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Abstract: In this paper we examine the transverse geometry of control-affine systems. We point out the
importance the singular set and of dynamics defined on submanifolds that are transverse to the control
distribution. This setting is then used to compare the backstepping methodology for strict-feedback systems
with our more general approach to nonlinear control design.
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1 Introduction

Let us compare the two control-affine systems:
{

ẋ1 = x2 − f1(x1)
ẋ2 = u

(1)

{
ẋ1 = f1(x1, x2)
ẋ2 = u

(2)

The former system belongs to the class of control sys-
tems in strict feedback form, which allows the back-
stepping methodology to be applied. The latter is in
some natural sense a local normal form for arbitrary
control-affine systems (see section 2.) One can ask
the question: When can we ascertain that the gen-
eral system of equation (2) is feedback equivalent to
the more restrictive form of equation (1)?

Note that we only assume that (x1, x2) ∈
R(n−m) ×Rm for some 0 < m < n in equation (2),
while in the backstepping context x1 and u must be
one-dimensional (the more general form is given in
equation (4).)

The key idea is to focus attention on the singular
set of the control system, the set where the control
directions belong to a subspace of the tangent space,
rather than an affine subspace. We study the geom-
etry of singular sets in section 2.

We also present a novel control design methodol-
ogy that is based on graphs or, more generally, sub-
manifolds that are transverse to the control distribu-
tion. This crucial point is somewhat obscured in the
derivation of the backstepping technique, where one
has to pretend that a state is a ‘virtual’ control. Our
approach, like backstepping, benefits from a decom-
position into dynamics transverse to the control di-
rections and dynamics in the control directions. Note
that, while one assumes a single control in the appli-

cation of backstepping, no such assumption is nec-
essary in the approach we take through transverse
dynamics.

2 Graphs and Control Trans-
verse Dynamics

In Nonlinear Control Theory ([19], [20]), one most
commonly studies control-affine systems of the form

ẋ = f(x) +
m∑

i=1

uigi(x) , x ∈ V , n ≥ m > 0, (3)

with V some open subset of Rn and f, g1, . . . , gm

smooth vector fields in V ⊂ Rn. Such control-affine
systems can be considered as approximations of the
more general control systems ẋ = f(x, u) near a reg-
ular section of the control bundle (see [10].) Even if
the state space is a manifold Mn, we shall be work-
ing mostly in a neighbourhood of some point, and
will thus assume that we have used local coordinates
to write the system in an open subset V of Rn.

Definition 1. The control distribution D is the
linear span of the vector fields {g1, . . . , gm}. The set
of feedback controls Γ(D) is the set of smooth sec-
tion of the sub-bundle D ⊂ TM .

Recent practical control methodologies rely heav-
ily on rather special forms for the control dynamics.
A main example is the backstepping methodology,
which, in its basic form, assumes the strict feedback
form





ẋ1 = x2 − f1(x1)
ẋ2 = x3 − f2(x1, x2)
· · · · · · · · ·

ẋn−1 = xn − fn−1(x1, . . . , xn−1)
ẋn = u

(4)



Now there is a straightforward way to express the
general control-affine system (3) above in a more use-
ful form. The following is a basic definition:

Definition 2. The singular set Σ of the control-
affine system is the subset of Rn

Σ = {x ∈ V ; f(x) ∈ img(x)}

This definition can be easily modified for the case
when the control is not unbounded: it is the set of
all points of the state space where the ‘state dynam-
ics’ f(x) lies in the control set g(x)U , where g is the
(n ×m) matrix of controls and U ⊂ Rm is the con-
trol set. The singular set is a fundamental object in
the study of nonlinear control systems. For a start,
all possible equilibrium points of all possible control
dynamics lie in Σ:

Lemma 1. The singular set contains all equilibrium
points of any control dynamics and is generically a
manifold of dimension equal to the dimension of the
control, m. Generic here means for a residual set in
X (V )n+1 the set of (n + 1)-tuples of vector fields on
V .

From now on, we shall make it an assumption that
Σ is indeed a manifold of the appropriate dimension:

Assumption 1. We assume that the singular set is
an m-dimensional submanifold: Σm ⊂ V ⊂ Rn.

But the role of the singular set is revealed best
when considering the stabilization problem in
control—see Proposition 4 below. This is the prob-
lem of the existence of a control strategy that yields
control dynamics with, at least locally, an asymptot-
ically stable equilibrium.

The subject of stabilization has witnessed con-
siderable development (see for example [1]), yet still
lacks a good constructive methodology. The back-
stepping technique, which appeared in the mid-
nineties, is explicitly a stabilization method. How-
ever, it had to rely on the control system taking a
rather special form.

We shall examine the singular set for control-
affine systems, and see how they take a special form
in the case of strict feedback systems in the next sec-
tion. The main interest is when the set V is a neigh-
bourhood of a point p ∈ Σ, a point that we wish to
stabilize, for example. For now, we proceed with the
normal form for control-affine systems.

Assumption 2. We assume that the control distri-
bution, defined point-wise by

Dx = span{g1(x), . . . , gm(x)},

has constant-rank m in an open, star-shaped domain
of Rn containing V .

It is a simple fact from Algebraic Topology that
the control distribution D ⊂ TRn|V forms a trivial
vector bundle, in other words there is a diffeomor-
phism

D ' V ×Rn.

Proposition 1. In a relatively compact subset of V ,
the control affine system of equation (3) is feedback
equivalent to the system

{
ẋ1 = f1(x1, x2)
ẋ2 = g2(x1, x2)u,

(5)

where the square m×m matrix is nonsingular, so that
we can further simplify the above system by setting
g2 = Im (thus obtaining the system of equation (2).

This result says that, when considering control
dynamics, one can decompose the state into the ‘con-
trol directions’ and the directions transverse to the
control. In particular, one can consider submanifolds
and foliations transverse to the control distribution
D and define on these geometric objects dynamics,
which will be called control-transverse dynamics.
By varying these transverse manifolds or foliations,
we vary the control-transverse dynamics. Let us give
some more detail (also see references [14], [12], [10],
[13].)

We shall consider (local) coordinate systems such
that the control distribution is constant. We canon-
ically identify Rn with each of its tangent spaces
TxRn. We have the direct sum

Rn = En−m ⊕Dm

and we write x = (x1, x2) x1 ∈ E, x2 ∈ D and, by
the above identification also ẋ = (ẋ1, ẋ2).

The main geometrical objects on which we shall
define dynamics are submanifolds Nn−m and fo-
liations F transverse to the sub-bundle D and of
complementary dimension. This means, for a sub-
manifold N , that

TxN ⊕Dx = TxRn, ∀x ∈ N

and similarly for each leaf of F .
Locally, control-transverse manifolds are in a one-

to-one correspondence with graphs of functions, as
follows:



Proposition 2. Let p ∈ Mn and assume the con-
trol distribution is trivial in a neighbourhood of the
point p. We can assume moreover that we decom-
pose TM |W into D ⊕ E, D, E fixed subspaces. Then
for every submanifold Nn−m transverse to D at p
(and hence locally), we can find a neighbourhood
W ⊃ N 3 p and a function

ψ : E → D

such that graphψ = N |W .

Now, given the normal form of the Lemma, choos-
ing a control-transverse submanifold or equivalently,
choosing, locally, a function

ψ : E → D ' Rm

(E ⊂ Rn−m) we can define the dynamics of the sys-
tem

ẋ1 = f1(x1, ψ(x1)). (6)

Proposition 3. There is a choice of a smooth feed-
back control in a tubular neighbourhood of a control-
transverse manifold N that makes the manifold in-
variant under the control flow. The dynamics thus
obtained on N are topologically orbitally equivalent
to the dynamics on the graph of a suitable ψ as above
in equation (6).

Proof. Since we have that the manifold is locally the
graph of a function ψ : E → D, we can make it in-
variant by choosing

u = ẋ2 =
∂ψ

∂x
ẋ1 =

∂ψ

∂x
f1(x1, ψ(x1)).

Since we can control the D-directions, we can then
extend the control to a tubular neighbourhood of N
such that N is a hyperbolic invariant set (we can
make N asymptotically stable, for example.) The
last part just says that the dynamics on N are given
by

ẋ1 = f1(x1, ψ(x1)),

which is clear.

Here is an important result that uses the control-
transverse dynamics notion.

Proposition 4. The control-affine system is
smoothly stabilizable to the point p ∈ Σ if and only if
there is an (n − m)-dimensional submanifold trans-
verse to D and containing p such that the invariant
dynamics are locally asymptotically stable

Compare this with the backstepping approach for
the system (1): this considers the state component
x2 as a virtual control and takes

x2 = f1(x1)− αx1,

for example, which yields a stable subsystem. A Lya-
punov function for the subsystem is then extended to
the whole state by defining

V (x1, x2) =
1
2
x2

1 +
1
2
(x2 − f1(x1)− αx1)

2
.

This step-by-step approach can easily extend to the
full system of the form of equation (4.)

3 Singular set geometry

Given a control-affine system in the ‘normal form’ of
equation (5), the singular set is obtained by setting
f1 to zero:

Σ = {x ∈ V ; f1(x1, x2) = 0}.

(so we have (n −m) equations in n variables.) Here
is the relevant result from Differential Geometry:

Proposition 5. Suppose that zero is a regular value
of f1. Then Σ is an m-dimensional smooth subman-
ifold. In fact, the distribution ker df1 is then regular
nearby, and hence, since it also integrable, we can
find a foliation by the level sets of f1 near the value
0.

The proof is standard and ultimately rests on
the implicit function theorem (see, for example, Con-
lon [3].)

Singular sets and control distribution We saw
that submanifolds that are transverse to the singular
set play a special role in control theory. Proposition 4,
for example, gave a necessary and sufficient condi-
tion for smooth stabilization in terms of a control-
transverse manifold with stable dynamics. But there
are stronger connections that bring us closer to the
linear system idea of controllability. More specif-
ically, we assert that what is of more interest, from
the dynamical viewpoint, in the strict feedback form
is not that we can derive a stabilizing feedback, but
that we can transform the system to a linear con-
trollable form!

Now the singular set for the strict feedback form
of the backstepping method is found by setting ẋ1 =
ẋ2 = . . . = ẋn−1 = 0 in the system (4), in other



words, setting




x2 = f1(x1)
x3 = f2(x1, x2)
· · · · · · · · ·
xn = fn−1(x1, . . . , xn−1)

(7)

The last equation certainly gives a graph transverse
to D =< en >, in agreement with the Proposition.
Successive equations give graphs—and hence trans-
verse manifolds— on the previous graph until we get
to the two-dimensional one given by x2 = f1(x1), so
that the idea of ‘virtual controls’ seems a natural one.
In the design process, we take these graphs in the re-
verse order, i.e. in the order they are listed in the
equation above, and use graph dynamics in the man-
ner we described to get a stable system overall. What
is as important, though, is that if we forget the stabi-
lization issue, we can obtain the transformed system
(a ‘feedback-equivalent system)





ẋ1 = x2

ẋ2 = x3

· · · · · · · · ·
ẋn−1 = xn

ẋn = u

(8)

Let us turn now to the singular set for the sys-
tem (2). In order to be able to compare with the
strict feedback case, we shall work in the case when
D is one-dimensional. Fix a point p ∈ Σ. By our
assumption, the one forms df1, . . . , dfn−1 are linearly
independent at, and near, p. In general, D and Σ
will not be tangent at p. The derivative matrix for
the strict feedback system is

df =




df1
dx1

1 0 · · · 0
∂f2
∂x1

∂f2
∂x2

1 · · · 0
· · · · · · · · · · · · · · ·
· · · · · · · · · ∂fn−1

∂xn−1
1


 (9)

and we note that this linear map preserves the stan-
dard flag in Rn

0 = V 0 ⊂ V 1 ⊂ V 2 ⊂ · · · ⊂ V n = Rn,

where V 1 =< en >,V 2 =< en−1, en > etc. A gen-
eral position argument will easily show that we can
at least get a transverse graph

xn−1 = f̃n−1(x1, . . . , xn−1),

by assuming, without loss of generality, that
dfn−1(D) 6= 0 and appealing to the implicit function
theorem. It is not clear how this can be continued.

4 Singular sets in the plane

In Figure 1, we give some typical positions for the
singular set in the plane of a system with m = 1 in
relation to the control distribution D, which is taken
to be vertical, D =< e2 > in the figure (where, as
usual, we have identified R2 ' T0R2.

First, we fix a point p ∈ Σ. We have the following
cases:

1. The singular set is a complement of D at p
(Fig.1(A)):

TpΣ + Dp = TpR2

and 0 is a regular value of the function f1. This
is the generic case and also the one assumed
in the backstepping approach. However, let us
note that it is possible to choose graphs with ar-
bitrary dynamics: stable, unstable, semi-stable.
As a result, we can make p not only into a
locally asymptotically stable equilibrium, but
also a repeller or a saddle point in the plane.

2. We have that TpΣ = D, but 0 is still a regular
value of f1 (Fig.1(B) and (C)). If f1(x1, ε) · x1

is negative,then it is still possible to stabilize
the system, by choosing a graph as shown. If
the product is positive, then we cannot achieve
stable local dynamics using smooth feedback.
However, it may still be possible to achieve sta-
ble local dynamics by non-smooth feedback–by
picking a graph with infinite slope in Figure
2(C). This is the case highlighted by Kawski
in [15].

3. We have that TpΣ = D, but now 0 is not a reg-
ular value of f1 (Fig.1(D)). The range of dy-
namics we can achieve is now limited and sta-
bilization is not possible (the semi-stable one-
dimensional dynamics shown can be extended
to saddle-node dynamics in the plane, for ex-
ample.)

5 Conclusions

This paper promulgates an approach to nonlinear
control dynamics through the dynamics defined on
submanifolds and foliations transverse to (and of
complementary dimension) the control distribution
D =< g >. The backstepping method certainly
makes use of this idea, indirectly, although it does
not give prominence to the transverse geometry, as
we do.
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Figure 1: Singular sets in the plane and some transverse dynamics.


