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Abstract: - Thejoint spectrum of ad-tuple A of (n" n) matrices A,,..., Aq with real eigenvaluesisinterpreted to
be the smallest set g(A) in R® about which a suitably smooth function f must be defined in order to form a
function f(Ay,..., Ag) of the matrices Ay,..., Aq. The paper makes this idea more precise and connects the joint
spectrum with the support of a symmetric hyperbolic system of PDE. A geometric characterisation of the joint
spectrum for two hermitian matrices due to Bazer and Y en is given using the methods of Clifford analysis.
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1 Introduction

The problem of forming functions of matrices
arises naturaly in the analysis of the equations of
mathematical physics. The solution of the linear
system y'=Ay, y(0) = y, of ordinary differential
equations can be expressed as y(t) = €y, for t [D so
that we have to form the exponentia € of the
matrix A. This is done by working out the
eigenvalues of A and putting it in its Jordan
canonical form. Other functions f(A) of the matrix A
are found by appealing to the Cauchy-Riesz formula

() f(A) =2_rl)id| - A (1 )d
C

for functions f that are analytic in a neighbourhood
of the collection s(A) of eigenvalues of A and C
being asimple closed contour surrounding s (A).

There are two ways of looking at the eigenvalues
of amatrix A. One is the usual algebraic definition:
| is an eigenvalue if there exists a nonzero vector v
such that Av = | v. The other view is more analytic
and so ismore closely attuned to formula (1): | isan
eigenvalue if it is a singularity of the matrix valued
resolvent function x— (xl - A, It is the latter
approach that needs to be considered when A is a
linear operator acting on afunction space rather than
a matrix: the set s(A) of such singularities is known
as the spectrum of A. In the infinite dimensional
case we need to distinguish between the point
spectrum and the continuous part of the spectrum.

Similar considerations apply to solving the
symmetric hyperbolic system

LTI T, TR _
2 ‘|Tt+Alﬂx1+ +AjﬂXd 0, u(x0)=u,.

Here uisavector valued function of (xt) T R* R,
with valuesin R" and A,,..., Ag are (n" n) matrices.

Systems of equations of this form arise from the
linearised equations of magnetohydrodynamics.
Under suitable assumptions on the matrices (for
example, they are hermitian), the fundamental
solution of (2) at time t = 1 is a matrix valued

distribution W , = g%i@ﬁ*“*xd%)g |

Here the Fourier transform ()" is taken with respect
to the variablesx 1 R in the sense of L. Schwartz's
distribution theory. It turns out that the matrix
valued distribution W, has compact support K in R®

and we can think of the mapping f > Wx(f) as a
functional calculus like the Cauchy-Riesz calculus
defined by formula (1), except that now we only
require f to be smooth in a neighbourhood of the
support K of W,. More suggestively, the matrix
Wa(f) can be written as f(Ay,...,Aq).

In forming the function f(A,,...,Ay) of the
matrices Ay,...,Aq, it follows from the way we have
defined it that all possible matrix products are
equally weighted, for we have allowed the
possibility that the matrices Ay,...,Aq do not commute
with each other. The set K serves as a type of joint
spectrum of the matrices Ay,...,Aq in a similar way
that the spectrum s(A) of a single matrix A is
associated with the Cauchy-Riesz functional
calculus by formula (1).

Knowledge of the support K of W, is obviously
important, because the cone in R* R, through
K" {1} describes how the solution of (2) propagates
with time.

In this paper, | will describe how information
about K can be obtained by identifying the
singularities of a function with values in an algebra
over the matrices, just like we can identify s(A) with
the set of singularities of the resolvent of A. This



will lead us to the main result, which gives a purely
algebraic characterisation of K inthecased = 2. The
characterisation is, roughly speaking, that the
complement of the compact set K is the set of all
complex numbers x such that all eigenvalues of the
matrix (yl- A*)(yl- A)"* have modulus one for all y
in a neighbourhood of x. Here we have identified R?
with C and we have set A = Aj+iA,.

The result is essentialy due to Bazer and Yen
[3].[4] in their study of symmetric hyperbolic
systems (2). However, the connection with R.
Kippenhahn's study [11] of the numerical range of
matrices, essential for the complete result given in
Section 5 is missing from [3],[4]. A more general
theory is presented in [1],[2] but the results there are
not as fine in the present specia setting of
symmetric systems of equations. One of the
purposes of the present paper is to emphasise the
connection with the spectral theory and numerical
range of asingle matrix.

Section 2 gives a brief outline of Clifford
analysis—the higher dimensional analogue of
complex analysis for functions with values in a
Clifford algebra. In Section 3, the main ideas
involved in developing a 'functiona calculus for a
system of matrices or linear operators based on
Clifford analysis is described. The key idea of the
plane wave decomposition of the Cauchy kernel is
given in Section 4, where attention is restricted to
the case d = 2. The main result characterising the
joint spectrum g(A) := K of a pair A = (A,A,) of
(n" n) hermitian matrices is given in Section 5. If A
and A, actually commute, then g(A) isjust the set of
eigenvalues of the matrix A = A+iA,, otherwise
o(A) isasubset of the plane with nonempty interior.

2 Clifford Analysis

The key idea behind the Cauchy-Riesz formula
(1) for forming functions of matrices is the Cauchy
integral formula

1 f(z
3 f(29=— oz,
®) (2 pisz-z

valid for al functions f analytic in a neighbourhood
of the ssimple closed contour C together with its
interior and for all complex numbers z inside C.
Suitably interpreted, we can simply replace the
complex number z by a matrix A to obtain (1).
Because we are working with d matrices Aq,...,Aq
we would like a d-dimensional version of (3) so that

we could simply replace the parameters z,...,z4 with
the matrices Ay,...,Aq.

There are many waysto generalise formula (3) to
higher dimensions. One way which reflects the
possibility that the matrices A;,...,Aq may not
commute with each other is to allow our functions f
to take values in a noncommutative algebra a
Clifford algebra C over d generators ey,...,&
satisfying gec + &g = 2di for j,k = 1,...,d and with a
unit e, and complex scalars. A Clifford algebra also
has a natural conjugation ur— T and we can think
of R™ as being inside C by virtue of the basis
vectors ey,ey,...e; of R™. More details may be
found in [5], but a brief review follows.

The analogue in Clifford analysis of the Cauchy-

Riemann operator % in complex analysis is the
Z

differential operator D= é (j:oej ﬂ% . A function
i

f(Xo,X4,....Xg) Of the real variables (xo,Xy,...xs) T R**

and with values in the Clifford algebra C is called

left monogenic if Df = 0. Then we obtain a higher

dimensional version

@ ()= FEuoonw) f (w)dnw), xT W
w

of (3). Here Wis an open subset of R** such that
the boundary W of W is a smooth oriented d-
dimensional manifold. The Cy-valued function f is
defined and left monogenic in a neighbourhood of
W, n(w) is the outward unit normal of fWat the
point wi W and mis the volume measure of fW.
The Cauchy kernel

1 w-X
5 G, (X) =—————,
© G =5

wxl R™ w1t x
playsthe role of 1/2p(z - 2) ' in the Cauchy integral
formula (3). The normalisation factor sq4in (5) isthe
volume of the unit d-spherein R*™.

3 TheFunctional Calculus

By analogy with formula (1), one would like to
define

f(A) = (Bw (A)n(Ww) f (w)dm(w)
w

for the d-tuple A = (A....,Ay) of (n"n) matrices,
which we suppose to have real eigenvalues. A
difficulty occurs in making sense of the Cauchy
kernel wi— G,,(A), afunction that should be defined



and monogenic for all w off a nonempty closed
subset g(A) of RY inside W, and taking values in the
tensor product M,AC of the space M, of (n" n)
matrices with C. Here M,ACy is a type of
"Clifford algebra' with matrix coefficients. The
function wi— G,(A) is discontinuous as wi R**
approaches points in g(A) from above (w, ® 07) or
below (Wo ® 0).

In the Cauchy-Riesz functional calculus for a
single matrix A, the set of singularities of the
resolvent function x> (xl - A is precisely the
spectrum s(A) of A, so the set g/A) may be
interpreted as a higher-dimensional analogue of the
spectrum of a single operator. The set W can be
smoothly varied in the region where wi— G,(A) is
monogenic.

In the special case that d is odd and Ay,...,Aq are
commuting matrices, it turns out [14],[15] that g(A)

is the complement of all | T R%such that the matrix
d . . .
é J.:1(| - A is invertible
and
L.a+
e d 07

W(A)-—(WI +A)§W§| +a (w;l - A)Z
S, p

forall wi R™ off g(A).

If dis even or if the matrices As,...,Aq do not
commute with each other, then G,(A) may be
defined by Wa(G,) for al w 1T R*! outside the
support of the distribution W, considered in the
Introduction, see [8]. For w T R*! with large
absolute value, G,,(A) isdefined in [12], [13] using a
power series expansion.

It turns out that the distribution W, is defined
provided that the eigenvalues of the matrix
XAt + XAy are real for al x1 R® [7]. This is
automatically true if the matrices A,,....Aq are
hermitian or are simultaneously upper triang-
ularisable with real eigenvalues.

Although it can be shown that the support of the
distribution W, is equal to the set g(A) of dis-
continuities of the Cauchy kernel wi—» Gy(A) [8,
Theorem 6.2], we need away of computing the joint
spectrum (A) of the matrices A = (Ay,...,A)).4

Plane Wave Decomposition

| shall concentrate now on the case d = 2 treated
in [10] and following the general case in [9]. Then
the Cauchy kernel (5) has the representation

%(x):-%fzyfﬁ?((y- x,9)e- Yo ) dn(s)

forw=vyoe+Vy, Yol 0 xyl R*andnisarclength
measure on the unit circle T. The advantage of this
representation is that we can simply replace x 1 R?
by the pair A = (A,A;) of matrices to aobtain(6)

GA) = - Ala- vt ) o)

For apair T = (T, T,) of (n" n) matrices, the matrix
X, T+ X, T, is written as & xffor al x1 R The
identity matrix iswritten as| and yl denotes that pair
(yal,yol) of matrices. The expression (y, -As)e- yog)z

is interpreted in the space MnAC(Z): it exists in
M,A C( provided that the eigenvalues of the matrix
<A,x> =X At XA, are real for al xi R? [9,
Lemma 2.4] and this is what is needed for the
distribution W, to exist. Then (6) equals Wa(G,,) for
al wi R*! outside the support of W, [8, Theorem
6.2] and [9, Theorem 3.6].

5 TheJoint Spectrum

Using formula (6), we are now in a position to
calculate the joint spectrum g(A) of a pair A =
(A,Az) of (n" n) hermitian matrices. As mentioned
above, this is identical to the support of the
distribution W, and so describes the propagation of
the solution of the system of linear PDE (2). The
subset g(A) of R? (identified with C) differs from
the numerical range of the matrix A = Ai+iA; by
virtue of the existence gaps or lacunas, see the
figures below. If x1 R? denote x,+ix,1 Cby x.

Theorem. Let A = (A,A;) be a pair of (n"n)
hermitian matrices and set A = A;+iA,. Then the
joint spectrum ¢(A) of A isthe complement of the set
of all points x T R? such that for all y T R*in a
neighbourhood of x, the matrix yl- A is invertible
and every eigenvalue of the matrix

@ (-A)Y-A
has modulus one.

If A, and A, commute, then (7) is a unitary
matrix if yl- A is invertible, so necessarily g(A) =
s(A), the set of eigenvalues of A, otherwise g(A)
must have nonempty interior (if the matrix (7) has
eigenvaluesinside T for y = X, then the same is true
for all y in aneighbourhood of X).

The following figures for two pairs of (3" 3)
hermitian matrices illustrate the lacunas mentioned
above.
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In the lightly shaded region in each figure in
which only one line passes through each point y, two
of the eigenvalues of the (3" 3) matrix (6) have
modulus not equal to one. The other eigenvalue
represents the normal to the line passing through y.
Hence ¢(A) is precisely the lightly shaded region.
The dark region in the centre of Figure 1 isalacuna.
The convex hull of the light region in each figure is
exactly the numerical range

WA) ={&uui:ul C",u=1}

of the (n" n) matrix A. Here &u,vii denotes the inner
product of uy 1 C".

The numerical range of the matrix A= A; +iAzis
the convex hull of the finite union of algebraic
curves studied by R. Kippenhahn [11]. These form
the boundaries of the light regions in Figures 1 and
2. The numerical range of matrices is studied from
the point of view of numerical analysisin [6].

The theorem above is a purely algebraic
characterisation of the support of the distribution Wy
and hence, of the propagation cone of the symmetric
hyperbolic system (2).

Sketch of the Clifford Analysis Proof of the
Theorem. According to the definition of g(A)
mentioned in Section 3, we need to look at the
discontinuities of the Cauchy kernel wi—~ G,(A) as
Wy ® 0. We examine the individual terms in the
plane-wave formula (6) for G., . (A).

In the usual manner, we convert an integral with
respect to arclength measure non T into a contour
integral over T.

First we look at the integrand (yl - A9 - yos)2

of the plane-wave formula (6). It is an element of the
space M, AC, for each sT T, nonzeroy,1 R and
yl R.Itisequal to

(<y| - A,s>+ yosljgyl - A,s>2+yglg2

=&y - A - V1 S+ 2570y - A,s)ﬁ

-2
, 2,0
gyl - As) + yglz

Then the limit
. N 2 02
yllr®r1Jyo|9;<yl - A,s>§yl - A,s> + yglz dn(s)

only 'sees singularities of the integrand converging
to pointson T, because of the factor |yo|.

A calculation shows that the limit exists
uniformly for all y in compact subsets of R? digjoint
from the Kippenhahn curves mentioned above. The
calculation appeals to the fact that the matrices A;
and A, are assumed to be hermitian.

Discontinuities of G, (A) are exhibited as

jumps in the ey-component of Gy.,, (A) asy,® 0"

and yo® 0O . Because of the appearance of sgn(yo) in
formula (6), ajump occurs if

(8 i
N 2 5 2 ) 9
yl(l)gwogyl - A,s> - yolgyl - A,s) +y°|fa dn(s)

IS anonzero matrix.
If y is not an eigenvalue of A and there is the
maximal number possible of solutionssi T

©  deyl- As)=0,

corresponding to the situation where every eigen-
value of the matrix (7) has modulus one, it follows
that G,(A) is continuous at w = (0,y), so that y
belongs to g(A)".

On the other hand, if singularities of the
integrand of (6) occur inside T in a neighbourhood
of y = x, then analytic continuation in y T R?
(embedded in C?) along a curve in the plane shows
that (8) cannot be zero in a neighbourhood of x, that



iS, Gyuy g (A) hasadiscontinuity aty = xasy,® 0"
andyo® 0. Consequently, x belongsto g(A).

5 Conclusion

The notion of the spectral theory or the spectrum
of a system A = (Ay,...,Ay) of (N" n) matrices is an
imprecise one, especialy if the matrices Ay,...,Aq do
not commute with each other. The point of view of
this paper is to tie these notions in with applications
in mathematical physics, such as magnetohydro-
dynamics.

In the commuting case, at least if each of the
matrices As,...,Aq have rea eigenvalues, the joint
spectrum g(A) of A may be thought of as the
complement of the set of al |1 R® where
Il - (Aier+ 7 +Agey) is invertible in the Clifford
agebra M ,A C g with matrix coefficients, and when
d = 2, the joint spectrum ¢(A) is precisely the set
s(A) of eigenvalues of the matrix A = Aj+iA,.

In the noncommuting case, (A) isinterpreted as
the set of singularities of the Cauchy kernel wi—
Guw(A), just as the eigenvalues of a single matrix A
are the singularities of the resolvent | - (11 - A)™*
of A In this way we obtain a geometric
characterisation of g(A) and so a description of the
propagation of the symmetric hyperbolic system of
PDE (2), at least in the case d = 2. In higher
dimensions, the situation is more complicated and
involves algebraic geometry, see[1], [2].
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