +p1R,h—1}
+2GLn—1,Rh—2PERR—2{p1y 1 + Pirs_2}]
(10)

for n > 4 with p1, , = 1,p1,, =0.

And

?

1
= PEp
P2, 5 PEnn E L,h—1

'[GL,h—LR,h—lpER,h—l{pQL,h—1 +p2R,h—1}
+2GL h—1,Ra—2PERh—2{P3p 1 + P2r n_2}]
(11)
for n > 5 and n > 2 with p,, , = 1/3.
Here,ps_, is the indirectly recursive function of

P2, -

P3nn

[Gr,n—1,Rh—1PERh—1{P2;, j,_y + P3p .}
+2G1 h—1,Rh—2PERn—2{P3; ), + P2 s_2}]
(12)
for n > 3 and n > 1 with P3,, = 1.

As shown in Fig.6(b), the single rotation and
the double rotation will happen equally likely. For
a rotation, pattern-1 has one,and pattern-2 has
two inserting positions. We use PR(n,h) to ex-
press the probability that a single or a double ro-
tation should be used to restore the desired bal-
ance when a new node is inserted into the AVL
tree with n nodes and height h.

PR(n,h) = = (13

Finally, when the (n + 1)th nodes is inserted
into the AVL tree with n nodes, the rebalancing
probability is

plnh+ p2nh

P(n) =

mhPR(n,h), (14)

PE
where [lg(n+1)] -1 < h <1.441g(n+1)—1.328.
From the results of Fig.8 and 9, we can see
that when n > 20,the rebalancing probability oc-
curs during insertion operations approximates to
0.28.Because every AVL tree has its mirrored one,
one insertion needs 0.56 rotations on average.

4 Conclusions

In order to analyze the two problems of AVL tree
insertion algorithm,we have proposed a reccurence
method. The recursive description about AVL
tree and its permutations is the key to our anal-
ysis. However,the larger the number of nodes,
the more complicated the computing of proposed
formulae. In our future work we will derive an
asymptotical expression of these formulae.
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