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Abstract :- In the present work we consider the higher order linear parabolic equation in a
rectangle with initial and boundary conditions.We establish new a priori estimates for the
solutions to this problem in general Holder anisotropic norms, under the assumption that the
coefficients and the independent term are continuous functions in the rectangle , they satisfy
the general Holder condition in the rectangle of exponent a(/), with respect to the space
variable only and they satisfy the general Holder condition on the boundary of exponent

b(l), with respect to all variables . In this connection, however, we also obtain an estimate for
the modulus of continuity with respect to the time of the higher derivatives with respect to x of
the corresponding solutions.

On the basis of our new a priori estimates for the solution to this problem , we establish the
corresponding theorem on the solvability in general Holder anisotropic spaces.

We apply our results in the linear theory to establish the local solvability with respect to the
time , in general Holder anisotropic spaces, for the nonlinear parabolic equation , with the

same type of initial and boundary conditions.
Key words: estimates, solvability, equations, parabolicity, solution, problem.

1.Introduction

In the present work we consider the higher order linear parabolic equation

2m

Lu=u+(-1)" Zar(t,x)D§ u = f(tx), (1)
=0
in the rectangle Ry = [0,7] x [—p, p] with the initial condition
u =0 = @olx), (2)

and the boundary conditions on Sy = {(t,x); 0<¢<T, x=Fp}

+
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where 0<¢t<T p=1,.,m; 0<m, <2m—1, by — real numbers satisfying the
+

complementary condition with respect to the operator Lu, p = 1,...,m ;¢ = 0,1,...,m, (See [1]).

Here x is a pointin [-p,p], ¢ € [0,T], u; = %, DI u= %, r=0,...m D% =u.,

We establish new a priori estimates for the solutions to the problem (1), (2),(3) in general
Holder anisotropic norms, under the assumption that the coefficients a,(¢,x) and the
independent term f (z,x)are continuous functions in the rectangle Ry = [0,7] x [-p,p], they



satisfy the general Holder condition in the rectangle Ry = [0,7] x [—p,p] of
exponent B(/),/ > 0 with respect to the space variable only and they satisfy the general Holder
condition on the boundary Sy of exponent a(/), / > 0 with respect to the variables
(t,x) (SeeTheorem 1 ).In this connection, however, we also obtain an estimate for the
modulus of continuity with respect to the time ¢ of the derivatives Diu, r = 0,...2m, but not u,
(SeeTheorem1 ).
Note that in the works [1]-[13] and in many others, the a priori estimates are obtained under
the fulfilment of a (general) Holder condition with respect to the totality of variables (z,x) on the
coefficients of equation (1).
On the basis of new a priori estimates for the solutions to the problem (1), (2),(3) we establish
the corresponding theorem on the solvability for this problem in general Holder anisotropic
spaces (SeeTheorem 2 ).We assume that the coefficients of Equation (1) satisfy the uniform
parabolicity condition: forany (t,x) € Rr= [0,T] x [-p,p]
D™ ap(t,x) > A, . A=const. >0 , (4)
We apply our results in the linear theory ( for the problem (1),(2),(3) ) to establish the local
solvability with respect to the time ¢, in general Holder anisotropic spaces, for the nonlinear
parabolic equation
u, = A(t,x,u,Dyu, ..., D¥"u), (5)
inRr = [0,T] x [—p,p] with the initial condition (2) and the boundary conditions (3)
(SeeTheorem 3).
In the present work, the equation (5) is linearized directly. No conditions are imposed here on
the nature of the growth of the nonlinearity of the function 4(z,x,p% p!...,p*"), where p”-scalar,
0 < r < 2m,which is defined for (z,x) € Ry = [0,T] x [-p,p]and any p",.0 < r < 2m.
The main assumption concerning to the function A(z,x,p% p'...,p?™)is the paraboliicity condition:
forany (t,x) € Rrandp®p!.. p*
D" Ay (2,00 p s )} > 0 (6)
We require less smoothness conditions from the functions A(z,x,p°,p!...,p>")and ¢(x)than in
the works [8] , [10]and [11] (See theorem 3).
In almost all the work we suppose that in the equation (1),the function f'= £} + f3; the functions
a,(t,x), 0 <r <2m and fisatisfy the general Holder condition in Rr = [0,7] x [-p,p] of
exponent B(/) ,I > 0 with respect to the space variable only and they satisfy the
(complementary ) condition general Holder condition on the boundary S of exponent
p(), 1 > 0 with respect to the variables (¢,x), f> satisfies the general Holder condition in
Rr= [0,T] x [p,—p] of exponent a(!),! > 0 with respect to the space variable only and it
satisfies the ( coOmplementary )general Holder condition on the boundary Sy of exponent
a(l), I > 0 with respect to the variable (¢,x) ( See [14] )
All the coefficients and the independent terms are continuous in the rectangle

Rr= [0,T] x [-p,p] .Some close results have been established in [15] , [16], [17], [18],
[19],[20] and [22].

2.Basic Notations. Auxiliary Propositions.

We shall say that the function u(z,x) defined in the rectangle Ry = [0, 7] x [-p, p] satisfies the
general Holder condition of exponent B(0), { > 0in Rr = [0,T] x [—p, p] with respect to the
space variables if there exists a constant C > 0 such that

u(t,x) —u(ty)] < Cle = yPPP20, - (1,x),(1,y) € Rr.



The function B(0) is defined and continuous in 0 < ( < .Moreover it has the following
properties:

la. p(l) » o € [0,1[ if 0 > 0T or { - +oo.

Ib. B'(()0Inl — 0 if { - 0* or { - +oo.

Ic. if 6 = 0 then B(()In{ - —oo for { - 0" and

(B + B'(OlInl) > 0 for ( €]0,00[, where [ is sufficiently small number (we suppose that the
derivative B'(() exists and it is a continuous

function in Ry =]0, lo[U]1/lo,+o[).

Note that the condition Ic. introduces a new set of functions ( the functions u(z,x) that satisfy
the general Holder condition with respect to x only ).In this new set of functions we will obtain
the corresponding existence and uniqueness theorems for the solutions to the problems

(1).(2),(3) and (5), (2),(3).
It follows from the conditions Ia, Ib, Ic that
lla (A is a monotonically increasing function for ( € R,
lIb
(kg)/}(kt‘)—c
oo

uniformly respectto £, 0 < a <k < b < .
We denote by I' i = 1,2, the set of functions B(() for which

Flﬁﬁ(“) = 1“,3(0) = j.(t) tﬂ(t)_ldt < o0 ; 1“2013(“) = r‘l—lfﬁ(l‘) < o0
For the functions B(0) € T'' ( B({) € I'?> ) we introduce the functions

if (> 0%or (- +oo.

1 — _ 1 1. Teo
Bﬂ([) = Bﬁ([) Y In Cpary 2

The function Bfm is a function of the type p(0),j = 1,2.

2 _
By = Bayy-

See the examples of functions of the type B(() in [21]

For the functions u(z,x) defined and Hdlder continuous ( in the general sense) of exponent
B(0), ( > 0 in the rectangle Rr = [0, T] x [-p, p] with respect to the space variable, we introduce
the following norms for0 < ¢ < T

|U|([)t,]o = SUP< ;< [ulo |u|([)t,]ﬁ(é) = SUP < - < e (UG 50> (7)
where

luloo = Supxe-p,p1 [U(tX)], Ul gy = |ulbo + Higqy (), (8)

_ lu(tx)—u(t.y)l
Hi}(()(u) - Sup Xy ii[y*f’vﬂ] u‘x_j)‘ﬁz,:x—y\}); (9)

For the functions u(z,x) that have continuous derivatives with respect to x up to the order m
(m = 1,2,...) inclusively in the rectangle Rr = [0,T] x [-p, p] and satisfying the general Holder
condition of exponent B(0), { > 0, with respect to space variables in the rectangle

Rr =1[0,T] x [-p, p] we define the norms

[l = D D5l s 5 14l s = SUPocre  [ulf gy » m = 0,1,2,...,D% = u  (10)

We will denote by Ci; (R,), m = 0,1,2,... the Banach space of functions u(r,x) that are
continuous in R, = [0,7] x [-p, p] together

with all derivatives respect to x up to the order m, m = 0, 1,2, ... inclusively and have a finite
norms (10).

For the functions u(¢,x) that have continuous derivatives with respect to x up to the order m(
m = 0,1,2,...) inclusively in the layer TT, = [0,¢] x E,,0<¢t<T,E; = ]-o, o[ (orinthe



half layer TT; = {(z,x) ; 0 <7 <1, x> 0},0 << T)and satisfying the general Holder
condition of exponent B((), { > 0, with respect to space variables in the layer I, ( or in the half
layer I, ) we define similarly the norms (7) ... (10) and the corresponding spaces
C,, () (or the spaces CH; /(TT)).
We define the parabolic distance between each two points P = (0,x) € Ry, O = (z,y) € Rr, by
the magnitude

d(P,Q) = [ 017 + ]~y 1. (1)
For the functions u(¢,x) that have continuous derivatives with respect to x up to the order m
(m =0,1,2,...) inclusively in the rectangle R, = ]0,7] x ]-p, p[ and satisfying the general Holder
condition of exponent p((), { > 0, with respect to the variables (#,x) in the rectangle
R, =10,7] x ]-p, p[ with we define the norms for0 < ¢ < T
0 < ¢ < T with respect to the variables (¢,x), we introduce the following norms:

R P)—u@
|U|00 SUP(7.x) e R, u(z,x)], Hﬁ(()(”) sup P;i? W(;’Q))]#@),Q» (12)
|U|ofﬁ(0) = lulo +H§(0)(u), (13)
m
R; R _
gy = z :#0 \Diulo’pqy  m=0,1,2,.., D% = u (14)

We will denote by C,, 3y(R/), m =0,1,2,..,0 <¢ < T the Banach space of functions

u(t,x) that are continuous in R, = [ 0,¢ ] x |-p, p[ together with all derivatives respect to x up
to the order m, m = 0, 1,2,...inclusively and have a finite norm (14) With respect to the
coefficients of the equation (1) we assume that a,(t,x) € C{3,(Rr), 0 <r<2m and

2m 2m

Z\k|=o|ak|%g(’) =B <o, Z|k\ 0| k|0ﬁ(1) = C <o, (15)
For equation (5) we consider in addition to the parabolicity condition (6) that there exists a
domain
Hy = {(t,x) € Rr; [ul| < M,]p"| <M, 1 <r<2m, M= const.} in which the function
A(t,x,p% p',...,p*), and its derivatives with respect to p°, p',..., p?” , up to the second order
inclusively are continuous, satisfy the Lipschitz condition with respect to p°, p',..., p*" , the
general Holder condition of exponent B(() with respect to x and with the constant B,,. They also
satisfy the general Holder condition of exponent ﬁ() with respect to ¢ on the boundary
x =% p, 0<1t< T with the constant BM.Moreover

A(taxa Oa Oa Oa) € C([)t,]a([)(R_T) 5 |A(t3xa Oa 0’ 0)||(:)],;1(L) < BO (16)
All the mentioned derivatives are bounded in H), by the constant Bj,.

3.Bounds for solutions to the general boundary problem for linear parabolic equations.

Now we shall consider the equation (1) in the rectangle R with the initial zero condition

U o =o0 (17)
and the boundary conditions (3)
We define
lop 1570 = lopls i for 1< m
p ) p B)+2m-mp » Do
B (l) 0, L (18)

||(0p||ﬁ 0 |Dt‘Pp|0 .0} + |§0p|0 50 5 form, = 0.



+ + +

.
Let B,(1) = L8+ 2-m 1, ...m .The functions B,(/) = 222" m 4 — 1 .. m,are

2m 2m

functions of the type ﬂ(l),where p) - o €[0,1] if { - 0*or { -» 4. Note that

Bo(l) - ﬁp(l) T ¢ 10,1 if ¢~ 0%Or { - 40,
In all the work we suppose that

, p=1,.,m (19)

Bp()

Theorem1. Let u(z,x) € szBz (RT) be a solution to the problem (1), (17), (3) in the rectangle
Rr . Assume that f; € Coﬁ(o(RT)

fre Coa(()(RT) ,B(Q) a(l) e T?, Bl) » o1, a(l) » o, ifl > 0" 0rl - +o0,0< 0, <0y <1,
Jf1|0ﬁ(1) < @, Jf2|0ﬁ(1) < .

Furthermore the conditions (4) , (15)and (19 )hold. Then there exists a constant K, depending

only on n,m,A,B,C,T,a(l),B(0), Bgy and on the constants of the complementary condition in
Srand in ¢ = 0.such that for 0 < ¢ < T the next estimate holds

721 [ S
|”|2m3§,(0 <KI[| fi |0/3(L) +] £ |0ﬁ(0 +1 (Jf2|0,a(t‘) + Jf2|ofa(t)) +

- Z( los 155 o) + oy 155 o) )2 (20)

Proof. Letx, € [-p,p] and d e ]0,1[. We introduce the function n(x) = u(jx — xo|),

where u(/) is a decreasing infinitely differentiable functionon /> 0, u(l) = 1 for 0 </ < d,
u(l) = 0 for I > 2d and satisfying the inequality

2m+1

> e <K (21)
=1

The function o(z,x) = n(x)u(z,x) satisfies the equation
Lo = o, + (=1)"ay(t,x0)DZ"® = [am(t,x) — awm(t,x0)]D¥" o + f1(t,x) + n(x)f>(t,x)  (22)
in the rectangle Rr, where

2m—1 2m—1
filt,x) = |:(—1)’"+1 Z a,(t,x)Diu +f1(t,x):| nx) + (=1)"awm(t,x) |:Z Ccam n(zm")D§u:|,

=0 r=0

C?" —binomial coefficients
The function w(¢,x) = n(x)u(t,x) (a) € Cgﬂ%w (Rr))satisfies the initial zero condition (17 ) and
the boundary conditions ( for xo = —p )

+

+ mp o+ + +
bp(Dsw) | . =D bpDio | . =¢p (); p=1l..m;0 <mp<2m-1 (23)
xX="p C{=0 x="p

We next find a bound for the solution w(z,x) = n(x)u(t,x) to the problem (22),(17), (23) in
[_p> —-p+ Zd]
The mapping y =x—(-p) (y =x+p ), x € [-p, p] transforms the equation ( 22 ) into the
equation

Ly = @, + (=1)"a2,(1,0)D3"@ = [Gan(t,y) — 2n(1,0)1D3"® + [1(1,y) + 1)/ 2(2,y)  (24)
where



a(t.y) = 1ut.y) = n(y — pult.y = p), yo =xo+p =0 ,a8(t,y0) = an(t,0 ),
N1@wy) = filty=p); f2(ty) = fa(t.y = p);
The function @(z,y) satisfies the equation (24) in the rectangle R = [0,7] x [0,2p], the
initial zero condition
@ |0 =0 (25)

and the boundary conditions
by(Dx®) |0 = D bypDi® |, =@, (1), p=1l.om ;0 <m, <2m-1  (26)

q=0
We next find a bound for the solution @(z,y) = 7(y)u(¢,y) to the problem (24) ,(25), (26) in the
rectangle R;2q = [0,1] x [0,2d + p],0 <t < T.
The function @(z,y) € C[”’B%(O(H}) satisfies the equation (24) in the half layer

2m

7 = {(ty) ; 0<t< T, y>0)(observe that the functions 7(y) and @(z,») vanishes for
v| > 2d, 2d < p.),the initial zero condition (25) and the boundary conditions (26).
We can represent the solution to the problem ( 25),( 26 ),( 27 ) in the form

o(ty) =u' +u® (27)

[ 2
u'(t2) = | [ Guleriz=&) X F.é) dedr (28)
E Jj=1

where

Gy (t,7;y — &) is the fundamental solution to the operator ~
L(l) ,» Fi (Tag) = [C_lzm(l‘,ﬁ) _52n1(t50)]D§nl(T) +f1(t7§) > FZ(Tag) = ﬁ(g)fz(tag) and

— F‘(T,é) 5 5 2 O .
Fj(r.&) = _ . (=12)
Fy(z,=¢) , &<0
The function u? = @(z,y) — u' is a solution to the problem

Liu?) =0 (29)
uz |t=0 = 0 (30)
by(Dy)u* |y=0 = y,(1) (31)

Where
vp() = [1(0)g, (1) —bpy(D)u'(1,0)], p=1,..m
The function u'(z,z) € Cgﬂ’%m (TT7)} is a solution to the Cauchy problem for the equation
Lyu' = u} + (=1)"a@om(t,0)D¥"u' = [@2m(t,2) — @om(t,0)]1D¥"u' +
+/1(t,2) + (2)f2(t,2) (32)
with the initial zero condition (17) in the layer TI; = [0,T] x E, , Ey = |-, oof.
Reasoning as in the proof of theorem 1 in [19] , choosing 0 < d = d; < 1 small enough ( see
[19]), such that B < +-d and d < £ we obtain that the solution u'(z,z) to the Cauchy
problem (32),(17) satisfies the next inequality for 0 < 7 < T.(@(z,y) € CgﬁB%m (I13))

2221 = [1,2d
Lot Uf2|([;}3a(;))]. (33)
P B0

where the symbol [¢],2d; means that the norms in the right hand side of (33) are consider in
the rectangle [0,7] x [0,2d ].
Now we shall consider the solution u(z,x) to the problem (29) - (31).At first we next find a

1],2d,

101 —Q2m+1)|—[1]:2d) —em-1) [ | |L
|ut |2m33123([‘) <K [d, |u|2m‘133123<l> tdy (| 5 |0



bound for the norm ||1//p(t)||32ﬁ o P= I,...,m; 0 <t <T. Reasoning as in the proof of
theorem 3 in [19], we find the next estimatefor0 <¢< T
1]
. +
()

oy [
—@m+1)|— [1].2d 2m-1 1.2d
K{[d; (2m )| |2m 1IB§(1) + (d (@m- )lf |03a<11> + ‘ 5 .

AL

(1]

dy ~
+d "D L ‘
1 |f1|03m 1 0,(%)
2m-1
+ Zm(r Ul ]% 1+ o150 3 p=1.. (34)
where f(1) = fi(t,0) , j=1,2
Now we consider the equation
Lo(v) = vi+ (-1)"D¥"v = 0, (35)
The functions
t
v(ty) = [ Gp(t=7 ) wp(@)dr,  p=1.m (36)
0

where
G,(t—7 ;y) - component of the Green function to the problem ( 35 ), (30),( 31).

We can represent the solution v(,y) € Cy,, 5, (M7), M7 =<{(tx); 0<t< T, x>0) tothe
problem (35),(30),( 31 ) in the form (See [8],[10])

m

v(ty) = D vp(ty) (37)

1
and the next inequality holds

ol s, < Klwpl50 . p=leam  (38)
K is a constant depending on n,m,A,B, T, C,ﬂ(l),Bﬁ(,) and on the constants of the
complementary condition in Sy = {(#,x) ; 0<¢< T,x =* p} and int=0.

We can represent the solution u?(¢,y) to the problem (29) - (31) in the form (37) and applying
the inequalities (38) and (34) ,we obtain

the next estimate ( by going back to the variable ¢) for0 < ¢ < T.

oy [1
2m+1 t],2d 2m—1 2d
|u2|2m BIZ3 S K{[d e )| |2m 1131231) +t 2m (d @ )lf |0 a(ll) + ‘ fz Baw)) +
0, =280
’ 2M
l] 2m—1

+Z|Dfu<r0>| +Z||<pp||3w (39)

O 1)|f| 1.2d ""1 [

0 ( Zpay )

Combining the inequalities (33) and (39) we can get from (27) the estimate ( 0 <¢ < T)

0.5



2m+1 t],2d 72 —-(2m-1 2d
@IS g, < KAl (d“" 7l + |7,

B

[
()
[ 2m—1

03(,3%))+Z|Dfu<t0>| ]+2||gop||3ﬁ, (40)

By other hand from the estimates of the moduli of continuity W|th respect to the time for the
derivatives of the solution to the Cauchy problem (32), (17) in the layer

Ir= [0,7] x E, , E; = |-, o[ (Seetheorem 3in[19])and from the estimates of the
moduli of continuity with respect to the time for the derivatives

D" 7ul(t,y), j=0,1,...2m—1, y>0, 0 <t <1, <T of the solution u(z,y) to the problem
(29), (30), (31) inthe half layer TI7 = {(t,y) ; 0<¢t< T, y>0} (See[10])and from the
estimates (34),(37), (39) we can get from (27) the estimate

+d; % l>| f1|

; ‘ 1
0.Bp()

2m—j_— 2m—j <
|Dy ‘o(t1,y) - Dy jw(fZ,y)| < K{[d_(2m+1)|u| 11,24

B? 1>+J

(|t1 —t2|#) ﬁ(\ll-’z\ﬁ

[t1]
y 2m-1 1.2d
H @RI R0
o(57)
2 1 t1 ,2d ~ [tl]
+d1(’”)|f1| ‘1 o
0.Bp) 0,(%)
2m-1
- Dr 011 0[1 41
+ 2 IDia(n,0)[”, +2||<pp||BM (41)
=0

Choosing o < d = d, small enough (See [19]), such that dBha < s-d and d = -min {1,5} we
find that (by going back to the space variable x)

Rig Rig S
ju |zm03§(,) < o |2mOBf3 = K{Ju |2m 1B}y HE (Jf|03a<o+|f2| a(/>)+|f1|oj3§‘_§j>+

] filom zncppn (42)

For xo = p we obtain similarly the next estimate

Ry R )
gy, < KAl gy, + U5 (szloga(,>+|fz| ran )+ | Al +

B
1],2d
+Jf1|OBﬁ([0) +Z||(pp ||

where the norms in the right hand S|de are given in the rectangle [0,7] x [p — 2do, p].

(43)

Bﬁ <z>

dy
Forxo € 1,7 |: p+ 2 5P = —:| we derive similarly the next interior estimate in the rectangle
R, = [0,]x[-p+do,p—do], 0<t<T
do do
ld [l],l 2 | [t],IT
|u |2m03% < K{ |f1b|0’B;l) awb +u |2m—P1,Bf,(,) ) (44)

do.

where the symbol [¢],1,> means that the norms in the right hand side of (44) are considered in



the rectangle [0,7]x [-p+ 2,p- 2 1.
Now we can get from (42)-(44) the following estimate in the rectangle R,,0 <t < T:

S, [4
|”|2m By = K{| f1| lBﬁ(l) + | fi |03ﬂ( |u |2m 183, Tt (Jf2|03a(1) + | f2| a(/) )

+Z(||<p,, A I i

Applying the mterpolatlon inequality (See [19]) with £ small enough and arguing as in the last
part of the proof of theorem 1 in [16] to eliminate |u|5, we get the estimate (21)

Remark 1 We can reduce the boundary problem(1), (2) ,(18) with non-zero initial condition

u |0 = @o(x) to the boundary value problem (1), (17),(18) by means of the transformation
i = u(t,x) — @o(x) ,where ¢po(x) € Compay([-p,P]).

4 Existence and uniqueness theorems.

Theorem 2. Suppose that all conditions of theorem 1 are true.Assume furthermore that the
following consistency conditions hold

+

mp p + + + + +

qupD 0o | - = gp(Oifmp > 1, p=1l.um ; bupgo() | . = @p(0)if mp =0,
x="p x="p

bop[fl(o x) +/2(0,x) = (=1)" Zar(o x)Dy <PO(X)J | R ((PE)(O)-

Then there exists a unique solutlon u(t,x) € CEE’B%«» (R7) to the boundary problem (1),(2),(3)

with continuous derivatives u, in Ry.

We can get the proof of this theorem on the basis of the new a priori estimates established in
this work and with the aid of the method of continuity in a parameter ( see [9] and [24]] ).
We proceed now to formulate the local existence theorem for solutions to the non- linear
boundary value problems for the equation (5).

( with the initial zero condition (17) and the boundary conditions (3) )

+

N
Let By (1) = W.We will suppose that
[0.7]

<o (45)

+

Pp

+

Br(D

Here we consider that the function

A(t,x,u,Dyu,...,D?"u) = L(u) + F(t,x,u,Dyu,...,D?"u) + L(u) + A(1,x,0,0,...,0)

where

L(u) = Apo(,x,0,...,0)u + Api1 (£,x,0,...,0)Dytt + ... +A4 po(2,x,0,...,0)D?"u,

F(t,x,u,Dyu,...,D?"u) = A(t,x,u,Dyu,...,D?"u) — L(u) — A(t,x,0,0,...,0)

Theorem 3. Suppose that all assumptions with respect to the function 4(z,x,p% p!,...,p*>") hold.
Moreover 0 < 01 < 0, < 1 and the

following consistency conditions hold
+ + +

pp(0) =0 ,if mp>1 ¢,(0)=0,



(go;) (0) = by, 4(0.x,0,...,0) | .+ , if mp=0 (46)
x="p

Then there exists ¢, € (0,7), determined by the above assumptions, such that the problem ,
(5), (17), ( 3) has in the rectangle

R:, =[0,¢0] x [-p, p] @ unique solution u(z,x) € Coms, (R.,) with a continuous derivative u, in
Pto = [0,20] x [-p, p]-

Proof. We will prove Theorem 3 by means of an iterative process in which one successively
solves the equations

ul = L") + F(t,x,u”", D", ..,D¥u"") + A(1,x,0,...,0) , v=1,2,.., (47)
with the zero initial condition (17 ) and with the boundary conditions
by(Dyu) | + =¢pt), p=1,.,m (48)
x="p
Furthermore
u®(t,x) = 0 (49)

We will show that there exists such a sequence of functions u"(¢,x),v = 1,2, ...,defined in some
rectangle [0,#0] x [-p, p] With o small enough. Moreover they are bounded in sz,% (Ry,)-

We assume that there exists the functions u*(z,x), u < v — 1 and they satisfy the inequality

|u“|§,',2’3ﬂ(w < q = const. = min(1,M) (50)

where the numbers ¢, and n are still to be determined.
Now we can consider the equation (47) as a linear equation of type (1), where
fi(t,x) = F(t,x,u”", D", ..,D?"u"™"), fo(t,x) = A(1,x,0,...,0).
Reasoning as in the proof of theorem 1 ,using lemma? and theorem 2, we conclude that there
exists u'(t,x) € sz,Bg(,) (R,,) and it satisfies the inequality

Ry I R Tl PR S 1)
We will usek,K>,K;.. to denote constants, depending on n,m, A, a((),B(0), Bﬁ((),C,;Bo,BM but

not depending on ¢,. From the inequality (55) it follows the estimates

.....

R
|“v|z:noBf3 §2K1|: q* + 15 :|
— |3V _ 4,v-1 Rig v—1 v=2 v—1 _ v—2
ov = = < Ko (el el ) e ol +
S S
—1 —2 Pt 1 —2 Pt
(|uv |2’"32</> ™ |2’”B;23<r>) * - |2’”B;23<r> (52)
. R
Putting 2Kgq < %, 2K th = q we find that |u” |2;:)BZ < %q+ %q =gq.
In the last inequalities we have selected
1
= min( -1 _1 = (27
q = mln( TR ,I,M) , to = (41(1 ) (53)
From (50) and (53) it follows that o, < 4K»qw,-1 , then
1 _ 1 1R
@y S 760\/—1 5 @y S le - ov-1 | |2rr(l)Blz3(/)

We have determined the number ¢, by (53) , then the sequence u"(¢,x) converges in the
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space sz’B%(l) (R,,).Consequently we can get a limit for v - o in the equation (47).

We proceed now to prove the uniqueness of the solution of the problem (5 ), (17), (3).
Assume that there exists two solutions u'(z,x), u?(¢,x) of this problem in the corresponding
rectangles R,, and consider the function u = u'(z,x) — u?(¢,x) . This function satisfies the
equation (in the smaller of the corresponding rectangles R,,

u; = Lu

1 1
Lu = [ Au(tx,2z" + (1 - 1)2)dru+ (jA,,(t,x,rzl +( —T)zz)dr,Dxu) )
0 0

1
+ (jApzm(t,x,rzl +(1- T)zz)dr,D)%’”u) (54)
0

Here the components of the vector function z" = (u”,D.u’,...,D?"u"),r = 1,2 belong to the
space CO’B%(U (R,,) and the coefficients of the operator L also belong to this space. Since u(z,x)
satisfies the zero initial condition (17) and the boundary conditions

by(Dyu) | . =0, p=1,..m (55)
x="p
it follows that u(z,x) = 0 .This completes the proof of Theorem 3.
Remark 2. We can reduce the boundary problem (5 ), ( 2 ), (3) with non-zero initial condition
u |~ = @o(x) to the boundary problem (5),(17),(3) with the zero initial condition u | -y = 0 by
means of the transformation @ = u(#,x) — @o(x) , where .¢(x) € Conpuy(En).
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