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Comparison of individual charts to monitor
peroxide index of olive oll
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Abstract — The peroxide index is an important variable
measured in order to assess the quality of olive oil. However, the
normality assumption of its distribution fails the test in this case
study. The control limits of individual chart for peroxide index of
virgin olive oil are obtained considering the average and also the
median moving range. A non-parametric method based on empirical
quantiles, quite robust against deviations from normality, is also
applied with the bootstrap procedure to estimate control limits for the
individual chart. The conclusions obtained with these approaches are
relatively different.
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Non-parametric method.

Olive oil is a food product with growing importance in
health due to its nutritional richness and therapeutic properties.
The variable “peroxide index (mMEq O2/Kg) of virgin olive oil”
(PI), which can be affected by several factors (such as climate,
soil and latitude), measures its initial oxidation and subsequent
deterioration to assess the quality as well as to characterize the
type of oil (e.g., virgin, extra virgin). Control charts have been
used effectively for years to monitor processes and to detect
abnormal behaviors so, in this study, we obtain a Shewhart
individual (X) chart in order to analyse central location and to
monitor eventual changes in the process. The empirical
distribution of PI could not be considered symmetric nor
mesokurtic and the normality assumption is violated, which
may seriously affect the performance of the corresponding
control chart, in what regards the false alarm rate and the time
required to detect the occurred changes ([1]-[3]). According to
[4] and [5] these type of charts are a robust tool and work well
under non-normality. Despite the controversy, we obtain and
compare X chart for PI computing the control limits based on
the average moving range (AMR) and on the median moving
range (MMR), as in [6] and [7]. Some simulation studies show
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the excellent performance of the empirical quantile (EQ)
control charts, which are a special case of the bootstrapping
control charts, for a broad range of (non)normal distributions.
Thus, with individual observations stem from a process which
is statistically in-control, we also estimate robust control limits
based on EQ to make the X control chart more sensitive to
persistent assignable causes ([8] and [9]).

In Section Il we analyse the sample data with some
descriptive statistics and test the normality of the variable PI.
In Section 111 we introduce three methods used to compute the
control limits for the X chart. In Section IV we obtain and
compare the statistical performance of control limits for the X
chart considering different approaches. In Section V we
present some final considerations and conclusions.

Il. DATA ANALYSIS

The individual measurements of PI of one olive oil supplier
of a Portuguese brand leader, obtained in laboratory, are given
in the Table I.

Table I: The 29 individual values (observations) of PI.

No. of No. of No. of No. of
observ. observ. observ. observ.
1 6.6 9 6.9 17 6.4 25 8.4
2 6.5 10 6.8 18 8.5 26 8.4
3 6.4 11 6.8 19 8.3 27 7.9
4 9.2 12 7.4 20 7.5 28 6.9
5 9.2 13 7.0 21 7.6 29 1.7
6 6.6 14 8.6 22 7.2
7 6.6 15 6.5 23 9.0
8 6.3 16 6.4 24 8.1
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Based on a small data sample (size n = 29) we compute
some descriptive statistics which are presented in Table Il. The
location measures: mean, trimmed mean and median are close;
only the mode is relatively smaller (almost one unit). The
variation coefficient, i.e. the ratio between the standard
deviation and the mean, is approximately 12.6%, which allows
us to consider a relatively low dispersion (also the small value
of standard error of mean indicates a good stability or a small
sampling error). The shape of the empirical distribution (see
also Fig. 1) is slight skewed to the right and platykurtic (the
skewness and kurtosis coefficients have positive and negative
signals, respectively). Furthermore, we do not identify outliers.
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Table Il: Results of some descriptive statistics of PI.

Pl Statistic Std. Error
Mean 7.438 0.174
5% Trimmed Mean 7.402
Median 7.200
Mode? 6.400
Std. Deviation 0.936
Minimum 6.300
Maximum 9.200
Skewness 0.524 0.434
Kurtosis -1.065 0.845

@ Multiple modes exist. The smallest value is shown.
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Fig. 1: Frequency histogram of Pl with normal curve.

The results of the Shapiro-Wilk normality test with original
data set (Table Ill) led us to reject the null hypothesis of
normality (p - value = 0.011 < 0.05), for a significance level of
5%. However, the decision will be different if we consider a
significance level of 1%.

Table 111: Results of the normality Shapiro-Wilk test of PI.

Pl Shapiro-Wilk
Statistic df p - value
original data set 0.902 29 0.011

To monitor PI for shifts that modify its mean, we use the X
control chart based on the AMR and on the MMR. As an
alternative we also obtain and compare non-parametric control
chart based on EQ, which use the bootstrap method ([9]). To
construct this control chart we consider the central line as the
average value and we have to obtain both a lower control limit
(LCL) and an upper control limit (UCL). When an individual
measurement of Pl falls outside of these control limits the
process is called out-of-control.

Here we only consider a X control chart without
transforming the data (instead of wusing Box-Cox
transformations as we did in [7] and [10]).

When the cumulative distribution function (c.d.f.) F is
assumed to be normal/gaussian (in this case commonly
represented by @), with mean x and standard deviation o, the

CONTROL LIMITS METHODS
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control limits of the Shewhart X chart are,

UCL=pu+®'(1-%)o,
LCL=u-®*(%)o,

€]

where @ is the standard normal quantile function and the «
level represents the false alarm rate. The parameters zand oin
(1) are usually unknown because in practice the normality
assumption is questionable. However, if an independent and
identically distributed (i.i.d.) random sample (X1, Xo, ..., Xn) is
available, we can estimate these parameters using the classical
estimators, which are respectively, the sample mean

ﬁ:)?:éixi
Nz

and the sample standard deviation

6=S'= /ni_lzl(x —X)2.

The sample standard deviation, S°, is asymptotically
efficient for an i.i.d. normal random sample, but it is also
sensitive to trends and oscillations, which is a disadvantages.
An estimator less sensitive to these deviations is AMR, defined

by
)

which can be scaled by d,(2)=2/+/z, in order to obtain an
unbiased estimator for o under normality, i.e.

S xal

i=2
n-1

_ 1 n
MR _ﬁ;\xi = Xi4s

s- MR __1 VR, 3)
d,(2) d,(2)

Control limits based on Average Moving Range

The control limits based on the AMR, in (2) and (3), for the
traditional X control charts are ([11]),

UCLym = X +®*(1-2)Z MR,
LCLuye = X 07 (£) E MR.

(4)

For an « level of 0.0027 we obtain @1 (1 - o/2) = 3 and
considering d,(2) =2/+/z ~1.128 we can rewrite the control

limits in (4) as

UCL,y, = X +3- 2> X +2.66MR )
2

LCL e = >?—3C'|V'?2") ~ X —2.66MR
2

The AMR control charts tend to perform reasonably well for
moderate sample sizes, more or less independently of the
observations probability distribution ([4]-[6]).
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Control limits based on Median Moving Range

According to [4] and [6], when some large moving ranges
have inflated the AMR, we may use the MMR as an alternative
way to compute more robust limits for these control charts.
This approach allows the computation of narrower limits,
because they are less severely inflated by the large ranges. The
control limits based on the MMR ([4], [6] and [7]) are
(6)

UCLye = X +3.145MR,
LCLyys = X —3.145MR.

Control limits based on Empirical Quantile

The control limits of the EQ for X chart will be defined
according to [9], where a natural estimator of the g-quantile of
the unimodal unknown c.d.f. F is the empirical quantile

F " (q) , which is defined as
F (q)=inf{x|F(x)>q}, 0<q<1

where F is the empirical c.d.f. that puts mass 1/k at each X;,
1<i<kie.

F(x) =%z lix,egr  —%0 <X <00,
i=1

where | represent the indicator function, i.e. Iy <y equals 1 if
x <y and 0 otherwise. Thus, the obvious estimators of the
upper and lower control limits based on the EQ are

UCLe = F7@0=%) = Xj(_ o o

LCLgy, =F '(9) = X

Lgna]’

Here X@) < X < - < Xm denotes the order statistics of the
initial sample Xi, Xa, ..., Xn, and [ -] denotes the ceiling of the
argument, that is, the smallest integer not less than the
argument, and | - | denotes the floor of the argument, that is, the
largest integer that does not exceed the argument.

Here we should note that the non-parametric control charts
become attractive if large data sets are available, i.e. we need
at least 1,000 observations in order to attain reasonably
performance. Nevertheless, this may be overcome with the
bootstrap approach which is a computational intensive
technique based on the philosophy that the unknown c.d.f. F of
a random variable will be replaced by an empirical c.d.f. F.
Thus, we apply the bootstrap procedure to obtain, for example,
UCLeo =F,*(1—%) as an estimate of the ucL,, =F,*@1-4) in

control charts for individual observations ([9]).

IV. COMPARISON OF CONTROL LIMITS FOR X CHARTS

In Fig. 2 an X control chart is drawn (i.e. we put the data on
a process behaviour chart) to create a picture of how the
process is running over time which helps to separate the
routine variation from the exceptional variation. The bilateral
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control chart for PI displays the individual measurements and
the estimates of LCLamr and UCLawmr (also in Table V).

Although no obvious patterns were identified in the plot,
some of the first observations present an unusual behaviour of
Pl and there are three points that violate the control rules (Fig.
2 and Table V). The eight consecutive points on one side of
the average line could be interpreted as a potential signal of
some change in the process.

—PI

="-UCL = 8.367

- Average = 7 438

=7.LCL=5510
Rule

violation

.No

@ves

Individual value
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Fig. 2: Individual control chart of PI.

-]

10111

Table IV: Rule violations for run of PI.
Rule Violations for Run
Violations for Points

Case Number

5 2 points out of the last 3 above +2 sigma
13 8 consecutive points below the centre line
26 4 points out of the last 5 above +1 sigma

3 points violate control rules.

In Table V we have the estimates of the control limits

(LCL and UCL) for X chart of PI, considering the usual «
level of 0.0027.

To calculate the control limits with AMR method we use
(5), the mean value in Table Il and MR = 0.725.

For control limits obtained with MMR method we use (6),

mean value in Table Il and MR=0.4.

For the X chart based on EQ method we simply draw 1,000
bootstrapped samples, with the same size as the data sample,
with replacement from a population made up of the data
sample. Then, we determine the mean of each sample, which
create the sampling distribution of the mean, and using (7) we
obtain the control limits.

Table V: Control limits for individual charts of PI.
Control Limits

Method LCL UCL Limits range
AMR 5,510 9.367 3.857
MMR 6.180 8.696 2.516
EQ 6.938 7.921 0.983
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To compare the control limits of the three methods we take
into account the limits range, where the smallest limit range
corresponds to the EQ control limits. These control limits
could be superimposed in Fig. 2 to visualize how narrower the
different limits are. The MMR method produce narrower limits
than AMR method, because they are less severely inflated by
the large ranges and consequently the number of individual
values outside the limits increase. For the EQ control limits,
more sensitive to small shifts in the mean, we have a
considerable number of individual values that violate the
control rules.

The different results obtained here show how important is to
use robust methods under non-normal distributions, given that
in this case we also have a small sample size. In result, the
empirical quantile control chart is preferable in order to attain
reasonable performance and it also performs well under the
normality of the observations ([9]). This non-parametric
method, that use bootstrap procedure, has also the advantage
of being easy to compute (for example using Excel) and
distribution-free when we have an in-control situation.

V. CONCLUSION

In this case study all the original measurements of peroxide
index of olive oil are within the legal specification limits for
human consumption. Nevertheless, these results are considered
very interesting by the members of the enterprise (typically
well-trained in chemical engineering), once they allow to
evaluate the variable peroxide index of olive oil itself and to
compare its behaviour among other brand suppliers.

The different precision of the control limits obtained, with
the three statistical methods (AMR, MMR and EQ), also show
how important is to take into account the deviations from
normality, the presence of some large moving ranges and the
sample size.

The approaches used here are relatively simple and easy to
interpret, constituting an important tool to help
non-statisticians to judge whether or not a process is
considered statistically in-control.
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