Periodic Oscillatory Solution in Delayed
Competitive-cooperative Neural Networks: A Decomposition
Approach*

Jinde Cao and Kun Yuan |

Abstract: In this paper, the problems of exponential convergence and the exponential stability
of the periodic solution for a general class of non-autonomous competitive-cooperative neural net-
works are analyzed via the decomposition approach. The idea is to divide the connection weights
into inhibitory or excitatory types and thereby to embed a competitive-cooperative delayed neu-
ral network into an augmented cooperative delay system through a symmetric transformation.Some
simple necessary and sufficient conditions are derived to ensure the componentwise exponential con-
vergence and the exponential stability of the periodic solution of the considered neural networks.
These results generalize and improve the previous works, and they are easy to check and apply in

practice.
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1 Introduction

Competitive and cooperative mechanisms arise from biological networks. The excitatory-
inhibitory connectivity structure of neural networks is similar to the competitive-cooperative mech-
anism of biological networks. By competitive connection we mean the way in which a neuron’s
firing inhibits the firing the other neurons. Conversely, cooperative connection refers to the way
in which a neuron’s firing excites the firing of others. In most cases, the activation of a neuron
is characterized by a sigmoid function. The competitive-cooperative connection pattern can thus
be recognized by the sign of the weights: positive weights are due to excitatory synapses, negative

weights are due to inhibitory synapses, while a zero weight indicates no neural connection at all.
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These mechanisms play an important role in the collective dynamics in neural networks. The sta-
bility analysis of such systems has raised great interest [1-8]. Recently, several efforts have been
devoted to the study of general competitive-cooperative neural networks using monotone dynami-
cal system theory [7-9]. In particular, a decomposition approach has been proposed in [7-9], that
consists of dividing the connectivity of a neural network into an augmented cooperative dynamical
system. Using this method, several necessary and sufficient conditions on guaranteed component
exponential convergence have been established for competitive-cooperative neural networks with de-
lay in [9]. In the same way, some sufficient and necessary conditions on componentwise exponential
convergence have been established for discrete-time neural networks in [7]. A similar approach that
embeds a competitive-cooperative neural networks into a larger cooperative system has also been
presented in [8] to confirm the stabilization effect of inhibitory self-connections on general delayed
neural networks.

Studies on neural dynamical systems not only involve discussion of stability property, but also
involve many dynamics behavior such as periodic oscillatory, bifurcation and chaos. In many ap-
plications, the property of periodic solutions is of great interest. To the best of our knowledge, few
authors study the periodic solution by the discussion of componentwise exponential convergence
and the application of contraction mapping principle. We will extend the studies in [9] and give
some sufficient and necessary conditions on componentwise exponential convergence for the more
general class of non-autonomous competitive-cooperative neural networks. In this paper, we do not
require the activation functions to be bounded, differentiable and global Lipschitz continuous; also
we do not assume that the considered model has any equilibriums. Specially, we give conditions on
the global exponential stability and the existence of the periodic solution of delayed neural networks
by the method using in [10-13,18]. In addition, one example is given to illustrate the results.

2 Preliminaries

2.1  Model description

The delay neural networks we consider are modelled by the following nonlinear functional

equation

9~ —Aa(t) + BS(a(1) + Cylalt — 7)) + 1), )
where z(t) € R" is the neural state vector at time ¢, and 7 > 0 is the time delay in the net-
works; A = diaglay,as,--- ,a,] with every a; > 0 is the relax matrix, the entries of B and
C' may be positive (excitatory synapses) or negative (inhibitory synapses); the last term [(t) is
the bounded external input function to the networks; f(z) = [fi(z1), fa(z2), -+, fu(x,)]T and
g(x) = [91(x1), g2(22), -+ , gn(w,)]T are vector-valued output functions which possess the following
properties:

(Hy) fi, g; are continuous and monotone nondecreasing , i = 1,2,--- , n;

(Hs) fi(r1) < ayry,gi(r1) < Biry, for any ry € RT | where a; > 0,5; > 0 are constants,
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1=1,2,---,n.
For convenience, the sector nonlinear function class f is defined by the functions which satisfy (H;)
and (Hy).

Assume that the nonlinear system (1) is supplemented with initial values of the type z(t) =
o(t),t € [—7,0]. It is usually assumed that the given n-vector function ¢ is continuous though
it need only be measurable for Eq.(1) to be well defined. Here, we also assume a bounded and
piecewise continuous initial function with finite discontinuity points.

To characterize the dynamical behavior of model (1), we consider two bounded, continuous
and differentiable functions &(t), ((t) : [-7,00) — R"™, with £(t) > 0, ((t) > 0 and define the
time-variant set

Qec(t) ={z € R": ={(t) < x(t) < (1)},
where and throughout inequalities between vectors are in componentwise sense.
Definition 1. If for every f, g € F, and for any ¢y, > 0, the solution of Eq.(1) satisfies z(t) € Q¢ (%)
for t > ty whenever x(ty +6) € Q¢ c(to + 60) for 6 € [—7,0], we call the set Q¢ ((t) a guaranteed
trapping region of model (1). That is, Q¢ (¢) is such a set in R™ where solutions, once they enter,
can not leave as time increases.

Definition 2. If Q¢ ((¢) is a guaranteed trapping region, we further impose certain restriction on
the set Q¢ (t) by letting

() =ae™, ((t) =B, (2)
for some scalar o > 0 and two constant vectors o, 3 € R™ with a, 3 > 0, then the system is said to
be guaranteed componentwise exponentially convergent (GCEC).

We will establish necessary and sufficient conditions for the guaranteed trapping region. This is
done by using the decomposition approach to be developed below.

2.2 A decomposition approach

We split the connection matrices B and C' into two parts, respectively:
B=B"-B", C=C"-C",

with b; = max{b;;,0}, ¢; = max{c;;, 0} signifying the excitatory weights and bij~ = max{—b;;, 0},

c;; = max{—c;;, 0} the inhibitory weights. The system (1) can be rewritten as

dx

X Aa(t) + (B~ B ((t) + (€~ C)glalt 7)) + 1(0) 3)

Now take the symmetric transformation y = —z from Eq.(3), it follows that
% = —Ay(t) + B* f(z(t)) + B~ f(a(t)) + CTg(a(t — 7)) + Cgly(t — 7)) — I(¢), (4)
O Aalt) + B (a(0) + B (1) + Cglalt ) + gyt =) + 1), (5)



where f(u) = —f(—u), §(u) = —g(—u). Obviously, f, § € F. Accordingly, we introduce the
following augmented system:

d(t) = —Ad(t) + T hy (d(t)) + Haho(d(t — 7)) + (1), (6)
where
=[] a=[4 8] me 5 5] me[€ 6
o= [ 0 ], = [3040 ] 0= [ 9]

Noticing the (element-wise) non-negativity of II; (i=1, 2), system (6) itself is cooperative and hence
possesses the following important order-preserving property.

Lemma 1. Let u(t) and v(t) be the solutions of Eq.(6). Then u(ty + 0) < v(to + ) for § € [—7,0]
implies u(t) < v(t) for t > to > 0. Moreover, if u(t) satisfies w(t) > —Aw(t) + 1Ay (wi(t)) +
Mohy(w(t — 7)) 4+ 1(t) for t >ty > 0, then u(ty + ) < w(ty + 0) for 6 € [—7,0] implies u(t) < w(t)
for ¢ >ty > 0.

This is a specialization of general results (e.g., [14,17]) on monotone dynamics of cooperative
delay differential systems to Eq.(6). It indicates that the sates of a cooperative system will retain
for all time their initial relationship, a partial ordering induced by the subset of non-negative state
vectors of the state space. In the literature, such results are also referred to as comparison principles
for delay systems [16].

Lemma 2. Assume for Eqgs.(3) and (6) that the initial condition —p(to +0) < z(tg+6) < q(to +0)
holds for 6 € [—,0], then —p(t) < z(t) < ¢(t) for t > t, > 0.
Proof. Since z(t) is the solution of Eq.(3),

is the solution of Eq.(6).
Then,

—(t) (t)
u(t) = [ (1) } and v(t) = [i])(t) }
are solutions of Eq.(6). From —p(ty + 0) < x(to + 6) < q(ty + 0), we have

u(ty +0) = [ _;Egzo j;;) 1 < [ _qlzt(io ++9§) } — u(to + 6).

By Lemma 1, we can deduce u(t) < v(t), that is —p(t) < x(t) < ¢(t). This completes the proof. O



3 Main results

3.1 Componentwise exponential convergence

We present here necessary and sufficient conditions for trapping regions of model (1).
Theorem 1. The set Q¢ () is a guaranteed trapping region for model (1) if and only if

D(t) > (A +ILS)T() + 2T (t — 7) + 1(t), t>0, (7)

where T'(t) = [£()TC()T]E, X1 = diag|ay, - ,an, a1, -, ], Bo = diag[Br, -+, B, Brs s Bl
Proof. We first proceed to show the efficiency of condition (7). From the definition of the class F it
is easy to see that hq (I'(t)) < 21T°(¢), ho(T'(t—7)) < 35I'(t—7). Then by noticing the non-negativity
of the entries of matrices I1; and Iy, it follows that II;hy(I(¢)) < T334 T(¢), Tahe(T'(t — 7)) <
I, 34I'(t — 7). Hence, if condition (7) holds, then we have

D(t) > (—A 4+ T Ay (T(t) 4+ Taho(D(t — 7)) + 1(t), t>0. (8)

Now consider an arbitrary f, g € F and let z(t) be the solution of the corresponding Eq.(1) with the
initial value satisfying —£(6) < xz(0) < ((0) for 6 € [—7,0]. Take in Eq.(6) P(0) = £(6), q(8) = ()
and without loss of generality, let the initial time ¢, = 0, then by Lemma 2,

—p(t) < xz(t) < q(t), t>0. (9)

Meanwhile, let u(0) = [p(6)Tq(0)T]T =T'(0). From condition (8) and Lemma 1,

Therefore, condition (7) is sufficient for Q¢ t to be a guaranteed trapping region for the system.

To see the necessity of the condition, let us suppose that €)¢ (¢ is a guaranteed trapping region
for system (1), but the condition (7) is false. Then there should exist an index ¢ € {1,--- ,n} and
a time t; > 0, such that

or

Gi(t) < —aiGi(ty) + B K1&(ty) + B K1 C(t1) + C7 Kol(ty — 7) + CF Kol (8, — 7) + Li(t1),  (11)

where B;", B;,C;" and C; are the ith row vectors of matrices BT, B~,CT and C~, respectively,
and Kl = diag[ab e 7an]7 KQ = diag[ﬁla e 7571]
Next pick for Eq.(1) particular activation functions f(z), g(z) defined by f(z) = (| Ki(z + 61)| —
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|K1(z—61)]) and g(x) = (| Ka(z + 02)| — | Ko(x — 02)]) with 61 = £(t1) +((t1) and 6o = (8, — 7) +
C(tl — 7').
Clearly f(z), g(z) € F and

F(=€(t)) = =ki&(t),  f(C(t)) = RaC(tr), (12)

9(=€(tr = 7)) = =kof(ts = 7),  g(C(tr = 7)) = koC(t2 — 7). (13)
Then, consider the solution z(t) with z(t; + 6) € Q¢ ¢(t; + 6) for § € [—7,0] defined by
if bj; >0
—&(t), if ¢ =0,
sz(tl + ‘9) = _fz(tl + 9), if 6 € [—7', ), Cii Z O,
_Cz(tl + 9), if 6 € [—T, ), cy < 0,
and for j #i,7=1,---,n

_gj(t1>a it 0 =0, bz'j > 0,

. _ C](t1+9)7 1f9:O, bij <O,
zi(t, +0) = —&i(ty+0), if0e[-7,0), ¢ >0,
Cj(tl + 9)7 if 0 € [—T, 0), Cij < 0.

From Egs. (3), (10), (12) and (13), the ith component of the vector z(¢;) satisfies

di(ty) = —awi(t:) + (B — By) f(x(t)) + (Cf — C7)g(a(ts — 7)) + Li(t)
= @&(t)ri(t)) + B f(=¢(0) — By f(C(t)) + Cg((=€(ts — 7))
—Crg(C(t — 7)) + Li(th)
= a&(t)ri(h)) — B Ki(§(th) — By Ki(((t)) — G Ko((E(t — 7))
—C7 Ko(C(tr — 7)) + Li(th)
< —&(t).
By noting x;(t1) = —&(t1) as defined above, this implies z;(t1 + A) < —£(t1 + A) for sufficiently
small A > 0,

if b; <0
Gi(th), if =0,
zi(ty +0) =< Gt +0), if § € [-7,0), i >0,
_gl(tl + 9>’ if 6 € [_Tu O>7 Cii < 07
and for j #£4,5=1,---,n
] . _£j<t1 + 0), if 6 = 0, bij <0,
wilh +0) = Gt +90), if 0 € [-7,0), cij >0,

_gj(tl + 0), if 0 ¢ [—T, 0), Cij < 0.



From Egs. (3), (11), (12) and (13), the ith component of the vector z(¢;) satisfies

2i(t) = —ari(t;) + (B — By ) f(x(th)) + (C" = C7)g(x(ty — 7)) + Li(t)
= —a,G;(t)wi(t)) + B f(C(t)) — By f(=€(t1)) + Cg((C(tr — 7))
—Cig(—=&(ty — 7)) + Li(t1)
= —a;G;(t)xi(t)) + Bf Ki(C(t) + By Ki(&(t)) — CF Ka((¢(t — 7))
+C7 Ky (&t — 7)) + Li(t)
> Gi(ty).

By noting z;(t;) = —(;(t1) as defined above, this implies x;(t; + A) > (;(t1 + A) for sufficiently
small A > 0.
Hence, Q¢ ¢(t1) could not be a guaranteed trapping region for system (1), showing the necessity of
condition (7). This completes the proof. O

By taking &(¢) and ((t) to be two constant vectors, we obtain a special guaranteed trapping
region.
Corollary 1. For two constant vectors a, 3 € R™ with a > 0 and 8 > 0, the set Q, 3 = {z € R":
—a <z < (3} is a guaranteed trapping region for system (1) if and only if

(A =T, — T,50)n > I(t), (14)

where = [T 8T]T.
Remark 1. The above results depend only on «;, 5;(i = 1,--- ,n) and thus are applicable to the
whole set of f. For a neural network (1) with given f and g, one can similarly conclude that the

set Q¢ ¢(t) is a trapping region if and only if

D(t) > —AD(t) + LAy (D(1) + Toho(D(t — 7)) + I(t), >0, (15)

where hy(I'(t)), h2(I'(t)) and I'(t) are specified as in Eqs.(6) and (7). Also for the set 2,4 in
Corollary 1, condition (14) reads

A = Tlyhy (n) — Taha(n) > 1(t).

If hy and hs are bounded, one can pick a constant vector n > 0 to fulfill this condition. This indi-
cates that a delay neural network with bounded activation function always has a trapping region.
(see also [15])

By further assuming restriction of the set Q¢ () in Theorem 1, we obtain the following com-
ponentwise convergence result. Particularly, inserting special () and ((t) specified by Eq.(2) into
condition (7) leads the following necessary and sufficient condition.

Theorem 2. Model (1) is GCEC if and only if there are two constant vectors a, 8 € R™ with
a, 3 > 0 and a scalar ¢ > 0 such that

(0 — A+TL%, + eI Ys)n + e 7t(t) <0, >0, (16)
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where 7 = [@T87]T and [ is an identity matrix with appropriate dimensions.
Corollary 2. Model (1) is GCEC if and only if there are two constant vectors «, § € R™ with
a, 3 > 0 and a scalar 0 > 0 such that

(6 — A+ |B|K; + e7"|C|K2)p <0, (17)

where p=a+ (>0, |B| =[|bj| ] = Bt + B~ and |C| = [ |¢;;| | = C* + C~. Proof. Rewrite
condition (16) as

(UI —A + B+K1 + GUTC+K2)CJ{ + (B_Kl + QUTC_Kg)ﬁ - 6_Jt1(t) S 0,

(0l —A+B"K; +e”"CTKy) B+ (B K, +e”"C™ Koo + eI (t) < 0.

Adding them we have
(0l — A+ |B|K; +e7T|C|K3)p < 0.

This completes the proof. O
Next, we make some comments on the symmetrical case a = (. In this case, condition (17)
reduce to
(6l — A+ |B|K; + €77|C|K2)a < 0. (18)

Clearly, it is equivalent to the existence of a constant vector o > 0 such that
(A—|B|K; — |C|K3)a > 0. (19)

Noticing the non-positivity of every off-diagonal entries of matrix A—|B|K; —|C|K3, condition (19)
is in turn tantamount to saying that the matrix A — |B|K; — |C|K; is an M matrix [9]. Further,

by the properties of M matrices, it is also equivalent to
hyp -+ hy
St >0, i=1,---n, (20)

hip - i

where

—Oéj|bij| — ﬁj\c,ﬂ, for ¢ 7é ]
Remark 2. Observe that, although conditions (17),(18),(19) and (20) are all necessary and suffi-
cient for GCEC of the system, the trajectory behavior that they can yield for a network may be

{ a; — o|bi| — Bileil, for i = j,
h'ij —

quite different. The first two conditions can guarantee a network to be convergent with a prescribed
exponential decay rate and trajectory bounds, described respectively by ¢ and «, 3, while the last
two only ensure exponential convergence in a network, saying nothing about nothing decay rate
explicitly (condition (18) also provides an estimate of the trajectory bound). On the other hand, it
should be noted that conditions (18) and (19) are delay independent. This is of practical significance
in the case where time delays exist but their magnitudes could not be evaluated accurately.



3.2 The existence and exponential stability of periodic solution

Theorem 3. Under the assumption of (H;) and (Hs), the system

‘;_f — _Ax(t) + Bf(a(t)) + Cgla(t — 7)) + 1(t), (21)

where I(t+w) = I(t), that is, I(t) is a periodic function, there exists exactly one w-periodic solution
of (21) and all other solutions of Eq.(21) converge exponentially to it as ¢ — +oo if any one of the
following conditions holds:

(1) (o] — A+ 115y + e TI,3)n + e 7t (t) <0, t>0,

(IT) (6 — A+ |B|K; + €T |C|K3)p < 0,

(III) there exists a positive vector a such that(A — |B|K; — |C|K3)a > 0,

(IV) A— |B|K, — |C|Ky is an M matrix,
where notations denote as above.
Proof. Let C = C([—7,0], R") be the Banach space of continuous functions which map [—7, 0] into
R"™ with the topology of uniform convergence. For any ¢ € C, we define [|¢[| = suppe(_. o) [¢(0)]

n

in which [¢(0)| = > [¢:(6)]>. For any ¢, ¢ € C, we denote the solutions of Eq.(21) by (0, ¢) and

(0,¢) by x(t,¢) :i[zfl?11(t7¢))7 ezt 2t @) = (21t ), - xa(t, ©)]T, respectively. Define
2(¢) = x(t+0,9),0 € [-7,0],¢ > 0.

From Theorem 2, we have [|z4(¢)]| < max{||a]],]|8]}e~7" and ||z:(p)| < max{||c||, |||}~ 7" Let

M = 2max{llallI5]}

To—ell » Clearly,

l2:(6) — z(D)l < llze( D) + [lz(@)ll < Mljd — plle™". (22)

We can choose a positive integer m such that Me= 7" < é.

Define a Poincare mapping P : C' — C by P¢ = z,,(¢), we can derive from (22) that || P™¢p—P" || <
o — el

This implies that P™ is a contraction mapping, hence there exists a unique fixed point ¢* € C such
that P™¢* = ¢*. Note that P™(P¢*) = P(P™¢*) = Po*.

This shows that P¢* € C is also a fixed point of P™, so P¢* = ¢*, ie, x,(¢*) = ¢*.

Let z(t, ¢*) be the solution of (21) through (0, ¢*). Obviously, z(t 4+ w, ¢*) is also a solution of (21),
and z.,(0") = x(2,(0")) = x4(¢p*) for t > 0, therefore z(t + w, ¢*) = z(t, ¢*) for t > 0, showing
that x(t, ¢*) is exactly an w-periodic solution of (21), and it is easy to see that all other solutions
of (21) converge exponentially to it as ¢ — +o00. This completes the proof. O

4 An example

Consider the competitive-cooperative neural networks with delay
o = 20y () + L fi(x1(t) + S (21 (t — 7)) + sint
L2 = —225(t) + 3 f2(2(t)) + 392(22(t — 7)) + cost,



where 7 =1,

T, ifxl'ZO,
fi(xi) = gi(w:) = { 3, it z; <0,
fori=1,2,
2 0 10 5 0
a=[0a] =8 1) e=ld )
Obviously,
1 0
S
Take

then (A — B|K;| — C|K3|)a > 0.
Therefore, all the solutions of the system are componentwise exponential convergence and the system
exists a unique exponential stability periodic solution.

Obviously, in this example the activation functions are not global Lipschitz continuous, therefore
the previous results are not plausible to it. Using our criteria given in this paper, we can deduce
the system exists an exponential stability periodic solution.

Let the system be supplemented with the four different constant initial values, we give the
following diagram to explain our example.

0.8

0.8

—x1
x2

061 A - N o o B . i
04 i : Sl S s L Cf 1

-0.8 L L L L L L
L L -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

—0.8LL L L L I I

1 1
5 10 15 20 25 30 35 40 45 50

Fig.1 Transient response of state variables Fig.2 Phase plots of state variable (z1(t), z2(t))

5 Conclusions

We have developed a decomposition method in the more general competitive-cooperative delay
neural networks. Simple necessary and sufficient conditions have been established to guarantee
trapping region regions and guaranteed componentwise exponential convergence. Moreover, a set of

criteria have been derived ensuring the exponential stability and the existence of periodic solution
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for the considered model. The criteria does not require the activation functions f;, g; to be differen-
tial, bounded and global Lipschitz continuous and not also require the weight-connected matrices
B, C to be symmetric and the external input vector to be constants. Therefore, the results are of

practical significance in designing a network with desired performance.
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