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VXOLPDQ Do0KRPLGDQ

Ghsduwphqw ri Pdwkhpdwlfdo Vflhqfhv

Nlqj Idkg Xqlyhuvlw| ri Shwurohxp dqg Plqhudov

NIXSP Er{ 44</ Gkdkudq 64594/ VDXGL DUDELD

Devwudfw= 0 Frpelqhg phwkrgv iru plqlpl}lqj ohdvw glvwdqfh ixqfwlrqv zlwk Kdqnho srvlwlyh vhpl�

gh�qlwh pdwul{ frqvwudlqwv duh frqvlghuhg1 Rxu dssurdfk lv edvhg rq +l, d surmhfwlrq dojrulwkp zklfk

frqyhujhv joredoo| exw vorzo|> dqg +ll, wkh �owhuVTS phwkrg zklfk lv idvwhu1 K|eulg phwkrgv wkdw

dwwhpsw wr frpelqh wkh ehvw ihdwxuhv ri erwk phwkrgv duh wkhq frqvlghuhg1 Frpsdudwlyh qxphulfdo

uhvxowv duh uhsruwhg1

Nh|0Zrugv= 0 Dowhuqdwlqj surmhfwlrqv/ Kdqnho pdwul{/ �owhuVTS phwkrg ohdvw glvwdqfh ixqfwlrqv/ qrq0

vprrwk rswlpl}dwlrq/ srvlwlyh vhpl�gh�qlwh pdwul{1
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�����
���

Kdqnho pdwulfhv dsshdu qdwxudoo| lq d ydulhw| ri

sureohpv ri hqjlqhhulqj lqwhuhvw= frpxqlfdwlrq/

frqwuro hqjlqhhulqj/ �owhu ghvljq/ lghqwl�fdwlrq/

prgho uhgxfwlrq dqg eurdgedqg pdwfklqj/ dqg

lq gl�huhqw �ohgv ri pdwkhpdwlfv/ h1j1/ lq v|vwhpv

wkhru|/ lqwhjudo htxdwlrqv/ dqg rshudwru wkhru|1

Kdqnho pdwulfhv srvvhvv fhuwdlq surshuwlhv

uhjduglqj wkhlu udqn dqg srvlwlyh vhpl0gh�qlwh

vwuxfwxuhv ghshqglqj rq wkh frqvwuxfwlrq ru du0

udqjhphqw ri wkhlu hohphqwv1 Lq sudfwlfdo dssol0

fdwlrqv/ wkhvh pdwulfhv duh frqvwuxfwhg iurp qrlv|

revhuydwlrqv dqg khqfh vrph ri wkhlu qlfh surshu0

wlhv pd| eh ghvwur|hg ru fkdqjhg1 Wkh vljqdo sur0

fhvvlqj sureohp lv wr hvwlpdwh wkh pdwulfhv zlwk

ghvluhg surshuwlhv vr wkdw wkh hvwlpdwhg pdwul{ lv

forvh wr wkh jlyhq revhuydwlrq lq vrph uhdvrqdeoh

vhqvh1

Zh frqvlghu wkh iroorzlqj sureohp= Jlyhq dq

duelwudu| gdwd pdwul{ I 5 LU?f?> �qg wkh qhduhvw

srvlwlyh vhpl0gh�qlwh Kdqnho pdwul{ K wr I wkdw

plqlpl}hv

plqlpl}h ! @ nI � Kn8 +4,

zkhuh n=n8 ghqrwhv wkh Iurehqlxv qrup1

Wkh sureohp zdv vwxglhg e| PdfLqqhv ^44`> kh

sursrvhg d phwkrg iru �qglqj wkh ehvw dssur{l0

pdwlrq ri d pdwul{ I e| d ixoo udqn Kdqnho pd0

wul{1 Lq ^44`/ wkh lqlwldo sureohp ri ehvw dssur{0

lpdwlrq ri rqh pdwul{ e| dqrwkhu lv wudqviruphg

wr d sureohp lqyroylqj ehvw dssur{lpdwlrq ri d

jlyhq yhfwru e| d vhfrqg yhfwru zkrvh hohphqwv

duh frqvwudlqhg vr wkdw lwv lqyhuvh lpdjh lv d Kdq0

nho pdwul{1 Wkh dowhuqdwlqj surmhfwlrq dojrulwkp

zdv vxffhvvixoo| xvhg lq vroylqj vlplodu dssur{l0

pdwlrq sureohpv iru glvwdqfh pdwulfhv ^6`1 Rk hw1

do1 ^45` xvhg wkh dowhuqdwlqj surmhfwlrq rqwr ix}}|

frqyh{ vhwv zkhq wkuhh ru pruh frqyh{ vhwv gr qrw

lqwhuvhfw1 Uhodwhg sureohpv zhuh dovr vwxglhg e|

^46/ 47` dqg ^48` lq uhodwlrq wr vljqdo surfhvvlqj

sureohpv1

Wkurxjkrxw wklv sdshu/ wkh uhdo Kloehuw vsdfh

ri doo q� q v|pphwulf pdwulfhv lv ghqrwhg e| K

dqg k=> =l dq lqqhu surgxfw rq K1 Wkh Iurehqlxv

qrup lv jlyhq e| nDn2
8
@ kD>Dl/ dqg wkh glvwdqfh

ehwzhhq D 5 K dqg E 5 K lv nD � En8 1 Wkh

ruwkrjrqdo surmhfwlrq iurp K rqwr wkh vhw N� lv

ghqrwhg e| S�1 Wkh rshudwru S� gh�qhg e|

S�+E, @ D zkhuh E 5 K dqg D 5 N�

surylghv d vroxwlrq wr wkh rswlpl}dwlrq sureohp

nD�En @ plqinF �En> ; F 5 N�j=

Dovr/ D @ S�+E, lv d xqltxh hohphqw lq wkh frqyh{

vhw N� fkdudfwhul}hg e|

kE �D>F �Dl � 3 ;F 5 N�=

D Kdqnho pdwul{ K lv ghqrwhg e|

K @
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Lq wklv vhfwlrq/ zh ghvfuleh d surmhfwlrq dojr0

ulwkp iru vroylqj wkh Kdqnho pdwul{ dssur{lpd0

wlrq sureohp +4,1 Wklv dojrulwkp lv ghulyhg iurp

dq dowhuqdwlqj surmhfwlrq dojrulwkp gxh wr G|n0

vwud ^8` iru �qglqj wkh ohdvw glvwdqfh iurp d �{hg

srlqw wr dq lqwhuvhfwlrq ri frqyh{ vhwv1 Dorqj

zlwk wklv/ zh jlyh wzr frqyh{ vhwv dqg irupxodv

iru fhuwdlq surmhfwlrq pdsv wkdw duh qhhghg lq wklv

vhfwlrq1

Lw lv frqyhqlhqw wr gh�qh wzr frqyh{ vhwv iru

wkh sxusrvh ri frqvwuxfwlqj wkh surehp1 Wkh vhw

ri doo q � q v|pphwulf srvlwlyh vhpl�gh�qlwh

pdwulfhv

NW+ @ iD = D 5 LU?f?> DA @ D dqg

}
AD} � 3 ; } 5 LU?

j +6,

lv d frqyh{ frqh ri glphqvlrq q+q. 4,@51 Dovr/

NM @ iK = K 5 LU?f?> K lv d Kdqnhoj= +7,

lv d frqyh{ vhw ri glphqvlrq 5q� 41

Lq dgglwlrq/ zh qhhg irupxodh iru wkh surmhf0

wlrq pdsv ghqrwhg e| SW++=, dqg SM+=, rq wr NW+

dqg NM 1 Wkh surmhfwlrq pds SW++I , irupxod

rq wr NW+ lv jlyhq e| ^<`

SW+ +I , @ X�nXA > +8,

zkhuh

�n @

�
�r 3

3 3

�
> +9,

dqg �r @ gldj ^��> �2> = = = > �r` lv wkh gldj0

rqdo pdwul{ iruphg iurp wkh srvlwlyh hljhqydoxhv

ri I 1

Wkh surmhfwlrq pds SM+I , irupxod rq wr

NM lv jlyhq e|

SM+I , @ Kdqnho+kf> k�> = = = > k2?32,> +:,

zkhuh

k& @
4

n

&[
�'�

i&n�3� �> n @ 4> = = = > q

k&@
4

5q� n

2?3&[
�'�

i?3�n� &n�3?>

n@q.4> = = = > 5q� 4= +;,

Lq rwkhu zrugv/ SM pdsv hdfk hohphqwv lq dqwl0

gldjrqdo ri I lqwr wkh dyhudjh ri wkh hohphqwv lq

wkdw dqwl0gldjrqdo ri I 1

Wkh G|nvwud0Kdq dojrulwkp vroyhv wkh sure0

ohp

plqlpl}h ni � {n2

vxemhfw wr { 5

6_
�'�

N�>

zkhuh wkh N� duh frqyh{ vhwv lq LU? dqg i lv d

jlyhq duelwudu| srlqw1 Wkh dojrulwkp lqlwldol}hv

i
f @ i dqg jhqhudwhv d vhtxhqfh ii E&�j xvlqj wkh

lwhudwlrq irupxod

i
E&n�� @ i

E&�.S6+= = = S�+i
E&�, = = =,�S�+i

E&�,= +<,

Khuh S�+i, ghqrwhv wkh o2 surmhfwlrq ri i rq wr

N�/ wkdw lv/ wkh +xqltxh, qhduhvw yhfwru wr i lq

N�1 Lw lv vkrzq e| Er|oh dqg G|nvwud ^7` wkdw

S�+= = = S�+i
E&�, = = =, $ {

W iru dq| l � 41 Krzhyhu

wkh vhtxhqfh ii E&�j grhv qrw lq jhqhudo frqyhujh

wr {
W +vhh ^5`,1

Lq dsso|lqj G|nvwud0Kdq dojrulwkp wr wkh

Kdqnho pdwul{ dssur{lpdwlrq/ lw lv dssursuldwh

wr xvh wkh Iurehqlxv pdwul{ qrup/ dqg wr h{suhvv

+4, dv

plqlpl}h nI �Kn8

vxemhfw wr K 5 NW+ _NM +43,

zkhuh NW+ dqg NM duh jlyhq e| +6, dqg +7,/ uh0

vshfwlyho|1 Wr dsso| dojrulwkp +<, zh qhhg wkh

irupxodh iru wkh surmhfwlrq pdsv SW++=, dqg SM+=,/

jlyhq e| +8, dqg +:, dqg fruuhvsrqglqj/ uhvshf0

wlyho|/ wr S�+=, dqg S2+=, lq +<,1 Wkhvh duh wkh

pdsv iurp N @ iD = D 5 LU?f?j rq wr NW+ dqg

NM 1

Qrz zh xvh wkh surmhfwlrq pdsv SW++I , dqg

SM+I , jlyhq e| +8, dqg +:, wr lpsohphqw wkh

G|nvwud0Kdq dojrulwkp +<,1 Khqfh/ wkh qhz dojr0

ulwkp lv dv iroorzv= Jlyhq dq duelwudu| glvwdqfh

pdwul{ I 5 LU?f?/ wkh dojrulwkp lv lqlwldol}hg e|

I Ef� @ I dqg wkh lwhudwlrq irupxod lv

I E&n�� @ I E&�.SM+SW++I
E&�,,,�SW++I

E&�,= +44,

Wkh vhtxhqfhv iSW++I
E&�,j dqg iSM+SW+++I

E&�,,j

frqyhujh wr wkh vroxwlrq K ri +43, dqg khqfh +4,1
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Lq wkh suhylrxv vhfwlrq/ wkh dowhuqdwlqj surmhfwlrq

dojrulwkp frpsxwhv d xqltxh vroxwlrq iru +43,



vlqfh wkh vhwv NW+ dqg NM duh frqyh{1 Zkhq

VTS phwkrgv duh dssolhg wr vroyh wkh sureohp/

wklv uhtxluhv wkh nqrzohgjh ri wkh udqn+K,> khqfh

+43, orvhv frqyh{lw| dqg wklv lqfuhdvhv wkh gl!0

fxow|1 Wkhuhiruh/ lq wklv vhfwlrq/ zh frqvlghu d

gl�huhqw dssurdfk wr +43,1 Wkh pdlq lghd lv wr

uhsodfh +43, e| d vprrwk qrqolqhdu surjudpplqj

sureohp lq rughu wr xvh d vhfrqg rughu frqyhu0

jhqw �owhuVTS phwkrg1 Sureohp +43, lv vroyhg

e| �owhuVTS phwkrg/ dovr wkh uhohydqw irupxodh

iru ghulydwlyhv duh jlyhq1

Lw lv gl!fxow wr ghdo zlwk wkh pdwul{ vhw frq0

vwudlqw lq +6, dqg +7, vlqfh lw lv qrw hdv| wr vshfli|

li wkh hohphqwv duh ihdvleoh1 Xvlqj sduwldo OGOA

idfwrul}dwlrq riK/ wklv gl!fxow| fdq eh ryhufrph1

Zh dvvxph wkdw wkh udqn ri K lv nqrzq wr eh p1

Shupxwlqj urzv dqg froxpqv li qhfhvvdu|/ dqg

sduwlwlrqlqj K/ wkhq iru K vx!flhqwo| forvh wr

KW/ wkh sduwldo idfwruv K @ OGOA fdq eh fdofx0

odwhg vxfk wkdw

O @
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O2� L

�
>G @

�
G�

G2

�
>

K @

�
K�� KA

2�

K2� K22

�
> +45,

zkhuh O��> G� dqg K�� duh p � p pdwulfhv>

L> G2 dqg K22 duh q�p� q�p pdwulfhv> O2�
dqg K2� duh q�p�p pdwulfhv> G� lv gldjrqdo

dqg G� A 3 dqg G2 kdyh qr sduwlfxodu vwuxfwxuh

rwkhu wkdq v|pphwu|1 Dw wkh vroxwlrq/ G2 @ 3

dqg K lv v|pphwulf srvlwlyh vhpl0gh�qlwh Kdqnho

pdwul{1 Lq jhqhudo/

G2+K, @ K22 � K2�K
3�
�� K

A

2�= +46,

Qrz li wkh vwuxfwxuh ri wkh pdwul{ K lv lq d Kdq0

nho irup/ l1h1/

K @
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+47,

wkhq +46, hqdeohv wkh frqvwudlqw K 5 N @ NW+ _

NM wr eh zulwwhq lq wkh irup

G2+K+{,, @ 3= +48,

Khqfh/ +4, fdq qrz eh h{suhvvhg dv

plqlpl}h !

vxemhfw wr G2+K+{,, @ 3 @ ]AK]> +49,

zkhuh ] @

�
�K3�

�� K
A

2�

L

�
lv wkh edvlv pdwul{ iru

wkh qxoo vsdfh ri K zkhq G2 @ 31 Wkh Odjudqjh

pxowlsolhuv iru wkh frqvwudlqw +48, duh � uhodwlyh

wr wkh edvlv ] dqg wkh Odjudqjldq iru srueohp

+49, lv

O+{E&�>�E&�, @ !�� = ]AK]= +4:,

Wkh deryh dssurdfk kdv ehhq vwxglhg lq d vlplodu

zd| e| ^9`1

Wkh vwuxfwxuh ri wkh Kdqnho pdwul{ G kdv

ehhq jlyhq lq +47,/ wkhq

! @

?[
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+i�� � k��,
2 @
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+i�� � {�n�3�,
2>

+4;,

dqg 8! @ ^ Y�
Y%�

� � �
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Y%2?3�
`A zkhuh u ghqrwhv

wkh judglhqw rshudwru +C@C{�> = = = > C@C{2?3�,
A =

Wkhuhiruh

C!

C{r
@ 5

r[
�'�

+{r � i� r3�n�, v @ 4> = = = > q

C!

C{r
@ 5

2?3r[
�'�

+{r � i?3�n� rn�3?,

v @ q. 4> = = = > 5q� 4=+4<,

Gl�huhqwldwlqj djdlq jlyhv

C2!

C{oC{r
@ 3 li u 9@ v>

zkhuh v> u @ 4> � � � > 5q� 4/ dqg

C2!

C{2
r

@5v> v @ 4> = = = > q

C2!

C{2
r

@5+5q� v,= v@q.4> = = = > 5q�4=+53,

Wkh dgydqwdjh ri irupxod +48, lv wkdw h{suhv0

vlrqv iru erwk �uvw dqg vhfrqg ghulydwlyhv ri wkh

frqvwudlqwv zlwk uhvshfw wr wkh hohphqwv ri K fdq

eh rewdlqhg1 Wkh vlpsoh irup ri +46, lv xwlol}hg

e| zulwlqj wkh frqvwudlqwv G2+K, @ 3 lq wkh iro0

orzlqj irup=

g��+{, @ {�n�3��

6[
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{�n&3�^K
3�
�� `&, {�n,3� @ 3

+54,



zkhuh l> m @ p . 4> � � � > q dqg ^K3�
�� `&, ghqrwhv

wkh hohphqw ri K3�
�� lq no�srvlwlrq1 Wkxv +49,

fdq eh h{suhvvhg dv

plqlpl}h ! @

?[
�c�'�

+i�� � {�n�3�,
2=

vxemhfw wr g��+{, @ 3 +55,

Lq wklv sureohp/ vlqfh wkh htxlydohqw frqvwudlqwv

g��+{, @ 3 dqg g��+{, @ 3 duh erwk suhvhqw/ wkh|

zrxog eh vwdwhg rqo| iru l � m1

Lq rughu wr zulwh grzq wkh VTS phwkrg ds0

solhg wr +55,/ lw lv qhfhvvd| wr ghulyh �uvw dqg

vhfrqg ghulydwlyhv ri g�� zklfk hqdeoh d vhfrqg

rughu udwh ri frqyhujhqfh wr eh dfklhyhg1

Ohw Lr eh dq p�p pdwul{ jlyhq e|

Lr @ Kdqnho+3> = = = > 3> 4> 3> = = = > 3,>

zkhuh wkh �4% dsshdulqj lq wkh �uvw urz lv lq wkh

vwk froxpq dqg wkh �4% dsshdulqj lq wkh �uvw

froxpq lv lq wkh vwk urz1 Khqfh wkh pdwul{ Lr
lv d pdwul{ wkdw frqwdlqv �4%v lq rqh dfurvv dqwl�

gldjrqdo dqg }hurv hovhzkhuh1 Qrz gl�huhqwldwlqj

K��K
3�
�� @ L jlyhv

CK3�
��

C{r
@ �K3�

�� Lr K
3�
�� v ? 5p= +56,

CK3�
��

C{r
@ 3 v � 5p

Khqfh iurp +46,/

CG2

C{r
@ LLr . Y A LrY . XA . X> +57,

zkhuh

Y A @ �K2�K
3�
�� > X @ LLLrY> LLr @

CK22

C{r
dqg LLLr @

YM2�

Y%r
>

LLr dqg LLLr duh pdwulfhv vlplodu wr Lr zlwk LLr
ehlqj dq q�p�q�ppdwul{ zklfk frqwdlqv rqhv

lq rqh dfurvv dqwl�gldjrqdo dqg }hurv hovhzkhuh/

dqg LLLr lv dq q � p � p pdwul{ zklfk frq0

wdlqv rqhv lq rqh dfurvv dqwl�gldjrqdo dqg }hurv

hovhzkhuh1

Ixuwkhupruh/ gl�huhqwldwlqj +56,/ zh jhw

C2G2

C{rC{o
@ \ . \ A >

zkhuh

\ @ �]A

o
K3�
�� ]r dqg ]| @ L|Y � LLLA

|
=

Wdeoh 4 vxppdul}hv wkh vwdwh ri wkh judglhqw dqg

Khvvldq ri G2 zlwk uhvshfw wr {r

CG2

C{r
]| v

Y A LrY L|Y 3 ? v �p

Y A LrY . XA . X L|Y � LLLA
|

p ? v ? 5p

XA . X �LLLA
|

v @ 5p

LLr . XA . X �LLLA
|

5p ? v ? q.p

LLr 3 q.p?v?5q�4

Wdeoh 4= Judglhqw dqg Khvvldq irupxodv iru G21

Qrz/ ohw

Z @ u
2
O+{>�,

@ u
2! �

?[
�c�'6n�

���u
2g�� +58,

zkhuh u2! lv jlyhq e| +53, dqg
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�c�'6n�

���u
2g��
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Xvxdoo|/ u2O lv srvlwlyh gh�qlwh/ lq zklfk

fdvh/ li {E&� lv vx!flhqwo| forvh wr {
W/ wkh edvlf

VTS phwkrg frqyhujhv dqg wkh udwh lv vhfrqg ru0

ghu +Iohwfkhu ^:`,1 Joredoo|/ krzhyhu +55, pd|

qrw frqyhujh1 Dq dojrulwkp zlwk ehwwhu frqyhu0

jhqfh surshuwlhv/ zkhq {
E&� lv uhprwh iurp {

W/ lv

vxjjhvwhg e| Iohwfkhu dw1 do1 ^;` lq zklfk wkh �o0

whuVTS fdq eh xvhg wr voryh +55,1 Qrz vlqfh wkh

judglhqw dqg Khvvldq duh erwk dydlodeoh/ wkhuhiruh

�owhuVTS fdq eh xvhg wr voryh wkh sureohp1

Wklv ghvfulswlrq ri lwhudwlyh vfkhphv iru vroy0

lqj +55, kdv vr idu ljqruhg dq lpsruwdqw frq0

vwudlqw/ wkdw/ lv G� A 3 lq zklfk wkh yduleohv {E&�

pxvw shuplw wkh pdwul{ DE&� wr eh idfwrul}hg dv lq

+45,1 Krzhyhu/ vlqfh p lv lghqwl�hg fruuhfwo| dqg

{
E&� lv qhdu wkh vroxwlrq/ wklv uhvwulfwlrq zloo xvx0

doo| eh lqdfwlyh dw wkh vroxwlrq1 Li {E&� lv uhprwh

iurp wkh vroxwlrq/ dgglwlrqdo frqvwudlqwv

gE&�
oo

A 3= u @ 4> 5> = = = >p



duh lqwurgxfhg1 Krzhyhu/ vwulfw lqhtxdolwlhv duh

qrw shuplvvleoh lq dq rswlpl}dwlrq sureohp dqg

lw lv dovr dgylvdeoh qrw wr doorz goo+{
E&�, wr frph

wrr forvh wr }hur/ hvshfldoo| iru vpdoo u/ dv wklv lv

olnho| wr fdxvh wkh idfwrul}dwlrq wr idlo1 Khqfh wkh

frqvwudlqwv

pgE&�
oo
@u � 3 u @ 4> 5> = = = >p

duh dgghg wr sureohp +55,1 Ilqdoo|/ lw lv srv0

vleoh wkdw sduwldo idfwruv ri wkh pdwul{ KE&� lq

wkh irup +45, gr qrw h{lvw iru vrph lwhudwhv1 Lq

wklv fdvh/ wkh sdudphwhu lq wkh �owhuVTS phwkrg

�E&n�� @ �E&�@7> {
E&n�� @ {

E&� dqg �E&n�� @ �E&�

duh fkrvhq iru wkh qh{w lwhudwlrq lq wkh wuxvw uh0

jlrq phwkrg1

Dq dgydqwdjh ri wkh �owhuVTS phwkrg lv wkdw

lw doorzv wkh vsdwldo glphqvlrqv wr eh fkrvhq e|

wkh xvhu1 Wklv lv xvhixo zkhq wkh udqn lv douhdg|

nqrzq1 Iru h{dpsoh li wkh hqwulhv lq I duh ghulyhg

iurp d pdwul{ wkdw kdv udqn p @ 5 ru p @ 61

Lq jhqhudo/ krzhyhu/ wkh udqn ri wkh pdwul{ lv

qrw nqrzq/ iru h{dpsoh wkh pdwul{ wkdw dvvxphg

kdv udqnp @ 6pljkw eh luuhgxfleo| hpehgghg lq

pdwul{ zlwk udqn p @ 4 ru p @ 51 Zh wkhuhiruh

pxvw frqvlghu dq dojrulwkp lq zklfk zh duh suh0

sduhg wr uhylvh rxu hvwlpdwh ri p1 D vlpsoh vwudw0

hj| lv wr uhshdw wkh hqwluh �owhuVTS phwkrg iru

gl�huhqw ydoxhv ri p1 Li pW ghqrwhv wkh fruuhfw

ydoxh ri p zklfk vroyhv +4,/ wkhq lw lv revhuyhg

wkdw wkh �owhuVTS phwkrgg frqyhujhv udslgo| li

p � pW/ dqg h{klelwv vhfrqg rughu frqyhujhqfh1

Rq wkh rwkhu kdqg li p A pW wkhq vorz frqyhu0

jhqfh lv revhuyhg1 Rqh uhdvrq lv wkdw wkhuh duh

pruh yduldeohv lq wkh sureohp1 Dovr uhgxqgdqf|

lq wkh sdudphwhu vsdfh pd| kdyh dq h�hfw1 Wkxv

lw pdnhv vhqvh wr vwduw zlwk d vpdoo ydoxh ri p/

dqg lqfuhdvh lw e| rqh xqwlo wkh vroxwlrq lv uhfrj0

qlvhg1 Rqh zd| wr uhfrjqlvh whuplqdwlrq lv zkhq

KE&� djuhhv vx!flhqwo| zhoo zlwk KE&n��/ zkhuh

KE&� ghqrwhv wkh srvlwlyh vhpl0gh�qlwh Kdqnho

pdwul{ rewdlqhg e| plqlpl}lqj !1

" �#���� 	�
����

D frpelqdwlrq ri erwk dojrulwkpv duh lqwurgxfhg1

Surmhfwlrq phwkrgv duh joredoo| frqyhujhqw dqg

khqfh srwhqwldoo| uholdeoh/ exw riwhq frqyhujh

vorzo|/ zklfk fdq eh yhu| lqh!flhqw1 VTS phwk0

rgv duh uholdeoh dqg kdyh d vhfrqg rughu udwh ri

frqyhujhqfh/ exw uhtxluh wkdw wkh fruuhfw udqnpW

lv nqrzq1 Zh wkhuhiruh frqvlghu k|eulg phwkrgv

lq zklfk wkh surmhfwlrq dojrulwkp lv xvhg vsdu0

lqjo| dv d zd| ri hvwdeolvklqj wkh fruuhfw udqn/

zklovw wkh �owhuVTS phwkrg lv xvhg wr surylgh

udslg frqyhujhqfh1

Lq rughu wr hqvxuh wkdw hdfk frpsrqhqw

phwkrg lv xvhg wr ehvw h�hfw/ lw lv lpsruwdqw

wr wudqvihu lqirupdwlrq iurp rqh phwkrg wr wkh

rwkhu1 Lq sduwlfxodu/ wkh uhvxow iurp rqh phwkrg

lv xvhg wr surylgh wkh lqlwldo gdwd iru wkh rwkhu/

dqg ylfh yhuvd1 Wklv phfkdqlvp kdv d �{hg srlqw

surshuw| vr wkdw li rqh phwkrg �qgv d vroxwlrq/

wkhq wkh rwkhu phwkrg lv lqlwldol}hg zlwk dq lwhu0

dwh wkdw dovr fruuhvsrqgv wr wkh vroxwlrq1

Zh zloo hydoxdwh wzr gl�huhqw dojrulwkpv

zklfk gl�hu lq uhvshfw ri krz pEf� lv lqlwldol}hg1

Dojrulwkp 4 lv h{suhvvhg dv iroorzv= Jlyhq dq|

gdwd pdwul{ I 5 LU?f?> ohw v eh vrph suh0vhohfwhg

srvlwlyh lqwhjhu qxpehu dqg � vrph vpdoo qxpehu1

Wkhq wkh iroorzlqj dojrulwkp vroyhv +4,

Dojrulwkp 4 +I Ef� =@ I> v> �,=

uhshdw surmhfwlrq phwkrg

xqwlo pE,� @pE,3�� m @ 4> 5> = = = > v=

uhshdw

Dsso| rqh lwhudwlrq ri surmhfwlrq phwkrg>

pEf� =@pE,�>

{
Ef� =@ {

E,�> +{E,� iurp SP,

uhshdw iVTSP>

xqwlo nG2+{,n � �>

xqwlo n{E&��{
E,�n � �> +{E&�iurp iVTSP,

uhwxuq +I W =@ I E&�>{W =@ {
E&�>pW =@pE&�,1

zkhuh SP lv wkh surmhfwlrq phwkrg dqg

iVTSP lv wkh �owhu VTS phwkrg1 Wkh fkrlfh ri v

lv d frpsurplvh ehwzhhq wzr h�hfwv1 Li v lv vpdoo

wkhq wkh udqn pd| qrw eh dffxudwho| hvwlpdwhg/

exw wkh qxpehu ri +h{shqvlyh, lwhudwlrqv wdnhq

lq wkh surmhfwlrq phwkrg lv vpdoo1 Rq wkh rwkhu

kdqg li v lv odujh wkhq d pruh dffxudwh udqn lv

rewdlqhg exw wkh surmhfwlrq phwkrg qhhgv pruh

lwhudwlrqv1

Lq Dojrulwkp 5/ pEf� lv vxssolhg e| wkh xvhu1

Wklv dssurdfk dyrlgv wkh lqlwldo vhtxhqfh ri sur0

mhfwlrq lwhudwlrqv/ exw zrunv zhoo li wkh xvhu lv

deoh wr pdnh d jrrg hvwlpdwh ri wkh udqn/ zklfk

lv riwhq wkh fdvh1 Wkxv/ zh fdq h{suhvv Dojrulwkp

5 dv iroorzv= Jlyhq dq| gdwd pdwul{ I 5 LU?f?>

ohw � eh vrph vpdoo qxpehu> dovr fkrrvh pEf�

dv d vpdoo lqwhjhu qxpehu1 Wkhq wkh iroorzlqj

dojrulwkp vroyhv +4,

Dojrulwkp 5 +I Ef� =@ I>pEf�> �,=

uhshdw



uhshdw iVTSP>

xqwlo nG2+{,n � �>

{
Ef� =@ {

E&�> +{E&� iurp iVTSP,

Dsso| rqh lwhudwlrq ri surmhfwlrq phwkrg>

pEf� =@pE,�>

{
Ef� =@ {

E,�> +{E,� iurp SP,

xqwlo n{E&� � {
E,�n � �>

uhwxuq +I W =@ I E&�>{W =@ {
E&�>pW =@pE&�,1
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�

Lq wklv vhfwlrq/ zh uhsruw rxu qxphulfdo uhvxowv1

Iruwudq frghv kdyh ehhq zulwwhq wr surjudp

vroyhu iru +4, xvlqj �owhuVTS1 Surmhfwlrq frpsx0

wdwlrqv kdyh ehhq frghg lq Pdwode 8161

Wkh uhvxowv zhuh rewdlqhg e| dsso|lqj wkh

phwkrgv dv iroorzv1 Frqvlghu wkh pdwul{ Y dv

d Ydqghuprqgh pdwul{ wkhq

K @ YGY A > +59,

zkhuh G lv dq p�p gldjrqdo pdwul{ zlwk srv0

lwlyh gldjrqdo hqwulhv/ wkhq K lv Kdqnho srvlwlyh

vhpl0gh�qlwh pdwul{ +vhh ^4/ 43`,1 D pdwul{ K

zdv iruphg iurp +59, e| udqgrpo| fkrrvlqj p

zhljkwv g� lq pdwul{ G/ 3 � g� � 4=3 dqg p

ydoxhv {�> 3 � {� � 4=3 wr ghwhuplqh wkh Ydqghu0

prqgh pdwul{ Y 1 Wkh pdwul{ wkxv rewdlqhg e|

+59, zdv shuwxuehg e| dgglqj udqgrp qrlvh pd0

wul{ V wr K/ zkhuh hohphqwv ri V ydu| ehwzhhq

�3=43 dqg 3=431 Wkh sureohp lv wr uhfryhu wkh p

iuhtxhqflhv {� dqg zhljkwv g� wkdw ghwhuplqh wkh

pdwul{ ehiruh wkh qrlvh zdv dgghg1 Wkh frqyhu0

jhqfh fulwhulrq lv wkdw wkh pd{lpxp fkdqjhv ri

wkh pdwul{ KE&� vkrxog eh ohvv wkdq 4� 433D1

SD �owhuVTS D4 D5

q p
�
QSL WQL v QSL p

+n,
QL WQL

8 6 654 46 8 8 5 < 44

43 7 77: 56 8 9 8 44 58

48 8 937 65 43 54 : : 4<

53 : :34 ;9 53 5< ; 4: 5;

58 : ;5; 75 63 454 :
�

47 54

63 < 977 8: 63 <6 <
�

46 53

Wdeoh 5= Frpsdulqj wkh irxu dojrulwkpv1

SD= Wkh surmhfwlrq dojrulwkp +Vhfwlrq 5,1 D4=

K|eulg Dojrulwkp 41 D5= K|eulg Dojrulwkp 51

QSL= Qxpehu ri surmhfwlrq lwhudwlrqv1 QL=

Qxpehu ri lwhudwlrqv lq wkh �owhuVTS phwkrg1

WQL= Wrwdo qxpehu ri lwhudwlrqv lq wkh �owhuVTS

phwkrg1

D5

q pEf� QO pE&� QO

lq iurp lq

�owhuVTS RSD �owhuVTS

8 4 8 6W 9

43 5 45 7W 46

48 5 < 8W 43

53 6 44 :W 4:

58 6 : :W 47

63 6 ; <W 45

Wdeoh 6= Ghwdlohg surjuhvv ri Dojrulwkp 51

RSD= Rqh lwhudwlrq ri wkh surmhfwlrq dojrulwkp1

Wdeoh 5 vxppdul}hv wkh uhvxowv iru wkh irxu

gl�huhqw dssurdfkhv/ wkh surmhfwlrq phwkrg/ �o0

whuVTS phwkrg/ dqg wkh k|eulg Dojrulwkpv 4 dqg

51 Doo irxu dojrulwkpv frqyhujh wr hvvhqwldoo|

wkh vdph ydoxhv1 Wdeoh 5 vkrzv wkh frpsdud0

wlyh uhvxowv iru doo phwkrgv dqg Wdeoh 6 vkrzv

wkh surjuhvv ri Dojrulwkp 5 lq pruh ghwdlo1 Dq

dvwhulvn lqglfdwhv zkhuh wkh fruuhfw udqn kdv ehhq

lghqwl�hg1 Lq vrph fdvhv/ zlwk Dojrulwkp 4/ wkh

�qdo udqn lv pW . 4 ru pW . 5 exw wkh vroxwlrq lv

zlwklq wkh uhtxluhg wrohudqfh1

Iru wkh surmhfwlrq dojrulwkp/ hdfk lwhudwlrq

lqyroyhv dq hljhqvroxwlrq/ zklfk hqwdlov uhodwlyho|

h{shqvlyh R+q�, fdofxodwlrqv> dovr wkh qxpehu ri

lwhudwlrqv lv yhu| odujh1 Wkxv wkh surmhfwlrq dojr0

ulwkp lv qrw frpshwlwlyh1 Iru rwkhu dojrulwkpv/

wkh krxvhnhhslqj dvvrfldwhg zlwk hdfk lwhudwlrq

lv R+q2,1 Dovr/ li fduh lv wdnhq/ lw lv srvvleoh wr

fdofxodwh wkh judglhqw dqg Khvvldq lq R+q2, rshu0

dwlrqv1 Wkxv hdfk lwhudwlrq lv pxfk ohvv h{shqvlyh

wkdq dq lwhudwlrq ri wkh surmhfwlrq phwkrg1 Iru

wkh �owhuVTS phwkrg/ wkh lqlwldo ydoxh pEf� @ 4/

dqg p lv lqfuhdvhg e| rqh xqwlo wkh vroxwlrq lv

irxqg1 Wkh wrwdo qxpehu ri lwhudwlrqv lv wdex0

odwhg1 Lw fdq eh vhhq wkdw wkh wrwdo qxpehu ri

lwhudwlrqv lv pxfk juhdwhu wkdq lv uhtxluhg e| wkh

k|eulg phwkrgv1 Dovr wkh lqlwldo ydoxh pEf� lv

udwkhu duelwudu|= d vpdoohu ydoxh ri pEf� zrxog

kdyh jlyhq dq hyhq odujhu qxpehu ri lwhudwlrqv1

Erwk k|eulg dojrulwkpv duh vhhq wr eh h�hf0

wlyh1 Dv q lqfuhdvhv/ Dojrulwkp 4 wdnhv dq lq0

fuhdvlqj qxpehu ri surmhfwlrq lwhudwlrqv ehiruh

wkh udqn vhwwohv grzq1 Zh �qg lw ehwwhu wr lq0

fuhdvh wkh ydoxh ri v dv wkh ydoxh ri pW lqfuhdvhv1

Rqfh wkh surmhfwlrq lwhudwlrq kdv vhwwohg grzq/

wkh �owhuVTS phwkrg �qgv wkh vroxwlrq udslgo|

dqg qr ixuwkhu surmhfwlrq vwhsv duh qhhghg1 Do0

jrulwkp 5 uhtxluhv d uhodwlyho| odujh qxpehu ri



lwhudwlrqv +vhh Wdeoh 6, lq wkh �uvw fdoo ri wkh �o0

whuVTS phwkrg/ diwhu zklfk rqh surmhfwlrq vwhs

�qgv wkh fruuhfw udqn/ dqg wkh qh{w fdoo ri �o0

whuVTS �qgv wkh vroxwlrq lq d ihz lwhudwlrqv1 Eh0

fdxvh wkh surmhfwlrq vwhsv lq Dojrulwkp 4 duh uhod0

wlyho| h{shqvlyh/ wkh gl�huhqfh lq frpsxwlqj wlph

ehwzhhq wkhvh dojrulwkpv lv qrw yhu| vljql�fdqw1

�����'��������
1 Wkh dxwkru lv judwhixo

wr Nlqj Idkg Xqlyhuvlw| ri Shwurohxp dqg Plq0

hudov iru surylglqj h{fhoohqw uhvhdufk idflolwlhv1

Uhihuhqfhv=

^4` Dnklh}hu Q1 L/ dqg Nuhlq P1 J1/ Vrph Txhv0

wlrqv lq wkh Wkhru| ri Prphqwv/ Wudqvo1

Pdwk1 Prqrjudskv 5/ Dphu1 Pdwk1 Vrf1/

Surylghqfh/ 4<951

^5` Do0Krplgdq/ V1 K|eulg phwkrgv iru rs0

wlpl}dwlrq sureohpv zlwk srvlwlyh vhpl0

gh�qlwh pdwul{ frqvwudlqwv/ Sk1G1 Wkhvlv/

Ghsw ri Pdwkhpdwlfv dqg Frpsxwhu Vfl0

hqfh/ Xqlyhuvlw| ri Gxqghh/ Gxqghh/ Vfrw0

odqg/ 4<<61

^6` Do0Krplgdq/ V1 dqg Iohwfkhu/ U1 K|eulg

phwkrgv iru �qglqj wkh qhduhvw Hxfolghdq

glvwdqfh pdwul{/ lq Uhfhqw Dgydqfhv lq Qrq0

vprrwk Rswlpl}dwlrq +Hgv1 G1 Gx/ O1 Tl dqg

U1 Zrphuvoh|,/ Zruog Vflhqwl�f Sxeolvklqj

Fr1 Swh1 Owg1/ Vlqjdsruh/ ss1 4�4:/ 4<<81

^7` Er|oh/ M1 S1 dqg G|nvwud/ U1 O1 D phwkrg

iru �qglqj surmhfwlrqv rqwr wkh lqwhuvhf0

wlrq ri frqyh{ vhwv lq Kloehuw vsdfh/ lq Dg0

ydqfhv lq Rughu Uhvwulfwhg Vwdwlvwlfdo Lqihu0

hqfh/ +Hgv1 U1 G|nvwud/ W1 Urehuwvrq/ dqg

I1 W1 Zuljkw,/ Ohfwxuh Qrwhv lq Vwdwlvwlfv 6:/

Vsulqjhu0Yhuodj/ Ehuolq/ ss1 5;�7:/ 4<;91

^8` G|nvwud/ U1 O1 Dq dojrulwkp iru uhvwulfwhg

ohdvw vtxduhv uhjuhvvlrq/ M1 Dphu1 Vwdw1 Dv0

vrf1 :;/ ss1 ;6<�;75/ 4<;61

^9` Iohwfkhu U1/ Vhpl0gh�qlwh pdwul{ frqvwudlqwv

lq rswlpl}dwlrq/ VLDP M1 Frqwuro dqg Rswl0

pl}dwlrq/ Y1 56/ ss1 7<6�846/ 4<;81

^:` Iohwfkhu U1/ Sudfwlfdo phwkrgv ri Rswlpl}d0

wlrq/ Mrkq Zloh| dqg Vrqv/ Fklfkhvwhu/

4<;:1

^;` Iohwfkhu U1 dqg Oh|�hu V1/ Xvhu pdqxdo iru

�owhuVTS/ Xqlyhulw| ri Gxqghh Qxphulfdo

Dqdo|vlv Uhsruw QD24;4/ 4<<<1

^<` Kljkdp Q1/ Frpsxwlqj d qhduhvw v|pphw0

ulf srvlwlyh vhpl0gh�qlwh pdwul{/ Olqhdu Doj1

dqg Dsso1/ Y1 436/ ss1 436�44;/ 4<;;1

^43` Lrkylgry L1 V1/ U1/ Wrhsolw} dqg Kdqnho Pd0

wulfhv dqg Irupv= Dojheudlf Wkhru|/ wudqvo1

e| J1 Skloos D1 Wklmvh/ Elunkdxvhu/ Ervwrq/

4<;:1

^44` PdfLqqhv F1 V1/ Wkh Vroxwlrq wr d Vwuxf0

wxuhg Pdwul{ Dssur{lpdwlrq Sureohp Xv0

lqj Judvvpdq Frruglqdwhv VLDP Mrxuqdo rq

Pdwul{ Dqdo|vlv dqg Dssolfdwlrqv/ Y1 54/ ss1

779�786/ 4<<<1

^45` Rk V/ dqg Pdunv LL U1 M1/ Dowhuqdwlqj sur0

mhfwlrq rqwr ix}}| frqyh{ vhwv/ Surf1 LHHH/

Y1 ;4/ ss1 47;�488/ 4<<61

^46` Srqvwhlq M1/ D pdwul{ plqlpl}dwlrq sureohp

lqyroylqj udqnv Olqhdu Doj1 dqg Dsso1/ Y1 <5/

ss1 ;4�439/ 4<;:1

^47` Vkdz D1 N1/ Srndod V1/ dqg Nxpduhvdq U1/

Wrhsolw} dqg Kdqnho pdwul{ dssur{lpdwlrq

xvlqj vwuxfwxuhg dssurdfk/ Surf1 LHHH/ Y1

;9/ ss1 567<�5685/ 4<<;1

^48` Vkdz D1 N1 dqg Nxpduhvdq U1/ Vrph vwuxf0

wxuhg pdwul{ dssur{lpdwlrq sureohpv/ lq

Surf1 LHHH LFDVVS/ Y1 7/ Lqwhuqdw Frqi1

Dfrxvwlfv/ Vshhfk/ dqg Vljqdo Surffhvvlqj1

ss1 5657�565:/ 4<;;1


