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Preface

The objective of the present book entitled “Information Theoretic Models and Their
Applications” is to acquaint the readers with the quantitative measure of information
theoretic entropy discovered by well known American Mathematician C.E. Shannon. This
discovery has played an increasingly significant role towards its applications in various
disciplines of Science and Engineering. On the other hand, peculiar to information theory,
fuzziness is a feature of imperfect information which gave birth to fuzzy entropy, loosely
representing the information of uncertainty, and was introduced by an eminent American
Electrical Engineer, Lofti Zadeh. The measures of entropy for probability and fuzzy
distributions have a great deal in common and the knowledge of one may be used to enrich
the literature on the other and vice-versa. The present manuscript provides the contribution

of both types of entropy measures.

The two basic concepts, viz, entropy and coding are closely related to each other. In
coding theory, we develop optimal and uniquely decipherable codes by using various
measures of entropy, and these codes find tremendous applications in defense and banking
industry. Another idea providing a holistic view of problems comes under the domain of
Jaynes “Maximum Entropy Principle” which deals with the problems of obtaining the most
unbiased probability distributions under a set of specified constraints. The contents of the

book provide a study of uniquely decipherable codes and the maximum entropy principle.

It is worth mentioning here that engineers, scientists, and mathematicians want to
experience the sheer joy of formulating and solving mathematical problems and thus have
very practical reasons for doing mathematical modeling. The mathematical models find
tremendous applications through their use in a number of decision-making contexts. This is
to be emphasized that the use of mathematical models avoids intuition and, in certain cases,
the risk involved, time consumed and the cost associated with the study of primary
research. The book provides a variety of mathematical models dealing with discrete

probability and fuzzy distributions.

I am thankful to Guru Nanak Dev University, Amritsar, India, for providing me
sabbatical leave to write this book. I am also thankful to my wife Mrs. Asha, my daughter

Miss Tanvi and my son Mr. Mayank for their continuous encouragements towards my



academic activities and also for providing the congenial atmosphere in the family for
writing this book. I would like to express my gratitude to my research scholars, Mr.
Mukesh and Ms. Priyanka Kakkar, Department of Mathematics, Guru Nanak Dev
University, Amritsar, India, for their fruitful academic discussions and efforts made in
meticulous proof reading for the completion of the book project. I shall be failing in my
duty if I do not thank the WSEAS publishing team for their help and cooperation extended
in publishing the present book.

I have every right to assume that the contents of this reference book will be useful to
the scientists interested in information theoretic measures, and using entropy optimization
problems in a variety of disciplines. I would like to express my gratitude for the services
rendered by eminent reviewers for carrying out the reviewing process and their fruitful
suggestions for revising the present volume. I sincerely hope that the book will be a source
of inspiration to the budding researchers, teachers and scientists for the discovery of new
principles, ideas and concepts underlying a variety of disciplines of Information Theory.
Also, it will go a long way, I expect, in removing the cobwebs in the existing ones. I shall
be highly obliged and gratefully accept from the readers any criticism and suggestions for

the improvement of the present volume.

Om Parkash
Professor, Department of Mathematics

Guru Nanak Dev University, Amritsar, India



Forward

The book “Information Theoretic Models and their Applications” written by Dr.
Om Parkash, Professor of Mathematics, Guru Nanak Dev University, Amritsar, India, is
an advanced treatise in information theory. This volume will serve as a reference material
to research scholars and students of mathematics, statistics and operations research. The
scholarly aptitude of Dr. Om Parkash is evident from his high rated contributions in the
field of information theory. He is a meticulous, methodical and mellowed worker, with an

in depth knowledge on the subject.

Dr. R.K.Tuteja

Ex-Professor of Mathematics

Mabharshi Dayanand University, Rohtak, India
President, Indian Society of Information
Theory and Applications
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Probabilistic Information Measures

CHAPTER-I

INFORMATION THEORETIC MEASURES BASED UPON DISCRETE
PROBABILITY DISTRIBUTIONS

ABSTRACT

In this chapter, we have investigated and introduced a new generalized parametric measure of
entropy depending upon a probability distribution and studied its essential and desirable properties. By
taking into consideration the concept of weighted entropy, we have proposed some new generalized
weighted parametric measures of entropy depending upon a probability and weighted distribution and
studied their important properties. We have explained the necessity for a new concept of distance for
the disciplines other than science and engineering and taking into consideration the application areas of
distance measures, we have investigated and developed some new parametric and non-parametric

measures of divergence for complete finite discrete probability distributions.

Keywords: Entropy, Cross entropy, Concave function, Additivity, Convex function, Symmetric
directed divergence, Hessian matrix.

1.1 INTRODUCTION

Introduced by well known American mathematician cum communication engineer Claude
Shannon, also known as the father of the digital age, information theory is one of the few scientific
fields fortunate enough to have an identifiable beginning. The path-breaking work of Shannon who
published his first paper “a mathematical theory of communication” in 1948 is the Magna Carta of the
information age. In the beginning of his paper, Shannon acknowledged the work done before him, by
such pioneers as Harry Nyquist and RVL Hartley, working at the American Bell Laboratories in 1920s.
Though their influence was profound, the work of those early pioneers had limited applications in their
fields of interest. It was Shannon’s unifying vision that revolutionized communication, and spawned a

multitude of communication research that we now define as the field of Information Theory.

This theory is not just a product of the Shannon’s [24] work only but the result of crucial
contributions made by many well known distinct individuals, from a variety of disciplines. The
direction of these pioneers, their perspectives and interests had provided a well behaved shape to
“Information Theory” dealing with uncertainty, and was sponsored in anticipation of what it could

provide. This perseverance and continued interest eventually resulted in the multitude of technologies
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we have today. Before Shannon’s theory, there was only the fuzziest idea about a message and
rudimentary understanding of how to transmit a waveform but there was essentially no understanding
of how to turn a message into a transmitted waveform. After the publication of his first paper, Shannon
[24] showed how information could be quantified with absolute precision, demonstrated the essential
unity of all information media, and proved that every mode of communication could be encoded in

bits. This paper provided a “blueprint for the digital age”.

Information theory has mainly two primary objectives: The first one is the development of the
fundamental theoretical limits on the achievable performance when communicating given information
source over a given communication channel using coding schemes. The second object is the
development of coding schemes providing reasonably good performance. Shannon’s [24] original
paper contained the basic results for simple memoryless sources and channels. Zadeh [27] remarked
that uncertainty is an attribute of information and the theory provided by Shannon which has profound
intersections with Probability, Statistics, Computer Science, and other allied fields of Science and
Engineering, has led to a universal acceptance that information is statistical in nature. A logical
consequence of Shannon’s theory of uncertainty, in whatever form it is, is that it should be dealt with
through the use of probability theory. Thus, information theory can be viewed as a branch of applied
probability theory and it studies all theoretical problems connected with the transmission of
information over communication channels. It was Shannon [24] who firstly developed a mathematical

function to measure the uncertainty contained in a probabilistic experiment. By associating uncertainty

with every probability distribution P = ( P> Pyseees pn) , Shannon introduced the concept of information

theoretic entropy and developed a unique function that can measure the uncertainty, given by

H(P)=-> plogp (1.1.1)
i=1

This is to be noted that unless specified, all logarithms are taken to the base 2. Shannon [24] called the
expression (1.1.1) as entropy and the inspiration behind adopting the nomenclature “entropy” came
from the close resemblance between Shannon's mathematical formula and very similar known
formulae from thermodynamics. In statistical thermodynamics, the most general formula for the

thermodynamic entropy S of a system is the Gibbs entropy, given by

n
S=—kg D plogp (1.1.2)

i=1

where kg is the Boltzmann constant, and p;j is the probability of a microstate.
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Practically speaking, the links between information theoretic entropy and thermodynamic
entropy are not very much evident. The researchers working in various disciplines of Physics and
Chemistry are usually more interested in entropy changes as a system spontaneously evolves away
from its initial conditions, in accordance with the second law of thermodynamics, rather than an

unchanging probability distribution. The presence of Boltzmann's constant kg indicates, the changes in

S/kg for even small amounts of substances in chemical and physical processes represent amounts of
entropy which are extremely large compared to anything seen in data compression or signal
processing. Moreover, thermodynamic entropy is defined in terms of macroscopic measurements and
makes no reference to any probability distribution, which is central theme to the definition of
information theoretic entropy. However, the possibility of connections between the two different types
of entropies, that is, thermodynamic entropy and information entropy cannot be ruled out. In fact, it
was Jaynes [14], who pointed out that thermodynamic entropy should be seen as an application of
Shannon's information theory and this thermodynamic entropy should be interpreted as being
proportional to the amount of Shannon information needed to define the detailed microscopic state of
the system, that remains uncommunicated by a description solely in terms of the macroscopic variables

of classical thermodynamics.

When Shannon [24] introduced the concept of entropy, it was then realized that entropy is a
property of any stochastic system and the concept is now used widely in many fields. The tendency of
the systems to become more disordered over time is best described by the second law of
thermodynamics, which states that the entropy of the system cannot spontaneously decrease. Any
discipline that can assist us in understanding it, measuring it, regulating it, maximizing or minimizing
it and ultimately controlling it to the extent possible, should certainly be considered an important
contribution to our scientific understanding of complex phenomena. Today, information theory which
is one of such disciplines, is principally concerned with communication systems, but there are
widespread applications in statistics, information processing and computing. A great deal of insight is
obtained by considering entropy equivalent to uncertainty, where we attach the ordinary dictionary
meaning to the later term. A generalized theory of uncertainty, playing a significant role in our

perceptions about the external world has well been explained by Zadeh [27].

The measure of entropy (1.1.1) possesses a number of interesting properties as discussed below:
1. Non-negativity

H (P) is always non-negative, that is,
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H(P)=-2 plogp, 20

i=1
Since —p;log p, >0 for all i, the result is obvious. It is zero, if one p, =1and rest are zeros.

2. Maxima
H(p,, P,,-.., P,) <logn, with equality if, and only if p, = l, forall i.
n

3. Minima

Its minimum value is zero and it occurs when one of the probabilities in unity and all others are zero.

4. Continuity

H(p,, P,,..., P,) 1s a continuous function of p, ’s, that is, a slight change in the probabilities p, results
in the uncertainty measure also.

5. Symmetry

H(p,, P,,..., P,) 1s a symmetric function of p,’s, that is, it is invariant with respect to the order of the
outcomes.

6. Grouping or Branching Property

H(p,, Py P)=H(P, +...+ P,y P+t P+

p,+p,+..+p )H b P +(p..;+...+p,)H Pr. Py for r=1,2,...n—1.
1 2 r r r r+1 n n n

2P 2h >p 2Pp

i=1 i=1 i=r+1 i=r+l

7. Additivity
If P= { ;s Pyseees pn} and Q= {ql,qz,...,qm} are two independent probability distributions, then

H(P*Q)=H(P)+H(Q),
where P*Q is the joint probability distribution.

The entropy measure has many other additional properties, for example:
(1) The maximum value increases with n, that is, we do expect uncertainty to increase with the number

of outcomes.
(i)) Hyy (P> Pysees P,0)=H, (P, P, Py ) » that is, uncertainty measure is not changed by adding

an impossible outcome.
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i) H (P*Q) = H (P)+Y pH(Q/A).

whereH(Q/ Ai)is the conditional entropy of Q when the i" outcome A corresponding to P has

happened.

Immediately, after Shannon introduced his measure, researchers realized the potential of its
applications in a variety of disciplines and a large number of other information theoretic measures were
investigated and characterized.

Firstly, Renyi [23] defined entropy of order a, given by

n n
H, (P)= 1 log(z s ZpiJ,ail,wo (1.1.3)
i=1 i=1

|

The entropy measure (1.1.3) includes Shannon’s [24] entropy as a limiting case as a— 1. Zyczkowski
[28] explored the relationships between the Shannon’s entropy and Renyi’s entropies of integer order.

The author established lower and upper bound for Shannon entropy in terms of Renyi entropies of
order 2 and 3.

Havrada and Charvat [12] introduced first non-additive entropy, given by

£
He(P)= i=1

e ,a#1l,a>0 (1.1.4)

Aczel and Daroczy [1] developed the following measures of entropy:

pi log p,
4P =T r>0, (1.1.5)

n

Z b

$(P)={s—r} " log{Z—1, rzsr>05>0 (1.1.6)

Z P

i=1
The following measures of entropy are due to Sharma and Taneja [25]:

¢(P)=-2"">"pllogp;, r>0, (1.1.7)

i=1

¢4(P)={2"“—2"5}71' {p{—pf}, rs,r>0s>0 (1.1.8)

n
i=1
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Kapur [15] introduced a generalized measure of entropy of order ‘a’ and type ‘B’, viz.,

1 n n
H/(P)=——— ceypl-2],az,B<lora<l,p>1 (1.1.9)
7 (P) (Hﬁ_z{;p. le }a p<lora<lp
Kapur [16] also introduced the following non-additive measures of entropy:
n n
H (P)==)" p logp + Y [(1+ap,)log (1+ap)—ap],a>0 (1.1.10)
i=1 i=1
n 1 n
H,(P)=->" p, log pi+EZ [(1+bp,) log (1+bp,)+(1+b)log (1+b)], b>0 (1.1.11)

i=1 i=1

In his theory, Burgin [4] claimed that it is not the measure of information that counts, but the
operational significance given to such measures by the development of certain theorems such as the
source coding theorems and channel coding theorems due to Shannon and his other successors.
Similarly, some of the other theories have solid applications, including the Fisher information in
statistics and the Renyi information in some noiseless source coding problem. Brissaud [3] defined that
“Entropy is a basic physical quantity that has led to various, and sometimes apparently conflicting,
interpretations”. It has been successively assimilated to different concepts such as disorder and
information. In his communication, the author considered these conceptions and established the

following results:

(1) Entropy measures lack of information; it also measures information. These two concepts are

complementary.

(2) Entropy measures freedom and this allows a coherent interpretation of entropy formulas and

experimental facts.
(3) To associate entropy and disorder implies defining order.

Dehmer and Mowshowitz [7] described methods for measuring the entropy of graphs and to
demonstrate the wide applicability of entropy measures. The authors discussed the graph entropy
measures which play an important role in a variety of problem areas, including biology, chemistry and
sociology, and moreover, developed relationships between certain selected entropy measures,
illustrating differences quantitatively with concrete numerical examples. Some applications of the
entropy measures to the field of linguistics have been extended by Parkash, Singh and Sunita [20]
whereas certain important and desirable developments regarding entropy measures and their

classification have been provided by Hillion [13] and Garrido [10].
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1.2 A NEW GENERALIZED PROBABILISTIC MEASURE OF ENTROPY

In this section, we investigate and propose a new generalized parametric measure of entropy
n

depending upon a probability distribution P = {( P> Poseees pn), p; = O,Z P = 1} and study its essential
i=1

and desirable properties. This new generalized measure of entropy of order [ is given by the
following mathematical expression:

log, z piﬁlogD P

H, (P)=- li:gD,B B>1B%1 (1.2.1)

Obviously, we have lﬂlg} H,(P)= —; p; logp p;

Thus, H, (P) can be taken as a generalization of Shannon’s [24] well known measure of entropy.
Next, to prove that the measure (1.2.1) is a valid measure of entropy, we have studied its essential
properties as follows:

(i) Clearly H,(P)>0

, are re-ordered

(ii) H,(P) is permutationally symmetric as it does not change if p,,p,, ps,..., P
among themselves.
(iii) H;(P) is a continuous function of p; for all p,’s.

(iv) Concavity: To prove concavity property, we proceed as follows:

Let ¢(p)= P, "  Then ¢'(p)= Blose P (1+1log, B)

¢"(p) =%,Bl°g° P log, B(1+1log, B)>0forall §>1

i
Thus, ¢( p) is a convex function of p. Now, since the sum of convex functions is also a convex

n
function, z p; ,81°g'° P is a convex function of p,, p,, P;,---, P, - Also, since log of a convex function is
i=1

n
1 . .
convex, —lo B0 P is a concave function of p., p,, Ps,..., P. .
D i 1 2 3 n
i=1

logD z piﬁlogo Pi
ThusH,; (P)=- = ,B>1,B#1 is a concave function.
log, S
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Moreover, with the help of numerical data, we have presented H (P) as shown in the following Fig.-

1.2.1 which shows that the generalized measure (1.2.1) is concave.

1.2 5

1 4
0.8
0.6 o
0.4 4

Hp(P)

0.2 4

0 L] L] L]
0 0.5 1 1.5

v
-

Fig.-1.2.1 Concavity of H,(P) with respectto P.
Hence, under the above conditions, the function H , (P) is a correct measure of entropy.

Next, we study the some most desirable properties of H ; (P).

() Hy (P> Pys Pysess Py 0) = H (D1 Py Pysees Py )
That is, the entropy does not change by the inclusion of an impossible event.
(i) For degenerate distributions, H (P) =0.

This indicates that for certain outcomes, the uncertainty should be zero.

(iil) Maximization of entropy: We use Lagrange’s method to maximize the entropy measure (1.2.1)

n
subject to the natural constraint z p,=1.
i=1

In this case, the corresponding Lagrangian is given by

IOgD z piﬁlogD P n
L=— = —i[z p, —1} (1.2.2)
i=1

log, B

Differentiating equation (1.2.2) with respect to p,, p,, p;,..., P, and equating the derivatives to zero, we

getp, = P, =...= P, . This further gives p, = %Vi

Thus, we observe that the maximum value ofH 5 (P) arises for the uniform distribution and this result

1s most desirable.
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(iv) The maximum value of the entropy is given by

H (l,l,,lj =logp N
nn n

) 11 1) . ) ) . D : ) .
Again, H (—,—,...,—j is an increasing function of n, which is again a desirable result as the maximum
nn n

value of entropy should always increase.

(v) Additivity property: LetP =(p,, p,,..., p,) and Q =(q,,0,,...,q,, ) be any two independent discrete
probability distributions of two random variables X and Y, so that

P(X =x)=p, P(Y=yj)=qj

and

P(X=x.Y =y,)=P(X=x)P(Y =y,)=pg,

For the joint distributions of X and Y, there arenmpossible outcomes with probabilities p;q;;
i=1,2,..,n and j=1,2,...,m, so that the entropy of the joint probability distribution, denoted by
P=*Q, is given by

log, .Y pa, B

Hmn P - _ i=l j=1
5" (P*Q) log, B

IOgD ii piqjﬁbgo p;+logp q;

i=1 j=1

log, B8

log, zz pg, B P glosoth

i=1 j=l

log, B8

log, [Z VAN Wik j
i=1 j=1

log, B8

logD z piﬁlogo pi IOgD quﬁloquj
i=1 _ j=1

log;, B log,, B

Thus, we have the following equality:
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H;”(P*Q)=H£,(P)+ Hg‘(Q) (1.2.3)
Equation (1.2.3) shows that for two independent distributions, the entropy of the joint distribution is
the sum of the entropies of the two distributions.

Thus, we claim that the new generalized measure of entropy of order £ introduced in (1.2.1) satisfies

all the essential as well as desirable properties of being an entropy measure; it is a new generalized

measure of entropy.

Proceeding as above, many new probabilistic measures of entropy can be developed.
1.3 NEW GENERALIZED MEASURES OF WEIGHTED ENTROPY

It is to be noted that the measure of entropy introduced by Shannon [24] takes into account only
the probabilities associated with the events and not their significance or importance. But, there exist
many fields dealing with random events where it is necessary to take into account both these
probabilities and some qualitative characteristics of the events. For instance, in two-handed game, one
should keep in mind both the probabilities of different variants of the game, that is, the random
strategies of the players and the wins corresponding to these variants. Thus, it is necessary to associate

with every elementary event both the probability with which it occurs and its weight.

Innovated by the idea, Belis and Guiasu [2] proposed to measure the utility or weighted aspect

of the outcomes by means of weighted distribution W ={w, w,, ..., w,} where each of w; is a non-

negative real number accounting for the utility or importance or weight of its outcome. Weighted
entropy is the measure of information supplied by a probabilistic experiment whose elementary events
are characterized both by their objective probabilities and by some qualitative characteristics, called

weights. To explain the concept of weighted entropy, let E;, E,, ..., E, denote n possible outcomes with
Pi, P2, - Py as their probabilities and let w;, w,, ..., w, be non-negative real numbers representing their

weights. Then, it was Guiasu [11], who developed the following qualitative-quantitative measure of

entropy:

H(P-W) == w, pylog (13.1)

i=1
and called it weighted entropy.

Some interesting results regarding weighted information have been investigated by Parkash and Singh

[19], Parkash and Taneja [21], Kapur [16] etc.

10
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Kapur [16] remarked that the expression given in equation (1.3.1) should be an appropriate measure of

weighted entropy, if it satisfies certain desirable and important properties, given below:

(1) It must be continuous, and permutationally = symmetric  function of

(P1sW; )5 (P2 W )3 (P> W ) -
(ii) H(P:W)>0.

n
(ii1) It must be maximum subject to Z P, =1when each p; is some function of w; that is, when
i=1

Pr=0(w); P2 =g (Ws);mi P =9 (Wn)-
(iv)  Its minimum value should be zero and this should arise for a degenerate distribution.

(v) It should be a concave function of p,, p,,..., P, because entropy function should always be

concave.

(vi)  Whenw, ’s are equal, it must reduce to some standard measure of entropy.

(vil)  When it is maximized subject to linear constraints, the maximizing probabilities should be

non-negative.
In this section, we have proposed some new generalized weighted parametric measures of

entropy depending upon a probability distribution P = {( P> Poseees pn), p; = O,Z P = 1} and the
i=1

weighted distribution W = {( Wy, W, ) S W, > 0} , and studied their important properties.

I. A new generalized measure of weighted entropy of order «

We first introduce a new weighted generalized measure of entropy of order o given by the

following mathematical expression:

H* (P;W {pr. ZWP.},ail a>0 (1.3.2)

To prove that the measure (1.3.2) is a valid measure of weighted entropy, we study its essential
properties as follows:

(1) H” (P;W) is a continuous function of p; for all p,’s

(i) H” (P;W) is permutationally symmetric function of p,, p,,..., P,; W,,W,,...,W, in the sense that it

must not change when the pairs (p,,w, ),(p,,W, )....,(p,, W, )are permuted among themselves.

1"
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(ii1) For degenerate distributions, H“ (P;W ) =0.
Thus, H* (P;W)>0.

(iv) Concavity: To prove concavity property, we proceed as follows:

We have
oH* (P;W) W, a1
= a-l_q
op; l-a {a P }
and
2 qa .
R (PW) (fw) =—aw,p’ <0 Va
op;

Thus, H*(P;W) is a concave function of p,, p,,..., P, -

(v) Maximization: We use Lagrange’s method to maximize the weighted entropy (1.3.2) subject to the

n
natural constraint z p; =1. In this case, the corresponding Lagrangian is
i=1

LEL{Zn:Wi pia_zn‘,wi pi}_ﬂ{zn: pi_1:| (1.3.3)
l-a| i3 i=1 i=1

Differentiating equation (1.3.3) with respect to p,, p,,..., P, and equating the derivatives to zero, we get

S—F::l‘i"; lapy -1} -2=0
%: 1"_"2(1 laps ! -1}-2=0
aa_an: IV_"na lape =1} -2=0

From the above set of equations, we have

1 (i(l—a) j”(“”
Pr=— +1

o W,
1/(a-1)
. :L[MHJ

12
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L 1/(a-1)
0 :_[ﬂﬂj

al w,

that is, each p,is a function of w;.

In particular, when the weights are ignored, then
n

P, = P, =---= P, and applying the condition that Z p; =1, weget p;= 1 Vi
i1 n

Now f(n)= L[nlf" — 1} where f (n) denotes the maximum value.

l-a

Then f'(n):%>0Va
n

which shows that the maximum value is an increasing function of nand this result is most desirable.
Moreover, with the help of numerical data, we have presented H“ (P;W )as shown in Fig.-1.3.1 which

clearly shows that the measure (1.3.2) is a concave function in nature.

H(P;W)
-
73

Fig.-1.3.1 Concavity of H* (P;W) with respect to P .

Note: If w, =1 Vi, then
n
H* (P) = %{Z pi" —l}a # 1,a > 0 which is Havrada- Charvat’s [12] measure of entropy.

Hence, under the above conditions, the function H “(P;W) proposed in equation (1.3.2) is a correct

generalized measure of weighted entropy.

13
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I1. A new generalized measure of weighted entropy of order « and type 3

We now introduce a new generalized weighted measure of entropy of order « and type 8, given by

H/(P;W)= {iwipi‘”—iwipiﬂ}a>l,ﬁ<lora<l,,B>1 (1.3.4)
i=1 i=1

1
p-a
To prove that the measure (1.3.4) is a valid measure of weighted entropy, we study its essential

properties as follows:

(i) H?(P;W) is a continuous function of p, for all p,’s.

(i1) Hf(P;W) is permutationally symmetric function of p,, p,,..., P,; W,,W,,...,W, in the sense that it

must not change when the pairs (p,,w, ),(p,,W, )....,(p,,w, )are permuted among themselves.
(iii) For degenerate distributions H ” (P;W) =0.

Thus, H”(P;W)>0.

(iv) Concavity: To prove concavity property, we proceed as follows:

B(p-
We have oH aa(:’w) = ’Bviia [Olpiml —ﬁpi/H]

and

24 B .
‘ H;(ZP’WLﬁW‘ el =1)pe2 = B(B-1)p?]<0 forall @ >1,8<1 or a<1,B>1.
P; -

Thus, H”(P;W) is a concave function of p,, p,...., p, -

(v) Maximization: We use Lagrange’s method to maximize the weighted entropy (1.3.4) subject to the

n
natural constraint z p; =1. In this case, the corresponding Lagrangian is
i=1

L ﬁia{iwi pr =YW pf’}z{i P —1} (135)

Differentiating equation (1.3.5) with respect to p,, p,,..., P, and equating the derivatives to zero, we get

14
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[ api™ = ppl - A =0

apl
ap = faps gt |- a=0
2
ap = fapyt - oyt -2 =0
From the above set of equations, we have
apafl _ﬁpﬂfl — j‘(ﬁ _a)
1 1 Wl
ap _ﬁpﬂ i(’B _a)
2 2 Wz
apafl _ﬁpﬂfl — j’(ﬁ _a)
n n W

that is, each p,is a function of w;.

In particular, when the weights are ignored, then

ap!™ = pp T =apy = ppy T = =apy = Bpl”
which is possible only if
1
pl = p2 = = pn :H .
Now f(n) ! [
—a
Then

f'(n)= ! [l_a—1_’8}>0Va>1,,8<10ra<1,,6’>1
B—al n® n’

which shows that the maximum value is an increasing function of nand this result is most desirable

since the maximum value of entropy should always increase.

Moreover, the graphical presentation ofH” (P;W) as shown in Fig.-1.3.2 clearly shows that the

measure (1.3.4) is a concave function of p;.
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Fig.-1.3.2 Concavity of H” (P;W) with respect to P .
Hence, under the above conditions, the function H # (P;W )is a correct measure of weighted entropy.

Note: If w, =1 Vi, then

1 n n
Hf(P)=—{ P — pf}
poal 2P
which is Sharma and Taneja’s [25] entropy.

Thus, we claim that under the above conditions, the function H ? (P;W )proposed in equation (1.3.4) is

a valid generalized measure of weighted entropy.

Note: In Biological Sciences, we have observed that researchers frequently use a single measure, that
is, Shannon’s [24] measure of entropy for measuring diversity in different species. But, if we have a
variety of information measures, then we shall be more flexible in applying a standard measure
depending upon the prevailing situation. Keeping this idea in mind, Parkash and Thukral [22] have
developed some information theoretic measures depending upon well known statistical constants
existing in the literature of statistics and concluded that for the known values of arithmetic mean,
geometric mean, harmonic mean, power mean, and other measures of dispersion, the information
content of a discrete frequency distribution can be calculated and consequently, new probabilistic
information theoretic measures can be investigated and developed. Some of the measures developed by

the authors are:

1(p) = G
H'(P) = nlog(nMj (1.3.6)
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H2(P) = nnl (1.3.7)
2
3 _62+M2
H(P) =T (1.3.8)
H4(P):(%j (1.3.9)

where the notationsM,G,M , and o’stand for arithmetic mean, geometric mean, power mean and

standard deviation respectively.

It is to be further observed that in statistics, the coefficient of determination r* is used in the
context of statistical models whose main purpose is the prediction of future outcomes based upon
certain related information. The coefficient of determination is the proportion of variability in a data
set that is accounted for by the statistical model which provides a measure of how well future
outcomes are likely to be predicted by the model. On the other hand, the coefficient of non-
determination, 1 —r*, the complement of the coefficient of determination, gives the unexplained
variance, as against the coefficient of determination which gives explained variance as a ratio of total
variance between the regressed variables. Since coefficient of determination measures association
between two variables, there is a need to develop a measure which gives the randomness in linear
correlation. Keeping this idea in mind, Parkash, Mukesh and Thukral [18] have proved that the
coefficient of non-determination can act as an information measure and developed a mathematical

model for its measurement.

1.4 PROBABILISTIC MEASURES OF DIRECTED DIVERGENCE

The idea of probabilistic distances, also called divergence measures, which in some sense
assess how ‘close’ two probability distributions are from one another, has been widely employed in
probability, statistics, information theory, and other related fields. In information theory, the Kullback—
Leibler’s [17] divergence measure, also known as information divergence or information gain or
relative entropy, is a non-symmetric measure of the difference between two probability distributions P
and Q. Specifically, the Kullback-Leibler (KL) divergence of Q from P is a measure of the information
lost when Q is used to approximate P. Although it is often intuited as a metric or distance, the KL
divergence is not a true metric- for example, it is not symmetric: the KL divergence from P to Q is

generally not the same as the KL divergence from Q to P.
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To make the proper understanding of the concept of distance in probability spaces, let
P=(p,,Ps,...., P,) and Q=(qy,0,,...,q,) be any two probability distributions, then we can use the

following distance measure as usually defined in metric spaces:

n

lDl(P;Q)={Z(pi—qi)2} (1.4.1)

i=l

N =

But, the Kullback—Leibler’s [17] divergence measure defined in probability spaces is given by
1 L Pi
D,(P;Q)=>_p, logq—' (1.4.2)
i=1 i

We, now observe some special features related with both types of measures (1.4.1) and (1.4.2) as
discussed below:

(1) P> Pys--+5 Py G55G,,--.,0,are not any n real numbers, these have to lie between 0 and 1 and also

n n
satisfyz P = Zqi whereas in metric spaces, the coordinates are always any n real numbers.

i=1 i=1
(i) The condition of symmetry essential for metric spaces is not so necessary in probability spaces.
This is because of the reason that we have one distribution fixed and we have to find the distance of
other distribution from it. Thus, we are essentially interested in the distances or divergences in one
direction only. Hence, the condition of symmetry is restricted and we should not necessarily impose it

on the distance measure in probability spaces.

(ii1)) We do not have much use for the triangle inequality because this inequality arises from the
geometrical fact that the sum of the lengths of two sides of a triangle is always greater than the length
of the third side. Here, since we are not dealing with geometrical distances, but with social, political,

economic, genetic distances etc., we need not to satisfy the triangle inequality.

(iv) We want to minimize the distances in many applications and as such we should like the distance
function to be convex function so that when it is minimized subject to linear constraints, its local
minimum is global minimum. Thus, we want the distance measure to be minimized subject to some
linear constraints on p;’s by the use of Lagrange’s method and the minimizing probabilities should
always be non-negative. In case Lagrange’s method gives negative probabilities, we have to minimize

this measure subject to linear constraints and non-negative conditions p; >0 and for this purpose; we

have to use more complicated mathematical programming techniques.
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We now compare the two measures, that is, (1.4.1) and (1.4.2).

(i) Both are >0 and vanish iff p; =q; Vi, thatis, iff P=0Q.

(1) 1D1 (P;Q) is symmetric but 1D2 (P;Q) will not in general be symmetric.
(ii1) 1D1 (P;Q) satisfies triangle inequality but 1D2 (P;Q) may not.

(iv) Both are convex functions of p,, p,,..., P, and ¢;,0,,...,0,-

(v) When minimized subject to linear constraints on p; ’s by using Lagrange’s method, 1D1 (P;Q) can

lead to negative probabilities but due to the presence of logarithmic term, 1D2 (P;Q) will always lead
to positive probabilities.

(vi) Because of the presence of square root in the expressionlDl(P;Q), it is more complicated in
applications than the expressionlD2 (P;Q) .

(vii) Both measures do not change if the n pairs (p;,d,),(P,,0;)s..-,( Py,0,) are permuted among

themselves.

From the above comparison, we conclude that in geometrical applications, where symmetry of
distance and triangle inequality are essential, the first measure is to be used but in probability spaces,
when these conditions are not essential, the second measure is to be preferred. In the present book,
since we have to deal with probability spaces only, we shall always use Kullback-Leibler’s [17]

divergence measure only.

Recently, Cai, Kulkarni and Verdu [5] remarked that Kullback-Leibler’s [17] divergence is a
fundamental information measure, special cases of which are mutual information and entropy, but the
problem of divergence estimation of sources whose distributions are unknown has received relatively
little attention.

Some parametric measures of directed divergence are:

1
a_

«D(P;Q)=

n
log > pg *,a#l,a>0 (1.4.3)
i=1

which is Renyi’s [23] probabilistic measure of directed divergence.
a 1 2 a l-a
DU(P;Q)=—— |2, p“ G ~lj,azl,a>0 (1.4.4)
a—1lliz
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which is Havrada and Charvat’s [12] probabilistic measure of divergence.
D 1< (1+ap,)
D,(P; log— l1+ap)log——=, a>-1 1.4.5
.(P;Q)= Zp. . a;( P) & g (1.4.5)
which is Kapur’s [16] probabilistic measure of divergence.
D, (P: Q)= Z(1+/1 o) log AP 55 (1.4.6)
S 1+ 40,

which is Ferreri’s [9] probabilistic measure of divergence.

Eguchi and Kato [8] have remarked that in statistical physics, Boltzmann-Shannon entropy
provides good understanding for the equilibrium states of a number of phenomena. In statistics, the
entropy corresponds to the maximum likelihood method, in which Kullback-Leibler’s [17] divergence
connects Boltzmann-Shannon entropy and the expected log-likelihood function. The maximum
likelihood estimation has been supported for the optimal performance, which is known to be easily
broken down in the presence of a small degree of model uncertainty. To deal with this problem, the

authors have proposed a new statistical method.

Recently, Taneja [26] remarked that the arithmetic, geometric, harmonic and square- root means
are all well covered in the literature of information theory. In this paper, the author has constructed
divergence measures based on non-negative differences between these means, and established an
associated inequality by use of properties of Csiszar’s f-divergence. An improvement over this
inequality has also been presented and comparisons of new mean divergence measures with some
classical divergence measures are also made. Chen, Kar and Ralescu [6] have observed that divergence
or cross entropy is a measure of the difference between two distribution functions and in order to deal
with the divergence of uncertain variables via uncertainty distributions, the authors introduced the
concept of cross entropy for uncertain variables based upon uncertain theory and investigated some
mathematical properties of this concept. Today, it is well known that in different disciplines of science
and engineering, the concept of distance has been proved to be very useful but its application areas can
be extended to other emerging disciplines of social, economic, physical and biological sciences by the
modification of the concept of distance. To explain the necessity for a new concept of distance for the
disciplines other than that of science and engineering, we consider the following typical problems

which are usually encountered in these emerging fields:

1. Find the distance between income distributions in two countries whose proportions of

persons in n income groups are ( Py, P, ..., P, ) and (qy, Gy, ..., ).
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2. Find the distance between balance sheets of two companies or between balance sheets of
same company in two different years.

3. Find a measure for the improvement in income distribution when income distribution

(G, 9,5, Oy )is changed to(r, T,,...,T,) by some government measures when the ideal

distribution is assumed to be( p;, P,, ..., Py )-

4. Find a measure for comparing the distribution of industry or poverty in different regions of
a country.
5. Find a measure for comparing the distribution of voters among different political parties in

two successive general elections.

Taking into consideration the above mentioned problems, we now introduce some new parametric and
non-parametric measures of directed divergence by considering the following set of all complete finite

discrete probability distributions:

Q, :{P :(p17 Paseees pn): Pi >O’Z P; :]},I’IZZ

i=1
New parametric measures of directed divergence

I. ForP,Q € Q, we propose a new measure of symmetric directed divergence given by
NPl o

DI(P;Q)=Z(q—'+p—'—2qu. (1.4.7)
i=1 i i

Some of the important properties of this directed divergence are:

(D) DI(P;Q) is a continuous function of p,, p,,..., p, and of q,,0,,...,q,.

(2) DI(P;Q) is symmetric with respect to P and Q.
(3) DI(P;Q) >0 and vanishes if and only if P =Q.
(4) We can deduce from condition (3) that the minimum value of D, (P;Q) is zero.

(5) We shall now prove that DI(P;Q) is a convex function of both P and Q. This result is important

in establishing the property of global minimum.

n 2 2
Let D,(P;Q)= f(p,, Pss-evs Po3 01, Gsseens0ly) Z(Z—%%‘—zqq
i=1 i i

2 2 2
Thus & 2P G 0°f 2 267

, = Yi=12,...,n,
o, o pi oopl a4 P
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2
and

=0 fori, j=1,2,...,n;i # |
op;op;

Similarly,

2 2 2
of _ P 2% 5 OF P2 i

o, o p o g p

2

and =0 fori, j=12,...,n;i # |

00,00,

Hence, the Hessian matrix of second order partial derivatives of f with respect to p,, p,,..., P, is

given by
_ oy -
a4 P
2 2
0 2z, 0
4, P
: 0
2 2
L 9%  Pn ]

which is positive definite. A similar result is also true for the second order partial derivatives of f with

respect to Q,,0,,...,q,. Thus, we conclude that DI(P;Q) is a convex function of both p,, p,,..., p, and

d,.9,,----0,-

15

154

Dy(P;Q)

Fig.-1.4.1: Convexity of DI(P;Q) with respect to P .
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Moreover, with the help of numerical data we have presented DI(P;Q) as shown in the Fig.-1.4.1
which clearly shows that D,(P;Q) is convex.
Under the above conditions, the function D,(P;Q) proposed above is a valid measure of symmetric

directed divergence.

II. For any P,Q € Q2 , we propose a new parametric measure of cross-entropy given by the following

expression:

Da(P;Q):i:lT,a >%,05¢1- (1.4.8)

where o is a real parameter.
To prove that (1.4.8) is an appropriate measure of cross-entropy, we study its following properties:

(1) Clearly, D, (P;Q) is a continuous function of p,, p,,..., p, and @,,d,,...,dq,.
(2) We shall prove that D, (P;Q) is a convex function of both P and Q.

n log—.

zpia % _1

Let DQ(P;Q)Z f (pl, Pysenes pn;ql’qz,_._’qn) _ =l

a-1
log%
Thusﬂ= (1+10ga)a ’
op, a—1
7t logall+logal ™
= oga(l +logaa L Vi=12,...n,
op; (a_l)pi
and
2
of =0Vi,j=12,...ni#].
op;0p;
Similarly,
logﬂ logﬂ
of _ logaa "p _loga(l+loga)x % p, Yiel2. N
aa; (O‘_I)Qi jh (O‘_l)qiz T
and
2
of =0Vi,j=12,...,n;i#].
00,00
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Hence, the Hessian matrix of the second order partial derivatives of f with respect to p, p,,..., p, 1s

given by
logﬂ
loga(l+loga)a *
0 0
(Ol _l)pl
P
0 logoz(l+logoz)0¢1g0'2 0
(Ot _l)pz
: 0
log&
0 0 loga(l+loga)a
(a —l)pn

which is positive definite. Similarly, we can prove that the Hessian matrix of second order partial

derivatives of f with respect toq,d,,...,q, is positive definite. Thus, we conclude that D,(P;Q) is a
convex function of both p,, p,,..., p, andq,,d,,...,q,. Moreover, with the help of numerical data we

have presented D, (P;Q) as shown in the Fig-1.4.2.

D,(P;Q)
= o= S 2 2 2
B L e B N
A a A a a .

ol
-
oy

Fig.-1.4.2: Convexity of D, (P;Q) with respect toP .
(3) Since P and Q are two different probability distributions, their difference or discrepancy or

distance will be minimum only if g, = p; . Thus, forg, = p,, equation (1.4.8) gives D, (P;Q)=0.
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Moreover, since D, (P;Q) is a convex function and its minimum value is zero, we must have
D, (P:Q)=>0.

Under the above conditions, the function D, (P;Q) is a valid parametric measure of cross-entropy.

Note: We have

n log—

n

Z p; log&, which is Kullback-Leibler’s [17] measure of cross-
o

i=1

lim D, (P;Q) = lim =

a—1 a—1 (04 _1 -

entropy.

Thus, D, (P;Q) is a generalized measure of cross-entropy.

Concluding Remarks: In the existing literature of information theory, we find many probabilistic,
weighted, parametric and non-parametric measures of entropy and directed divergence, each with its
own merits, demerits and limitations. It has been observed that generalized measures of entropy and
divergence should be introduced because upon optimization, these measures lead to useful probability
distributions and mathematical models in various disciplines and also introduce flexibility in the
system. Moreover, there exist a variety of innovation models, diffusion models and a large number of
models applicable in economics, social sciences, biology and even in physical sciences, for each of
which, a single measure of entropy or divergence cannot be adequate from application point of view.
Thus, we need a variety of generalized parametric measures of information to extend the scope of their
applications. But, one should be interested to develop only those measures which can be successfully
applied to various disciplines of mathematical, social, biological and engineering sciences. Keeping
this idea in mind, we have developed only those measures which find their applications in next

chapters of the present book.
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CHAPTER-II

GENERALIZED MEASURES OF FUZZY ENTROPY-THEIR PROPERTIES
AND CONTRIBUTION

ABSTRACT

In the existing literature of theory of fuzzy information, there is a huge availability of
parametric and non-parametric measures of fuzzy entropy each with its own merits and limitations.
Keeping in view the flexibility in the system and the application areas, some new generalized
parametric measures of fuzzy entropy have been proposed and their essential and desirable properties
have been studied. Moreover, we have measured the partial information about a fuzzy set when only
partial knowledge of fuzzy values is given. The generating functions for various measures of fuzzy
entropy have been obtained for fuzzy distributions. The necessity for normalizing measures of fuzzy

entropy has been discussed and some normalized measures of fuzzy entropy have been obtained.

Keywords: Uncertainty, Fuzzy set, Fuzzy entropy, Concave function, Monotonicity, Partial
information, Generating function.

2.1 INTRODUCTION

It is often seen that in real life situations, uncertainty arises in decision-making problem and
this uncertainty is either due to lack of knowledge or due to inherent vagueness. Such types of
problems can be solved using probability theory and fuzzy set theory respectively. Fuzziness, which is
a feature of imperfect information, results from the lack of crisp distinction between the elements
belonging and not belonging to a set. However, the two functions measure fundamentally different
types of uncertainty. Basically, the Shannon’s [19] entropy measures the average uncertainty in bits

associated with the prediction of outcomes in a random experiment.

The concept of fuzzy entropy which is peculiar to mathematics, information theory, computer
science, and other branches of mathematical sciences tracing to the fuzzy set theory of Iranian-born
American electrical engineer and computer scientist Lotfi Zadeh, who extended the Shannon’s [19]
entropy theory to be applied as a fuzzy entropy of a fuzzy subset for a finite set, is the entropy of a
fuzzy set, loosely representing the information of uncertainty. After the introduction of the theory of

fuzzy sets, it received recognition from different quarters and a considerable body of literature
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blossomed around the concept of fuzzy sets. A fuzzy set “A” is a subset of universe of discourse U,

characterized by a membership function g (X) which associates to each XxeU, a membership value
from [0, 1], that is, ua(X) represents the grade of membership of X in “A”. When p(X) takes a value

only 0 or 1, “A” reduces to a crisp or non fuzzy set and 1 (X) represents the characteristic function of

the set “A”. The role of membership functions in probability measures of fuzzy sets has well been
explained by Singpurwalla and Booker [21] whereas Zadeh [24] defined the entropy of a fuzzy event

as weighted Shannon [19] entropy. Kapur [8] explained the concept of fuzzy uncertainty as follows:

The fuzzy uncertainty of grade x is a function of x with the following properties:

I f(x)=0whenx=0orl.

f (x) increases as x goes from 0 to 0.5
f (x) decreases as x goes from 0.5 to 1.0

IV. f(x)=f(1-x)

It is desirable that f (X) should be a continuous and differentiable function but not necessarily.

Some Definitions

Consider the vector {/,tA(Xl),/,tA (%, ), eees (X, )}

If 11,(x )= 0 then the ith element certainly does not belong to set A and if p,(x)=1, it definitely

belongs to set A. If u, (Xi ) = 0.5, there is maximum uncertainty whether X, belongs to set A or not. A

vector of the type in which every element lies between 0 and 1 and has the interpretation given above,

is called a fuzzy vector and the set A is called a fuzzy set.

If every element of the set is 0 or 1, there is no uncertainty about it and the set is said to be a

crisp set. Thus, there are 2" crisp sets with n elements and infinity of fuzzy sets with n elements. If
P Y y y

some elements are 0 and 1 and others lie between 0 and 1, the set will still said to be a fuzzy set.
With the ith element, we associate a fuzzy uncertainty f (/,t A (Xi )) , when f (X) is any function which

has the four properties mentioned above. If the n elements are independent, the total fuzzy uncertainty

is given by the following expression:

Zn:f{”A(Xi)}'

i=1
This fuzzy uncertainty is very often called fuzzy entropy.
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Keeping in view the fundamental properties which a valid measure of fuzzy entropy should
satisfy, a large number of measures of fuzzy entropy were discussed, investigated, characterized and

generalized by various authors, each with its own objectives, merits and limitations.

Thus, De Luca and Termini [2] suggested that corresponding to Shannon’s [19] probabilistic entropy,

the measure of fuzzy entropy should be:

n

H(A) == | a1 (% )1og a1, (X )+ (1= 14 (X)) og (1= 12 (%)) ] (2.1.1)

i=1

Bhandari and Pal [1] developed the following measure of fuzzy entropy corresponding to Renyi’s [17]
probabilistic entropy:

HL (W) =3 log (%) + (1=, (4))°} @ # L >0 (2.12)

i=1
Kapur [8] took the following measure of fuzzy entropy corresponding to Havrada and Charvat’s [6]

probabilistic entropy:

H“(A):(l—a)li [{uA“(Xi) + (1= ()"} —1],05 £, >0 (2.1.3)

Parkash [13] introduced a new measure of fuzzy entropy involving two real parameters, given by

H W =10-0) BT Y [{ 00+ (=)} =1} a2 1 >0, 20 (2.1.4)

i=1

and called it (a, ) fuzzy entropy which includes some well known measures of fuzzy entropy.

Rudas [18] discussed elementary entropy function based upon fuzzy entropy construction and
fuzzy operations and also defined new generalized operations as minimum and maximum entropy
operations. Hu and Yu [7] presented an interpretation of Yager’s [22] entropy from the point of view
of the discernibility power of a relation and consequently, based upon Yager’s entropy, generated some
basic definitions in Shannon’s information theory. The authors introduced the definitions of joint
entropy, conditional entropy, mutual entropy and relative entropy to compute the information changes
for fuzzy indiscernibility relation operations. Moreover, for measuring the information increment, the
authors proposed the concepts of conditional entropy and relative conditional entropy. Yang and Xin
[23] introduced the axiom definition of information entropy of vague sets which is different from the
ones in the existing literature and revealed the connection between the notions of entropy for vague
sets and fuzzy sets and also provided the applications of the new information entropy measures for

vague sets to pattern recognition and medical diagnosis.
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Guo and Xin [5] studied some new generalized entropy formulas for fuzzy sets and proposed
new idea for the further development of the subject. After attaching the weights to the probability
distribution, Parkash, Sharma and Mahajan [15, 16] delivered the applications of weighted measures of
fuzzy entropy for the study of maximum entropy principles. Osman, Abdel-Fadel, El-Sersy and
Ibraheem [11] have provided the applications of fuzzy parametric measures to programming problems.
Li and Liu [10] have extended the applications of fuzzy variables towards maximum entropy principle
and proved that the exponentially distributed fuzzy variable has the maximum entropy when the non-
negativity is assumed and the expected value is given in advance whereas the normally distributed

fuzzy variable has the maximum entropy when the variance is prescribed.

Some other developments, proposals and other interesting findings related with the theoretical
measures of fuzzy entropy and their applications have been investigated by Ebanks [3], Klir and Folger
[9], Kapur [8], Pal and Bezdek [12], Hu and Yu [7], Parkash and Sharma [14], Singh and Tomar [20]
etc. In section 2, we have introduced some new generalized measures of fuzzy entropy and studied

their detailed properties.

2.2 NEW MEASURES OF FUZZY ENTROPY FOR DISCRETE FUZZY
DISTRIBUTIONS

In this section, we propose some new generalized measures of fuzzy entropy. These measures are

given by the following mathematical expressions:

DH(A) = —é{i[ui‘”““‘)(xih (1= pa, (%)) 700 — 2]};0: >0 (2.2.1)

i=1

Under the assumption 0°“ =1, we study the following properties:

(i) When 11, (x)=00r1, H"(A)=0

2n[22—1j

(i) When u, (x,) = 1, H*(A)=——2
2

a2

Hence, H/"(A)is an increasing function of g, (X;) for 0< i, (X;) < %

(ii1) H{" (A)is a decreasing function of u,(X;) for % S (x) <1
(iv) H'(A) >0

(v) H/ (A)does not change when p,(X;) is changed to (1—,(X;)).
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(vi) Concavity: To verify that the proposed measure is concave, we proceed as follows:

We have
aHla(A) ap, (%) a(l=pa(X))
-1~ 7 AV +1 X)—11— X 1+log(l— X
o0 | 150 {1 Tog gy (%) = {1= 1 (%)} {1+10g(1- 1, (x )} |
Also
app ()1 apa(X;) 2 a(l-pp(x))-1

_ Ha T Uy a{l—i_log;uA(Xi)} +{1_:uA(Xi)}
IHI(A) _ <0
alui(Xi)

e {l_luA(Xi)}a(lfﬂA(Xi)) {1+10g(1—‘uA(XI))}2

Hence, H/"(A)is a concave function of uz, (X;) .
Under the above conditions, the generalized measure proposed in equation (2.2.1) is a valid measure of
fuzzy entropy. Next, we have presented the generalized measure H(A)graphically in Fig.-2.2.1

which clearly shows that the fuzzy entropy is a concave function.

08 «
0.7 1
0.6 1
05 1
04 1
0.3 1

0.2 4

H;"(A)

0.1 4

na(xi)

Fig.-2.2.1 Concavity of H(A) with respect to 1, (X;)
Next, we study a more desirable property of the generalized measure of fuzzy entropy H” (A).

Maximum value
oH(A)

Taking . (%)
A%

:0,WegetuA(Xi):%
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aZH“(A)} [ 22 )
Also| —5— =—|2 2+a.2 2(1-log2) |<0
{ a/J/i(xi) ( )

A% ):15

. . 1 .
Hence, the maximum value exists at 1, (X;) = 5 If we denote the maximum value by f (n ) , we get

f(n):z—n[l—zgj
(04

Also f'(n) =3(1—22j >0
a

Thus, the maximum value is an increasing function of n and this result is most desirable.

ap (1=, OOF T =24 1, (%) log g1, (%)
IMH(AW)=-—— Zwi ;W 20,a>0 (2.2.2)
a

| {1 00 log {1 1, ()}

Under the assumption that 0°* =1, we study the following properties

(i) When 11, (x)=00r1, H*(AW)=0

(i) When 1, (X;) =%,

YRS

2[2
HI(AW) =———=

_1j
+l10g2 Zwi >0
a.2? “ =

Hence, H,"(A;W)is an increasing function of u,(X;) for 0< pu,(X;) < %

(ii1) H(A;W)is a decreasing function of x,(x;) for % S (x) <1

(iv) HF(AAW)=0
(v) H(A;W)does not change when p,(x;) is changed to(1 -, (X)) .

(vi) Concavity: To verify that the proposed weighted measure is concave, we proceed as follows:

We have
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Heaw) 1 L0 (14 Tog 1, (%)} — {1 11, 0} e {1+ Tog (1 - g1, (%))}
o AL

Opn (%) +log u, (X)) —log(1— (X))

Also

apn (%)~ app (% 2 a(l-pp (x)-1

a,uAuA( . 1+a2,uAﬂA( X {1+10g,uA(Xi)} +a{l_,UA(Xi)}
2 a .

THIAW) 1,

a,UA(Xi) o . ) 1 1

2 a(l-pp (%
+a” 1= (%) Ui+ log(l— pa(X)f + +
= ha(x)) { <4} (%) 1= pa(%) |

Hence, H" (A;W) is a concave function of 11, (X;) .
Under the above conditions, the generalized measure proposed in equation (2.2.2) is a valid measure of
weighted fuzzy entropy. Next, we have presented the fuzzy entropy H(A;W) in Fig.-2.2.2 which
clearly shows that the fuzzy entropy is a concave function.

45

4
15

Hi%(A;W)

na(xi)
Fig.-2.2.2 Concavity of H”(A;W) with respect to 1, (X;)
Moreover, we have studied the following desirable property of the generalized measure of fuzzy
entropy:
Maximum value
oH[ (A;W)

Taking . (%)
A%

1
=0, wegetpp(X) =2
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2 a .
Al{w} 0
O (%)

#A(Xi):E

1
Hence, the maximum value exists at £, (X;) = 5 and is given by

Max.H* (A;W) = {3[1— Zj log2 }Z (2.2.3)
[04

=1
Note: If we ignore the weights and denote the maximum value of the fuzzy entropy by f(n), then

equation (2.2.3) becomes

f(n)=n[£[l—2jj+loi2:|
(04 (04

Then

f'(n) = { (1 2§j logz}o
[04

Thus, the maximum value is an increasing function of n and this result is most desirable.

2.3 MONOTONIC CHARACTER OF NEW MEASURES OF FUZZY ENTROPY

In this section, we discuss the monotonic character of the measures of fuzzy entropy proposed in the
above section.

I. From equation (2.2.1), we have

dHla(A) 1 {Zn:': app (% )+1(X )log ‘LlA(X )+ (1 ‘LlA(X ))a(l 1A (X )+1 log(l ‘LlA(X )):I}
da i=1
alz Zn { auA(x>(X)+(1 L4 (X, ))a(l 1 04)) 2}
or

2 GHEA) a{

da D a0 () log gy (%) + (1= g4 (%)™ log(1 - uA(x»]}

i=1

+i{ a.uA(X)(X Y+ (1- /JA(X ))a(l HA (%) 2}

i=1
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‘LlZ.uA(Xi)(Xi){l —ay, (%) log ,UA(Xi)}

= Z (2.3.1)

(= gy () O 1 — (1= g1, (%)) Tog(1— g, (%)} =2

Let f (x) =] x™ {I-axlog X} + (1-x)""™ {l—a(1-x)log(1 - x)} -2 | ;x <1

Also, we have the following inequality:
X—Xxlogx—-1<0, (2.3.2)

Rewriting equation (2.3.1) and applying the inequality (2.3.2), we get

FO0 =| {x =xlogx 1} +{(1= )" (1= %" log(1-)“"™* -1} | <0

aH A

Hence equation (2.3.1) gives that q
o

Thus, H”(A) is a monotonically decreasing function Vo .

II. From equation (2.2.2), we have

dH/(AW) 1
- o

- W 007 () Tog pa (5 +{1= 06} log {1- 1, )}}}
a =1

au (X o (l=pp(X%))
L (%) A+ 1= g, (x)L T 2

n

1
t— dw,

i=1

+ (%) 1og 11, 04) +{1= 1, (%)} log {1 = 1, (%)}

or

[ 120 () {1— gt (%) log 1, (X))

e dHf(j(s;W) _ Zn:Wi L L (1 (1= 1y (%)} og {1— 1, (%)

+ 11, (X)10g £1, (%) +{1— 1, (X))} log {1— 1, (X))} —2

(2.3.3)
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Taking g(X) = X*(1-axlog X) + (1-x)*" {1-a(1-x)log(1 - X)} + X log X+ (1= X) log(1- X) = 2; x < 1

Rewriting the above equation, we get

X" =xTog X =1} +{(1= 3" = (1=x)“ " log(1 - )" ~1}

g(x)= (2.3.4)
+{xlog x+(1-x)log(1-X)}

Further, let f (X) = Xlog X+ (1—Xx)log(l1—-X), then

f(x)=f(1-x) and f (X)=—f (1-X)
Also f(0)= f(1)=0. Since f(X)is convex, we have

f(x)<0 forall 0<x<I (2.3.5)
Applying (2.3.2) and (2.3.5), we get g(x)<0.

dHY (AW) _,
—L =<

Hence equation (2.3.3) gives that

Thus, H (A;W) is a monotonic decreasing function of o.
Next, we have presented H,” (A;W) graphically and obtained the following figures 2.3.2 and 2.3.3.

Case-I: For o > 1, we have

Hi%(A;W)

Fig.-2.3.2 Monotonicity H” (A;W) for o > 1

Case-II: For 0 <a <1, we have
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Hi%(A;W)

Fig.-2.3.3 Monotonicity H" (A;W)for0 <a <1

The above figures clearly show that the generalized weighted fuzzy entropy H/(AW) is a

monotonically decreasing function ofa for eacha.

2.4 PARTIAL INFORMATION ABOUT A FUZZY SET-A MEASUREMENT
We know that if we know all the fuzzy values 11, (X)), 1, (X,), tn(X;),..., 15 (X, ) Of a fuzzy set A,

then we have the complete knowledge or full information about the fuzzy set A. If we have some

knowledge about these fuzzy values g, (X,), Ha(X,), Ha(X;),..., (X)), then this knowledge will not

enable us to determine these fuzzy values uniquely. Thus, we have only partial information about the
fuzzy set. We know that the information supplied by this incomplete knowledge is always less than the
full information and this gives birth to a new problem that how to find a quantitative measure for this
information which will show how less is this partial information. To solve this problem, we make use

of the parametric measure of fuzzy entropy introduced in equation (2.2.1).

We know that the fuzzy entropy (2.2.1) is maximum when each p,(X;) = % , that is, when the fuzzy set

A is most fuzzy set. Also, it is minimum when 2, (X,) = 0 or 1, that is, when the set is crisp set. Thus,

we see that the model (2.2.1) measures the fuzziness of the set A.

Now, if we do not know p2, (X)), L5 (X,), ta(X;),..., s (X,), €ach of these can take any value

between 0 and 1. In this case, the maximum value of the fuzzy entropy is given by
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Hrw], -2k @4

and the minimum entropy is given by

[HE®], =0 (2.4.2)

Thus, the expression for fuzziness gap is given by

Fuzziness gap=| H{'(A)| —|H/(A)] = @[l - j/z } (2.4.3)
max min a 2

Now, if we are given some knowledge about the fuzzy values, it can only decrease [Hl‘”(A)]

max

and increase[Hl"‘ (A)] . From this discussion, it is obvious that this knowledge reduces the fuzziness

gap and this reduction is due to the information given by the partial knowledge. Thus, we conclude that
the information given by the partial knowledge is the difference between fuzziness gap before and after
we use this information. Thus, the information provided by the partial knowledge can be calculated

and to calculate this information, we discuss the following cases:

Case-1: When one or more fuzzy values are known

Suppose only one fuzzy value 1,(X,) is known and all others are unknown. Then, we have

) (i e 2(n-1 1
[H; (A)]max=—Z{uA"*““(xk)+(1—uA(xk)) (a0 ol (a )[1—20/2} (2.4.4)
and
a 1 opip (%) a(l=pp (X))
LRI _Z{”A (%) + (1= 12, (%) -2} (2.4.5)

From equations (2.4.4) and (2.4.5), we have

_2(n-D [1_ 1/2} (2.4.6)
a 2%

[HEW] -[HEW]

Thus, from equations (2.4.3) and (2.4.6), we have

o . 1
Reduction in fuzziness gap = 2[1 - }
a

2a/2

Thus, the fuzzy information received by the partial knowledge, when only one fuzzy value is known, is

given by the following equation:

II(A)=£[1—%} (2.4.7)
a 2
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Case-1I: When only a range of fuzzy values is known

Suppose we are given only that u,(X,) lies between two fuzzy values a and b, and no other

knowledge about the fuzzy values is given. Then, the maximum fuzzy information is given by

':HIQ(A)} = max [_é{‘uZHA(Xk)(Xk)_'_(l_luA(Xk))a(lHA(Xk)) _2}:|+ 2(n—1) |:1_ 1 :| (248)

max  a<p,(X)<b (04 2a/2

and the minimum fuzzy information is given by

[HA(A)] = min [—l{uz““*“(xk) (L pg (%)) ) —2}} (2:4.9)
min aspua(x)<b (04
Thus fuzziness gap = 2(2_ D [1 - 23/2 } +{H,(A) = H,(A)} (2.4.10)

where

asia(xc)<b

1 apa(X a(1—pa (X
H,(A)= max [_;{,UAHA( D (X )+ (1= (%, ) a0 —2}}

and

aspa(X)sb

1 1 app (X a(l—pp (X
H,(A)=__min [—;{uA"“ Y(4) + (L= 1 (%)) >>—2}}

Now, as shown in Fig.-2.4.1, the following three cases arise:

(a) If a<0.5and b<0.5, then the maximum value arises when u,(X,)=b and the minimum

value arises when u,(X,)=a.

H'(A)

v

0 a b 0|.5 a b 1
Ha(X) —

Fig.-2.4.1 Presentation of H(A) for optimality
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(b) If a>0.5and b>0.5, then the maximum value arises when ,(X,)=aand the minimum value
arises when 1, (x,)=Db.

(c) If a<0.5and b>0.5, and also |a - b|<0.5, then

(1) The maximum occurs at aifa>1-band at b ifa<1-b.

(i1) The minimum occurs at aif b<l—aandat b ifb>1-a.

Thus, we see that in every case, the optimum values can be calculated and consequently, the fuzziness
gap can be obtained.

Example: For n=10and a =2, let u,(X,) lies between 0.1and (0.7, then maximum will take place at

Un(X,)=0.7 and the minimum will take place at 1, (x,)=0.1.

Thus | H{(A)| =4.95375 and

max

[Hf’(A)] =0.27095

Thus, the fuzziness gap = 4.6828
Hence, we see that the fuzzy information received by the partial knowledge, when only a range of
fuzzy values is known, is given by the following equation:
2n 1
1,(A) =—[1—W}—4.6S345 =0.3172
o

whereas

o[ 1
|1(A)=Z[1—2a/2}=0.5

Thus 1,(A) <1,(A)
Hence, we conclude that the information supplied by the partial knowledge of the range of fuzzy value

U(X,) 1s always less than the information supplied by the exact value of 1, (X, ) and this result finds

total compatibility with real life problems.

Case-111: When a relation is specified between the fuzzy values

Suppose that the fuzzy values are connected by the following relation:

HA(X) + pa (X)) + i (K) + ot 1, (X)) =K (2.4.11)

In this case, we see that, maximum value arises when
k
,UA(Xl):,uA(Xz):,UA(X3):~~~:,UA(Xn):H (2.4.12)

and this maximum value is given by
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n| (k)% BE!

[Hl‘”(A)] = {—} +{1——} -2 (2.4.13)
max a n n

For obtaining the minimum value, we consider the following two cases:

(a) The minimum value of this entropy arises when some of the values are unity and the others are

zero, that is, when the set is a crisp set and this is possible only if k is positive integer.

Thus, we have [ H (A)]

Hence, in this case, we have

[Hla(A)l ~[Hr (A)]mm __n {%}aEJr{l_%}a{lE}_z

min

(04

Consequently, the weighted information supplied by the constraint (2.4.11) is given by the following

relation:

-2 g o

(b) In case, k is not an integer, then minimum value is obtained by

[He ] = [{{ R ke iyt 2}}

Thus, we have

LRI (A)]mm TEry R {1_k+[k1}a{1mﬂ}_{g}“n_ {1_ 5}“{%}

n

Consequently, the information supplied by the constraint (2.4.11) is given by the following relation:

n 1 alk-Tk]} (kK] [k a% k a{k%}
e e L3 A (E S 13 R L N IR oars

n

Proceeding on similar lines, the partial information about a fuzzy set can be measured by using various

measures of fuzzy entropy.

2.5 GENERATING FUNCTIONS FOR MEASURES OF FUZZY ENTROPY

Golomb [4] defined an information generating function for a probability distribution, given by
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ft)=->p 2.5.1)
i=1
with the property that,
n
£ (1)==2_plogp (2.5.2)
i=1

which is Shannon’s [19] measure of entropy for the probability distribution P and thus showed

that f (t) gives the expression for the generating function for Shannon’s [19] measure of entropy.

Similar expressions of generating functions for measures of fuzzy entropy can be obtained upon
extending the idea for fuzzy distributions. Let the fuzzy information scheme defined on the fuzzy set

A is given by

A (X)) (X)) e pin (X))

where 1,(X);1=1,2,...,nis a membership function.
n

We define f(t)=-)_ [y;(xi)+(l—uA(xi))t} so that

i=1

f'(l)=_i [#A(Xi)log:uA(Xi)+(1_:uA(Xi))log(l_:uA(Xi))}

i=1
Thus, f (t) gives the expression for the generating function for De Luca and Termini’s [2] measure of

fuzzy entropy.

Below, we discuss some generating functions for different measures of fuzzy entropy:

I. Generating function for Kapur’s [8] measure of fuzzy entropy of order « and type f

We know that Kapur’s [8] measure of fuzzy entropy of type «, f is given by
v {0+ (= ()}

1
=—>1 >1,p<1 <Lp=1 253
Ha,ﬁ(A) B-a ; o {,uAﬁ(Xi)‘i‘(l—,uA(Xi))ﬁ}’a =hpsloraslpz 23
Let us now consider the following function:
fa,ﬂ (t) = B ia _ [{:uAa (Xi)+ (l - :uA(Xi ))a }t - {:uAﬂ (Xi )+ (l - :uA(Xi ))ﬂ }t] s a#p (2.5.4)
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Takingt =1, equation (2.5.4) gives

1 n

fos (1) = B—a ;[ﬂAa (Xi)+(1_:uA(Xi))a _:uAﬁ(Xi)_(l_;uA(Xi))ﬁJ s a P (2.5.5)

which is fuzzy entropy introduced by Kapur [8].

Now differentiating equation (2.5.4) with respect tot, we have

[3 X, )+ (1= 1, (%)) }t log{uA“(Xi)Jr(l—ﬂA(Xi))a} (2.5.6)

- {/JA (Xi )+ (l - :uA(Xi ))ﬂ }t log {/JAﬂ (Xi )+ (l - :uA(Xi ))ﬂ }]
Taking t =0, equation (2.5.6) gives the following expression:

p-a [log{uA () (l_uA(X‘))a}_k’g{”Aﬂ(Xi)+(1—uA(xi))ﬂ}}

which is fuzzy entropy (2.5.3) introduced by Kapur [8]. Thus, f, , (t) can be taken as a generating

fa

f'a,ﬂ (0)

function for Kapur’s [8] measure of fuzzy entropy.

Also we have the following results:

@ =5 2 6= 06y -]

which is Kapur’s [8] fuzzy entropy.

) Far(0)= 2 D loglua” ()= (-,

which is Bhandari and Pal’s [1] measure of fuzzy entropy.

I1. Generating function for Bhandari and Pal’s [1] measure of fuzzy entropy

We have already expressed Bhandari and Pal’s [ 1] measure of fuzzy entropy in equation (2.1.2).

Let us now consider a function

=5 aZ{{uAa/ﬂ (1= pa (x ))a/ﬂ} —ﬁ}aiﬁ,a#l,ﬁw (2.5.7)

wa ( =LZ[uZ(Xi)+(l—uA(Xi))“ ~1fa#1 (2.5.8)

1 o i

which is a measure of fuzzy entropy introduced by Kapur [8] and it corresponds to Havrada Charvat’s

[6] probabilistic entropy.
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Now differentiating equation (2.5.7) with respect tot, we have
' 1 < alp alp)' alp alp
fop(t) = a {ﬂA (%) +(1=1a(x)) } 10g{MA (x)+(1=ua(x)) } (2.5.9)
i=1
Takingt =0,B =1, equation (2.5.9) gives the following expression:
' |- a
Fur (0) = togfans” (x)+(1-a (%))
i=1
which is Bhandari and Pal’s [1] measure of fuzzy entropy and it corresponds to Renyi’s [17] measure
of probabilistic entropy.

Thus, the function f, , (t) can be taken as a generating function for Bhandari and Pal’s [1] measure of

fuzzy entropy.
Proceeding on similar lines, the generating functions for various measures of fuzzy entropy can be

developed.

2.6 NORMALIZING MEASURES OF FUZZY ENTROPY

We first of all discuss the need for normalizing measures of fuzzy entropy. We know that De

Luca and Termini’s [2] measure of fuzzy entropy is given by

H(A>=—§ [ 123 (% )log a1, (%) + (1= 12 (%) log (1= 5 (%)) | (2.6.1)

This entropy measures the degree of equality among the fuzzy values, that is, the greater the equality

among, £, (X,), U (X,),..., H,(X,), the greater is the value of H(A) and this entropy has its maximum

value nlog2 when all the fuzzy values are equal, that is, when each p,(X;) =% .

Thus, we have

H(F)=nlog2 (2.6.2)
11 1| . e
where F = {5,5,,5} is the most fuzzy distribution.

The entropy (2.6.1) also measures the uniformity of A or ‘closeness’ of A to the most fuzzy
distribution F , since according to Bhandari and Pal’s [1] measure, the fuzzy directed divergence of A
from F is given by

n

D(AF) =2, {uA(Xi) log % +(1- py(x,)) log LHal%) _l‘;’;(x‘)}

i=1

=nlog2—H(A) (2.6.3)
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(This is to be remarked that we shall discuss Bhandari and Pal’s [1] measure of fuzzy directed
divergence in Chapter-III)

Thus, greater the value of entropy H(A), the nearer is A toF . This entropy provides a measure of
equality or uniformity of the fuzzy values ,(X,), s (X,),..., 14(X,) among themselves. Now, let us
consider the following fuzzy distributions:

pa(X)=(0.4,0.4,0.4,0.4) and 15(x)=(0.3,0.3,0.4,0.4,0.4)

Then, we have

H(A)=12734 andH (B)=1.5825>H (A)

We want to check which fuzzy distribution is more uniform or in which distribution the fuzzy values

are more equal? The obvious answer is that fuzzy values of A are more equal than the fuzzy values of

B. Thus, A is more uniformly distributed than B but still H (A) < H (B).

From the values of the two fuzzy entropies, it appears that B is more uniform than A which is
obviously wrong and this fallacy arises due to the fact that the fuzzy entropy depends not only on the
degree of equality among the fuzzy values; it also depends on the value ofn. So long as nis the same,
entropy can be used to compare the uniformity of the fuzzy distributions. But, if the number of
outcomes are different, then fuzzy entropy is not a satisfactory measure of uniformity. In this case, we
try to eliminate the effect ofnby normalizing the fuzzy entropy, that is, by defining a normalized
measure of fuzzy entropy as

Toan.  HA)
H(A) max H(A) (2.6.4)

It is obvious that
0<H(A)<1 (2.6.5)
For De Luca and Termini’s [2] measure of fuzzy entropy, we have

' [:uA(Xi) log:uA(Xi) + (I—MA(Xi))IOg(l—MA(Xi))]

H(A)=-- =1.05754
4log?2

and

H (B) = 1.05149

Obviously, H (A) >H (B)

Thus, A is more uniform than B . This gives the correct result that B is less uniform than A. Thus, to

compare the uniformity, or equality or uncertainty of two fuzzy distributions, we should compare their
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normalized values and not the exact ones. Some of the normalized measures of fuzzy entropy are

discussed below:
I. Normalization of Parkash’s [13] measure of fuzzy entropy

Parkash [13] introduced the following measure of fuzzy entropy:

n

H, A =[0-0) BT Y | { )+ =m0} =1 @=L >0, 20 (2.6.6)
The maximum value of (2.6.6) is given by

HA(A)] =N frews 2.6.7
RGN } (26.7)

Thus, the expression for Parkash’s [13] normalized measure is given by

) [{ 00 + =, ()"} _1}

B _i=1
[HI(A)], = oY F (2.6.8)
I1. Normalization of Parkash and Sharma’s [14] measure of fuzzy entropy of order a
Parkash and Sharma [14] introduced the following measure of fuzzy entropy:
H, (A)=)[ log (1+aum, (x))+log(1+a(1-,(x))) - log(a+1) |; a>0 (2.6.9)
i=1
The maximum value of (2.6.9) is given by
{ a+2 }2
2
H (A =nlog————— 2.6.10
[H.(A)],,, =nlog——"— (2.6.10)
Thus, the expression for Parkash and Sharma’s [14] normalized measure is given by
[log(lJrayA (Xi))+log(1+a(l—uA(Xi)))—log(a+l)}
[H.(A)] == (2.6.11)

nlog
I+a

Proceeding on similar lines, we can obtain maximum values for different fuzzy entropies and

consequently, develop many other expressions of the normalized measures of fuzzy entropy.

Concluding Remarks: Information theory deals with the development of probabilistic and fuzzy

measures of information. The necessity of developing fuzzy measures arises when the experiment
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under consideration is non-probabilistic in nature. In such cases, we explore the idea of fuzzy

distributions instead of probability distributions and consequently, develop fuzzy measures of entropy

which can be successfully applied to different fields. In the present chapter, we have introduced some

new parametric measures of fuzzy entropy by considering fuzzy distributions and proved that these

measures satisfy all the necessary and desirable properties of being measures of fuzzy entropy.

Moreover, with the help of these measures, we have measured the partial information about a fuzzy set

when only partial knowledge of the fuzzy values is provided. Regarding these fuzzy distributions, we

have shown that while comparing two or more fuzzy distributions, we should compare their

normalized values and not their exact values.
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CHAPTER-III

NEW GENERALIZED MEASURES OF FUZZY DIVERGENCE AND THEIR
DETAILED PROPERTIES

ABSTRACT

It is known fact that the existing literature of mathematics contains a variety of distance
measures applicable to various disciplines of science and engineering. Similarly, in the field of
information theory, especially while dealing with fuzzy distributions, we have a large number of
mathematical models representing measures of fuzzy divergence, each with its own merits and
limitations. Keeping in view the application areas of these divergence measures, we have introduced
some new generalized parametric measures of fuzzy divergence and studied their important properties.
These fuzzy divergence measures can be used to generate new measures of fuzzy entropy, the findings
of which have been presented in the present chapter. The concepts of crispness and generating
functions have been explained, and some crispy measures and the generating functions for some

divergence measures have been obtained.

Keywords: Directed divergence, Fuzzy divergence, Cross entropy, Fuzzy entropy, Convex function,
Probability distribution, Crispness, Generating functions.

3.1 INTRODUCTION

In various disciplines of science and engineering, the concept of distance has been proved to be
very important and useful because of its applications towards the development of various mathematical
models. In the literature of information theory, one such a measure of distance in probability spaces,
usually known as directed divergence has been provided by Kullback and Leibler [13]. In case of fuzzy
distributions, distance measure is a term that describes the difference between fuzzy sets and can be

considered as a dual concept of similarity measure.

Many researchers, such as Yager [23], Kosko [12] and Kaufmann [11] have used distance
measure to define fuzzy entropy. Using the axiom definition of distance measure, Fan, Ma and Xie [6]
developed some new formulas of fuzzy entropy induced by distance measure and studied some new
properties of distance measure. Dubois and Prade [5] defined the distance between two fuzzy subsets
on a fuzzy subset of R*. Rosenfeld [20] defined the shortest distance between two fuzzy sets as a
density function on the non-negative reals, and this definition generalizes the definition of shortest

distance for crisp sets in a natural way.
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Thus, corresponding to Kullback and Leibler [13] divergence measure, Bhandari and Pal [2]

introduced the following measure of fuzzy directed divergence:

N Ha (X)) 1-pa (%)
D(A:B)=) )1 1= pa(%))1 3.1.1
(A:B) 2 Ha (%) (%) + (1= Ha (%)) o (%) (.1.1)

Corresponding to Renyi’s [19] and Havrada and Charvat’s [9] probabilistic divergence measures,

Kapur [10] took the following expressions of fuzzy divergence measures:

D, (A: B)=ﬁi log[ 15 (%) g “ () + (1= 1, (XN (1= g (X )™ ];a #La>0 (3.1.2)
and
D“(A:B) =ﬁ D [ a7 06) 15" (4) + (1= gty (%)) (1= g1y () 1 # 1,00 >0 (3.13)

Tran and Duckstein [22] developed a new approach for ranking fuzzy numbers based on a
distance measure and introduced a new class of distance measures for interval numbers that takes into
account all the points in both intervals, and then used it to formulate the distance measure for fuzzy
numbers. The approach has been illustrated by numerical examples. Motivated by the standard
measures of probabilistic divergence, Parkash and Sharma [17] introduced the following model for
fuzzy directed divergence corresponding to Ferrari’s [7] probabilistic divergence:
1+a(l- (%))

D,(A: B)Zli (1+a‘uA(Xi))10gM+{l+a(l—uA(Xi))}log1+a(1_u (X.))

a‘g 1+ag (%)

,a>0 (3.1.4)

Kapur [10] introduced the following measures of fuzzy divergence:

n

2 () s (%) + (1= 1, 06)) (1= p15 (X )™}

,D, ,(A:B)= ! log = ;a# Ba<l,f>lora>1,B<1
T 2 00 00+ (1= 1 00)Y (1= (%)}
(3.1.5)
U [0 O0+H A= 0N A= 00 - (0 )
3Da/3(A: B)= z >
’ 2-p-a‘3 -
’ (1 (X)) (= ()7 =2
(3.1.6)

a#pa<l,f>lora>1, <1

and
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oy % Ha (%) _ 1=K (%)
4Da(A.B)_; uA(Xi)log—uB(Xi) +(1 uA(xi))logl_uB(Xi)

(3.1.7)

1+au, (%)
I+aus(X)

+{1+a(1-p,(x))}log

(1+au,(x))log

tra(i-u00) [*

T+a(1- (%))

Parkash [16] introduced a new generalized measure of fuzzy directed divergence involving two real

parameters, given by
_ : a —a a —-a B
DI(A:B)=[(a D) BT Y. [{ 1,506 (%) + (1= g (%) (1= 1 (%)™ —1];a #1,0>0,4 %0
i=1

(3.1.8)

Many measures of fuzzy divergence have been developed by Kapur [10], Parkash and Sharma

[17], Pal and Bezdek [15] etc. In fact, Kapur [10] has developed many expressions for the measures of

fuzzy directed divergence corresponding to probabilistic measures of divergence due to Harvada and

Charvat [9], Renyi [19], Sharma and Taneja [21] etc. Many other measures of fuzzy divergence have

been discussed and developed by Lowen [14], Bhandari, Pal and Majumder [3], Parkash [16], Dubois

and Prade [5], Parkash and Tuli [18] etc.

In the next section, we have used the concept of weighted information provided by Belis and
Guiasu [1] and consequently, introduced some new measures of weighted fuzzy divergence depending
upon some real parameters. The importance of the weighted measures arise because when we have a
number of fuzzy elements, some of these elements are supposed to be more important than the others

for the purpose of decision making.

3.2 NEW GENERALISED MEASURES OF WEIGHTED FUZZY DIVERGENCE

We propose the following measures of weighted fuzzy directed divergence:

1 (X ) app (%) 1— (X ) a(l=pp (%))

L D“(A:B;W):——Zwi 2—(”’*—‘} —(Lj ;a#0 (3.2.1)
i1 Mg (X;) 1= 11 (%)

To prove that (3.2.1) is a correct measure of weighted fuzzy divergence, we study the following

properties:

(i) Convexity of D“(A:B;W)
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arp. R aa(%) a(l-pp (%)
WehaveW_WﬂMJ [l+10guA(x)J_(1—uA(x)j (ng”‘f\(’*)ﬂ

Ota(X) Hg (%) Hg (%) 1= (%) 1= p5(%)
Also
B app (%) 2 app(X) 1 ]
(/"A(Xi)J a(1+10g IUA(Xi)j +(HA(Xi)j
g (%) g (%)) g (%) Ha (%)
aZDa(AB,W) w +(1_HA(Xi)ja(lHA(Xi))a[l—i_lOgl_HA(Xi)jZ o
aﬂf\(xi) I 1—pg(X) 1= pg (%)
+(1_HA(Xi)ja(luA(Xi)) 1
| 1= g (%) 1= (%) |

which shows that D“(A:B;W) is a convex function of /,tA(Xi )

Similarly, we have

82 D% (A: B;W) w (HA(Xi))(HwA(Xi))
aué(xi) i (‘uB(Xi))(ZJrWA(Xi))

(1 _ :uA(Xi ))a(lqu(Xi N+l
(1 — ity (Xi ))a(I*MA(Xi N+2

{ap,(x)+1}+ {a(=p(x)+1} [>0

which shows that D“(A: B;W) is a convex function of (Xi )

(ii) Non-negativity of D“(A:B;W)
Firstly, we find the minimum value of D“(A:B;W). For minimum value, we put

DT (A:BW) _ 0 which implies that
OtA(X)

(uA(xnj““’*“”[mog uA(xoj 2[1—uA(xi>J““”A“‘” [l+10g1—uA(xi)J
Mg (%) Mg (%) 1= 115 () 1= 15 (%)

which is possible only if

(uA(Xi)j:[l—uA(Xi)j
g (%) 1= g (%;)
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and [l+logMj _ [1+10g1_:uA(Xi)J

Mg (%)
that is, only if

NA(Xi):ﬂB(Xi) vi

Now, when 1, (%) = 15 (%) Vi, we have D (A:B;W ) =0. Since, the minimum value of the function

D*(A:B;W )is 0 and the function itself is convex, we must have D* (A:B;W)>0.

Thus, D (A: B;W )satisfies the following properties:

(i) D“(A:B;W)>0

(if) D (A:BsW ) = 0iff 41, (%)= st (%) Vi

(i) D” (A:B;W )is a convex function of both sz, (X, ) and g (X;) for each « .

Hence, the proposed measure D* (A: B;W) is a valid measure of weighted fuzzy divergence.

Next, we have presented the measure (3.2.1) graphically with the help of data and consequently,

obtained Fig.-3.2.1 which shows that the generalized measure of weighted fuzzy divergence (3.2.1) is a

convex function.

D%A:B;W)

1a(xi)

Fig.-3.2.1 Convexity of D (A:B;W ) with respect to 1, (X;)
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I1. Next, we propose another generalized measure of weighted directed divergence, given by

4_(‘uA(Xi)jaﬂA(xi) _[l_uA(Xi)Ja(lﬂA(Xi)) ) ‘uA(Xi)—
Hg (%) 1= p5 (%) Mg (%)
D,(A: B;W):—liwi (3.2.2)
:uA(Xi)_l_,UA(Xi)_i_lo 1=, (%)

+log
Mg (%) 1= pg(X) 1= 15 (%)

To prove that the expression introduced in (3.2.2) is a correct measure of divergence, we study the
following properties:

(i) Convexity of D_(A:B;W)

We have

app (%)
- [MJ [1+10g uA(Xi)J— ! + !
Hg (X)) H (X)) e (%) HA(X)

oD, (A:BW) 1 +a[1_HA(Xi)Jaumi»(HlOgl_uA(xi)J
Opa(X) o 1= g (%) 1= g (%)

1 1
+ —
=g (%) 1= pa(X)

Also

_(uA(xJJ”’*“" o _[m(xi)y’”waz(mog—““xi)}z
g (%) (%) g (%) tg (%)

82Da(AB,W) :_va _[l_uA(Xi)Ja(lﬂA(Xi)) o _[I_MA(Xi)Ja(IMA(Xi))
1= pa (%)

a,uf\(xi) a 1= pg (X)) 1= pg(X)
a2(1+10g1_'uA(Xi)J _ 1 - 1 :
1= pg (%) (Ha(X))" (= pa(X))

>0
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which shows that D_(A: B;W) is a convex function of /,tA(Xi )
Similarly, we can show that D, (A: B;W) is a convex function of s (X)) Vi

(i) Non-negativity of D, (A: B;W)
Firstly, we find the minimum value of D (A: B;W) and for this purpose, we put

oD, (A:B;W) 0
Ot (%)

This implies that

opp (%) a(l=pa (%))
O{uA(xi)j [mog m(x»} Lo, 1 :a[l—uA(xi)J [Hlogl—uA(xi)J
Mg (%) g (X)) He(X) 1=, (X) 1= p5(%) 1= (%)

1 1
+ +
a(X) 1= (%)

which is possible only iff
,UA(Xi) = Hg (Xi) vi

Now, when 1, (%) = g (%) Vi, we have D, (A: B;W)=0. Since, the minimum value of the function

D, (A:B;W)is 0 and the function itself is convex, we must have D_(A: B;W)>0.
Thus, D, (A: B;W) satisfies the following properties:

(1) D,(A:B;W)>0

(ii)) D, (A:B;W)=0iff /,zA(Xi) = Uy (Xi) Vi

(iii) D, (A:B;W)is a convex function of both sz, (X, )and g (X;) for each « .

Hence, the proposed measure D_(A:B;W) is a valid measure of weighted fuzzy divergence.

Next, we have presented the generalized weighted measure of divergence (3.2.2) graphically and
obtained the following Fig.-3.2.2 which clearly shows that the measure of weighted divergence (3.2.2)

1s a convex function.
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Dy(A:B;W)

5
4
3
1
1

g 02 b4 06 08 1 1

oz

na(xi)

Fig.-3.2.2 Convexity of D (A:B;W) with respect to 1, (X;)
III. Next, we first introduce a more generalized form of a non-parametric measure of weighted fuzzy

divergence, given by

2 AL RANY - N Ha(X) _ 1= 1, (%)
D (A:BW) =Y w {ua(xiw[%(xi)jﬂl uB(xi)>¢[—l_uB(Xi)ﬂ+

n
i=1

wi{(uauﬁ»a{%j+{1+a(l—uB(xi»}ab{ijZS:ZAEQ;;H;az—l (3.23)

where ¢(.) is a twice differential convex function with ¢(1)=0.

Now differentiating (3.2.3) w.r.t. 1, (X,) , we get

oDf (A:BW) _ {(p{ uA(xi>}_¢/{ 1—uA(xi>}+a¢/{ 1+auA(xi>}_a¢/{ 1+a(1—uA<xi))H
OuA(%) I Mg (%) 1= pg (%) 1+aug(X) 1+a(l—pg(X))

Also

1 ¢//{ #A(Xi)}+ 1 ¢ { 1_,“A(Xi)}
) ~a Mg (X;) He (%)) 1= pg(X) 1= g (%)
0" D, (A:B;W):W

O (X '
#0 + a’ ) 1+ap, (%) + a’ g ) 1+all—pu, (%))
L I+aug (%) I+aug (%)) 1+a(l—pug(x)) I+a(l—pg (X))

>0

Thus, we observe that, D?(A:B;W)is a convex function ofy,(X). Similarly, we can prove that

D?(A:B;W)is a convex function of 115 (X)) . Also, for minimum value, we have

57



Information Theoretic Models and Their Applications

o0 D?(A:BW)
Ota(X;)

¢/{ uA(xi>}_¢/{ 1—uA(xi>}+a¢/{ 1+auA(xi>}_a¢/ { 1+a(1—uA(xi>>}:
Mg (X)) 1= p15(%) I+aug(X) I+a(l - g (%))
which is possible only if
[m(x»jz[l—m(xi)jand (Hm(x»j:(Ha(l—uA(xi))J

Mg (%) 1= p15(%) 1+aug (%) I+a(l— g (%))

that is, only if 11, (X ) = it5 (X, ) Viand this gives Min. D} (A:B;W)=0.

=0 which implies that

Thus, for all values of 1,(X;) and p;(X), we have
(i) D (A:B;W)>0
(i) D} (A:B;W)=0when A=B
(iif) D (A:B;W)is convex.
(iv) D} (A:B;W)does not change when g, (x;) is changed to 1— g, (X.)

Thus, we see that the measure (3.2.3) is a generalized weighted parametric measure of divergence.
Next, we discuss the following particular cases:

Case-I: If we take ¢(Xx) =log X —x+1in (3.2.3), we get

a R _ 3 :uA(X) :uA(X) _ 1_:uA(Xi)_1_;uA(Xi)
> (A'B’W)_EW{“B(X‘) [l ® 10 uB(x)”J“1 e (k’gl—us(xo 1—uB(xi)+1H

I I+au(x)  1+au,(%) )
(1+a,(x,) (IOgHayB(xi) 1+auB(xi>“j+(”a(l (%)

(10 1+a(1—uA(xi))_1+a(1—uA(Xi))+lj

T Tral— (%) 1+al—p(x) |
_N Ha(X) _ M
—;W. {uB(X)loguB(Xi)Hl Hg (X)) logl_uB(XiJ
n L+ap, (%) _ l+a(— u,\(x))
+ ;Wi {{1+au3(xi)}logl+aﬂB(Xi) +{1+a(1 uB(Xi)}IOgHa(l—uB(xi))} (3.2.4)
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which is a new weighted measure of fuzzy divergence.

When a =-1, equation (3.2.3) gives

D, (A:BW) =23 w | g (x fﬁ@ﬁj 1— gt (X [liﬁiﬁQ} 3.2.5
 (A:BIW) Zw{u (x.)¢[ﬂ3(xi) -0 9| 2 (3.2.5)

which is another form of a generalized weighted divergence measure.

X*—ax+a-1
a(a-1)

Case-II: If we take ¢(X) = ;o # 0,1 in (3.2.3), we get

i Ha(X) a_ Ha(X) —
MB(Xi){{ﬂB(xi)} a{us(xi)}m 1}
a R = ! n
D4(A'B’W)_a(a—1)iz=1: i ¢
) Ln? NGV G L TNV G
+{1 :uB(Xi)}{{l,UB(Xi)} a{l_uB(Xi)}—i—a 1}
i Lrag, 00" [1+am 0], |
ﬂ+a“d&14{l+auﬂﬁ)} a{l+audﬁ)}+a l}
1

M-

+
a(a—1)1

Il
—_

) Lral- 0| [l+al-p0o] .
+{1+a(l MB(Xi))}{{HaUuB(Xi))} a{l+a(l—uB(Xi))}+a 1}

Thus, we have

a .D. _ 1 : a 1-a _ a _ l-a 1
DI (A:BW) =~ 3w 465 0y () + (1= 4a 00" (=t (4) ™ 1 [+
n (3.2.6)
> w [ (1 2, (4)" (1+ gt (x) ™ +(1+a(1 = g, ()" (1+a(1 = 15 (4)) ™ ~2-a |
which is a new weighted measure of fuzzy divergence.
When a=-1, (3.2.6) gives
a R _ 2 C a l-a a _ l-a _
D; (A:BW) =3 w OO 00+ (1= 0O} (1= e )} ™ =1 (3.2.7)

which is another generalized weighted measure of fuzzy divergence.
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Note-1: Upon ignoring weights, (3.2.6) gives

{15 008 )+ (1= 1, 00))" (= 1 (X)) =1}

D2(A:B) =

ala - 1)Z

i=1

(L+au, (%)) (1+aug (%)™

+(1+all—pu, () (1+al - pg(x)) ™ -2-a] |

Taking limit asa — 1, we get

B1_\ Ha (%) _ 1— 1, (%) 1+ag, (%)
D,(A:B)= ;{MB(Xi)log {—us(xi)}+{l uA(Xi)}log{—l_uB(Xi)}+ {1+au,(%)}log {—H auB(Xi)H

In particular ifa=0, we get

D,(A:B)= z{us(xnog{“’*( )} {1—uA(xi>}log{MH

i=1 g (X)) 1= 115 ()
which is Bhandari and Pal’s [2] measure of fuzzy divergence.

Note-2: It is observed that

Lt

‘a—1

D (A:B;W) =2 () log £a8) _A'IH—A(XJ}} .
( )= ;w{u (X)Og,uB(Xi){ “(X')}Og{l—us(xi)} oY

The result (3.2.8) upon ignoring weights gives a measure of fuzzy directed divergence due to Bhandari
and Pal [2] except for a multiplicative constant.
Proceeding as above, many new parametric and non-parametric generalized weighted and non-

weighted measures of fuzzy divergence can be investigated.

3.3 GENERATING MEASURES OF FUZZY ENTROPY THROUGH FUZZY
DIVERGENCE MEASURES

In this section, we have used the concept of fuzzy divergence measure to obtain many new
measures of fuzzy entropy. We know that the greater the distance of a given fuzzy set A from the
fuzziest set F , the greater should be the deviation of fuzzy uncertainty of the set A from the maximal
uncertainty, that is, the smaller is the uncertainty of A. Thus, the fuzzy uncertainty of the set A can be

considered as a monotonic decreasing function of the distance of A fromF . In other words
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H(A) =f{D(A:F)} (3.3.1)
where H(A)is fuzzy entropy of the set A, D(A:F) is the divergence of A from F and f(.)is any
monotonic decreasing function. We have chosen the above function f (.)in such a way that it satisfies
the following desirable properties:

(1) H(A)>0

(11) H(C) =0 where C is any crisp set.

(1))  H(A)should be a concave function of fuzzy values 1, (X) .
The simplest function satisfying all the above three conditions is given by
H,(A)=D(C:F)-D(A:F) (3.3.2)

The result (3.3.2) can be used to obtain new measures of fuzzy entropy for every well-known measure
of fuzzy directed divergence.

(a) Measures of fuzzy entropy based upon Parkash’s [16] fuzzy divergence of order « and type

Parkash [16] introduced the following measure of fuzzy divergence:

D,”(A:B) :;i[{ma (%) a1 (%) +(1= 1 (%)) (l—uB(xi))la}ﬁ —1};

(a-1)B5 (3.3.3)

a#xl,a>0,>0

Next, we use the divergence measure (3.3.3) to generate new measure of fuzzy entropy:
(1) Using (3.3.3), equation (3.3.2) gives

H, (A) Z(a_;l)ﬁg[{ug(xi 0297+ (1= pe (%)) 2‘“}13 —1}

i[{m(x 12+ (1= () 247 —1}

i=1

(D{l n

:(a_;l)ﬁé[(z“wz“)ﬁ—l} Z[{M )" }ﬁ—l}

2l h n

"1—a)p (1—a)p

N _2(“")”.n_ n @8y B
_(a_l)ﬁ(z 1) @-0p (l—a)ﬁ+2 H,” (A)
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Thus H, (A)=C+2“ " H 7 (A) (3.3.4)

where

n

is a positive constant and H,” (A) = WZ[{MAQ +(1- )" }ﬁ _1}

i=1

2@ 28 _1)
(a-1)p

is a measure of fuzzy entropy introduced by Parkash [16].

C=

Thus, H, (A) introduced in (3.3.4) is a new measure of fuzzy entropy involving Parkash’s [16] measure
of fuzzy entropy H,” (A).

(b) Measures of fuzzy entropy based upon Parkash and Sharma’s [17] fuzzy directed divergence
Here, we consider a more generalized form of fuzzy directed divergence introduced by Parkash and

Sharma [17]. This measure is given by

~ Ha (%)
(2 ua)+01 ”“B(Xi))")(AuA(xiH(l—MuB(XJJ

D, (A:B)Zi 0< <1
} 1= 11, (%) j

A(1= 1, () + (1= 1) (1= 5 (%))

HAA= () + A=) (1= g (%)} ¢ {

(3.3.9)
Next, we use the divergence measure (3.3.5) to generate the different measures of fuzzy entropy. For
this, we consider the following cases:

Case-1: When ¢(x) = xlog X, then equation (3.3.5) gives

A (X 1 :uA(Xi) j
n “(X')°g(AuA(xi>+(1—A>uB(xi>
D, (A:B)=)_ (3.3.6)
1= 11, (%)
+ (1=, (X)) log '
L {A(l_uA(Xi))—i_(l_i)(l_:uB(Xi)) |
Now, using (3.3.6), equation (3.3.2) gives
HM(A)anog{ﬁ} -Z 1, (%) log uA(Xi)l_i +(1- 1, (%)) log I_MA(Xi)l_i
=1 jnUA(Xi)"‘T jv(l_,UA(Xi))"‘T
(3.3.7)

When A =0, equation (3.3.7) gives
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H, ,(A)=nlog2-H(A) (3.3.8)

n

whereH(A)=—z [/JA(Xi)logyA( ) (1 /,tA( ))log(l /,tA( ))} is De Luca and Termini’s [4]

i=1
measure of fuzzy entropy.
Thus, H, ,(A)introduced in (3.3.8) is a new measure of fuzzy entropy involving standard measure of

fuzzy entropy due to De Luca and Termini [4].

a

Case-II: When ¢(X) = X ); ;a # 0,1, then equation (3.3.5) gives
a

HR OO () + A= 2) ()]
D, ,(A:B)= (1 1)2 (3.3.9)
ala- =1 1-a
+ (1=, ()" {A (1=, () + (A=) (1= (X))} =

Now, using (3.3.9), equation (3.3.2) gives

1O A e () +(1=2)/2}°

n

2/1( )= -
a(a- 1>; +{1= 1 0D} {A(I= e () +(1=2)/2 ) =
(3.3.10)
1 ) A () +(1=2)/ 2}
L
a(a-1)3 e
+ (1=, O {A{1= 1, )} +(A=2)/2} " =
When A =0, equation (3.3.10) gives
_nQ"'-p 2" « 7.n(1-2""
Moy == e S R0+ 1m0 |7 1+ e
Thus
H, ,(A)=2""H"(A) (3.3.11)
where
H (A) = > [ 00+ (= i )} ~1]a %0, Lar >0

( _l)l 1
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is an extended version of fuzzy entropy undertaken by Kapur [10] and it corresponds to Havrada-

Charvat’s [9] probabilistic entropy.
Thus, H, ,(A) introduced in (3.3.11) is a standard generalized measure of fuzzy entropy H“(A)except

a multiplicative constant.

a B

Case-TTT: When ¢(x) ==
ala—1)

;a#= fB,a>1 B <lora <1, B >1, then equation (3.3.5) gives

5 OO Ay (x)+ (1= 2) 1 06} ™ = 1 () {2 11 (%) + (L= 2) g (3} |

1
(a-B)1

l-a

M-

D, ,(A:B)= +{1= 1, O} {A {1 = s ()} + A= D) {1= 5 )} }

Il
—_

=, 00 (A 1=, 00+ A= D 1= g O} |
(3.3.12)

Now, using (3.3.12), equation (3.3.2) gives

e O A () + (1= 2012} = i (%) (A e (%) +(1=2) 12} |

H3,1(A>=@%_ﬁ); 1= e 0N (A1 i ()} +(=2) 121

1= 0O (A1 0O+ =22}

s OO (A, () + (= 2)/2) ™ = 1l () (A (x) + (1= 2) /2

B 1
(a-pB) i

l-a

+{1= 1, OO} A {1 = ()} + (1= 1) 12} (3.3.13)

M-

Il
—_

(1=, 0O {2 1=y )} + (1= 2) /2

When A =0, equation (3.3.13) gives
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=n(2”‘—2ﬁ)_ 20 Q o B o 2 & 8 B 5
Hio(A== (a_ﬁ);[m (%) + (1= ()" ]+ (a_ﬁ);[m () + (1= (%)) |
Thus, we have

2" 1-a) « 277 (1-p) p p
H30A_ A\ 1- AR |+ ———" A 1- A -1
A e )Z[ “(%) + (1= g, ) =1 ]+ B ﬁ)Z[u () + (1= 1y (%)) =1]
B n2%"! . n2”!
(a-p) (a-p)
=C,+C,H*(A)+C,H”(A) (3.3.14)
where
n{2' -2}
C = W is any constant,
2 Na-1) . .
5 :W is any positive constant for ¢ > 1, <lora <1, >1,
C, = _2/3(1(—18,851) is any positive constant for a > 1, <lora <1, >1
a-

andH*(A)=(1- a)’lz [{MA“ (%) + (1= (X ))“} - 1] is Kapur’s [10] measure of fuzzy entropy.
i=1

Thus, H, ,(A) introduced in (3.3.14) is a new measure of fuzzy entropy involving standard measure of

fuzzy entropy H“(A). Proceeding as above, many new generalized measures of fuzzy entropy can be

generated via fuzzy divergence measures.
3.4 SOME QUANTITATIVE-QUALITATIVE MEASURES OF CRISPNESS

We know that a measure of fuzzy entropy of a fuzzy set is a measure of fuzziness of that set

and a set is most fuzzy if every element of that set has membership ValueE , that is, it is the set having

fuzzy vector F =(%,%,%,...,%). If D(A:B) represents the distance between any two fuzzy sets A

and B, then D(A:F) gives the distance or divergence between the set Aand the most fuzzy setF .

Thus, we see that lesser the distance between A and F , fuzzier would be the set A. In the above

section, we have explained that the fuzzy uncertainty of the set Acan be considered as a monotonic
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decreasing function of the distance of A fromF . In the same way, crispness of a fuzzy set can be

measured by taking any monotonic increasing function of the distance of A from F so that larger is the

distance, less fuzzy would be the set A and consequently, more crispy. This gives a method of

obtaining crispy measures. Below, we have obtained some measures of crispness.

Let Aand B be any two fuzzy sets with same support points X, X,,X;,...,X,and with different

fuzzy vectors g, (X)), Ua(Xy),eos ia(X,) and pg (X)), tg(X,),..., g (X,) respectively. Then, we use

different measures of fuzzy directed divergence to obtain the measures of crispness as follows:

I. Crispy measures based upon Parkash and Sharma’s [17] fuzzy directed divergence

To obtain this measure, we consider a more generalized form (3.3.5) of the fuzzy directed divergence

introduced by Parkash and Sharma [17].

Taking 1, (X)) = %Vi , equation (3.3.5)

gives
(ANA(Xi)‘i‘I;Aj‘]) IUA(Xi)l_A
Apa(X)+——
1 n
D, {AE}—;
o 2=+ 15E g | e
A(l_:uA(Xi))—i_i

Now, we discuss the following cases:

Case-I: When ¢(X) = xlog X, then equation (3.4.1) gives

Ha(X)

-2
(A:uA(Xi)—i_ > j

1-2 -
A:uA(Xi)—i_T A:uA(Xi)—i—T

log

1-—
+(/1(1—uA(Xi))+ 5

(a) When A =0, equation (3.4.2) gives

ﬂ,j 1—p, (%) log 1— 1, (%)
A=)+ A a0)+
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DI,O{A:%}=i[uA(xi)logzuA( )+ (1= (%)) log 2 (1= 14 ()|

i=1

Thus, the first measure of crispness is given by

C,(A) = nlog2+2[/,tA )iog p1y (% )+ (1= g5 (%) )log (1= 124 () | (3.4.3)

(b) When A = %, equation (3.4.2) gives the second measure of crispness as given by

C,(A)= Z{zﬂ/x )"’1{ 4HA( ) log 4:uA(Xi) N 4{1_NA(Xi)} log 4{1Mﬂ2i);i)—}l_l}](3.4.4)

2pp (X )+ 7 20, (%) +1 2{1—p, (%)} +1

a

Case-II: When ¢(X) = X( — Xl) ;a # 0,1, then equation (3.4.1) gives
oo —

(A,UA(Xl)'i_l_zA) :uA(Xl)l_A _ :uA(Xi)l_A
A pp (%) +——— App(X)+———
2 2
1 1 .
P2 {A'E} PP )
+(l(1—,uA(Xi))+l_21j l_luA(Xi)l—A _ l_luA(Xi)l_A
A(l_:uA(Xi))—i_T i(l_#A(Xi))+T
(3.4.5)
(a) When 4 =0, equation (3.4.5) gives the following measure of crispness:
n a7 : o _ (24
A= e s >.Z [ 12,5 (%) + (1= g1, (%) ] (3.4.6)
(b) When A = %, equation (3.4.5) gives the following measure of crispness:
200 (%) +1] | 4ua(x) a_ 4un (%)
4 20, (%)+1] 2ua(%)+1
1 n
C,(A)= pop —1); a (3.4.7)
2{1—p, ()} +1| | 4{1= (%)} 41—, (%)}
+ —
2{1—p, ()} +1| 2{1=p, (%)} +1
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Moreover, in real life situations, the importance of the events cannot be ignored and thus, the
expressions for crispy measures can be obtained by attaching weighted distribution introduced by Belis

and Guiasu [1]. In such cases, the weighted fuzzy information scheme is given by

Ha(X)  HAKy) e pa (X))
S= (3.4.8)
He(X) Mg (X)) .. pg (X))
W, W, W

n

Here, we make use of our own weighted measures introduced in (3.2.1) and (3.2.2). Thus, using

(3.2.1), the first weighted crispy measure is given by
ColAW) === 3w [ 2 (21, 0))" ™ = (20~ sy 1)) | (3.4.9)

Using (3.2.2), the second weighted crispy measure is given by

I Y \ app (X a(l-pp (X A%
C6(A;W)_2(1 0g2 Z}: B Z:I: { 2MA(X)) (x) (2(1—HA(XJ))( (>>+10g1ftu(/jzi)

(3.4.10)

Proceeding on similar lines, many new crispy measures can be constructed.

3.5 GENERATING FUNCTIONS FOR VARIOUS WEIGHTED MEASURES OF
FUZZY DIVERGENCE

The concept of generating functions for the probability distributions was first discussed by
Guiasu and Reisher [8]. To explain the concept, the authors considered two probability distributions

PandQ, and then defined the generating function g(t)for relative information or cross-entropy or
directed-divergence of P fromQ given by
t
=Yg {B} (3.5.1)
izl g
and proved that this function g(t)gives an expression for the generating function for an important

measure of directed divergence known as Kullback-Leibler’s [13] probabilistic measure of divergence.
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But, there are situations where probabilistic measures do not work and we explore the possibility of

fuzzy measures.
Below, we have obtained some generating functions for different measures of fuzzy divergence.
I. Generating function for Kapur’s [10] measure of fuzzy directed divergence

To develop generating function for Kapur’s [10] measure of fuzzy directed divergence, we consider the

following function:

£ ()= ;i[{u;(xi)u;a(xi) # (1= (0)) (1115 (%)) ] —1}

;azl,a >0, #1

(3.5.2)

Clearly for t =1, we have

n

fa,ﬁ(l):_;z {F‘Aa(xi)”sla(xi)+(1_“A(Xi))a(I_MB(Xi))la}ﬁ_l
(a-1)B 45

which is a measure of fuzzy divergence introduced by Parkash [16].

Now
0= 530 e s )+ (1 () (1-s0(x)) ]
g )" () + (11 () (1-a(3))
Thus
fav’ﬁ (0) B ﬁglog{u;(xi)‘u;a(xi)—k( l_ﬂA(Xi))a ( l_ﬂB(Xi))la}

which is Kapur’s [10] measure of fuzzy directed divergence.
Hence, f, , (t) can be taken as an expression of generating function for Kapur’s [10] measure of fuzzy
divergence and it corresponds to Renyi’s [19] measure of probabilistic directed divergence. Moreover,

we have the following results:

(a) From equation (3.5.2), we have
| " Y a —a
fua (1) =~ D a5 ™ () + (1= () (1115 (%)) -1
i=1
which is Kapur’s [10] measure of fuzzy directed divergence.

(b) f,, (1) = al-_fl fos (1)
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3 =) (- G (1)

(" (%) 1" (%) Tog g1, (%) = 12" (%) it () log g(%,)

=1

Sl ot 38]

which is Bhandari and Pal’s [2] measure of fuzzy directed divergence corresponding to Kullback-

Leibler’s [13] probabilistic measure of divergence.

©  fo(1)= Lt f,(1)

- 4 (10T (1))
1°g{ﬂA“<xi>u;“(xi>+<1—uA<xi>)“<1_u5<xi>)l“}}

B

= ﬁzlog{m“(&)us”(xi) (1= (4))" (1-810(%)) ™}

which is a measure of fuzzy divergence introduced by Kapur [10] and it corresponds to Renyi’s [19]

measure of directed divergence.
I1. Generating function for Parkash and Sharma’s [17] measure of fuzzy directed divergence

To develop generating function for Parkash and Sharma’s [17] measure of fuzzy directed divergence,

we consider the following function:
: 2ux) ) 21-m(x) )
= g 1-— g
;{“A(X')((uA(waB(xi))j B ”A(X')}[(l—uA(xi)+1—uB(xi)>j } (3.5.3)

Differentiating (3.5.3), we have

=i{u (X_)[ 2 4,(%) jl"g[ 2 4,(%) j

i-1 (e, (%) + g (%)) (pp (%) + 215 (%))

+{1—uA(Xi)}{ 2 (1- 11, (%) jlog[ 2(1- 1, (%)) ﬂ

(1_,UA(Xi)+1_,uB(Xi)) (l_lLlA(Xi)—i—l_lLlB(Xi))
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Thus, we have

f;(0)=i{m(xi)10g{ 2 1, 0%) j+{1—uA(xi)}log[ 2(1-p (%) H

i=1 (:LlA(Xi)+:LlB(Xi)) (I_ILIA(Xi)—i_]‘_ILlB(Xi))

which is Parkash and Sharma’s [17] measure of fuzzy directed divergence.

Thus, we conclude that the function f_ (t) can be taken as an expression of generating function for

Parkash and Sharma’s [17] measure of fuzzy directed divergence.

Concluding Remarks: Information theory deals with two basic concepts, viz, entropy and directed
divergence. Both the concepts are related to each others and given the one, the other can be calculated.
In the present chapter, we have used the fuzzy divergence measures to generate new measures of fuzzy
entropy. The necessity for developing new measures of fuzzy entropy and fuzzy divergence measures
arises from the point of view that we need a variety of generalized parametric and non-parametric
measures of information to extend the scope of their applications in a variety of disciplines. The
measures developed in this chapter deal with discrete fuzzy distributions only but the present work can

also be extended to continuous type of fuzzy distributions.
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CHAPTER-1IV

OPTIMUM VALUES OF VARIOUS MEASURES OF WEIGHTED FUZZY
INFORMATION

ABSTRACT

In real life situations as well as in several disciplinary pursuits like coding theory, portfolio
analysis, linear programming and many other disciplines of operations research, we are frequently
concerned with the problems of finding optimal solutions of constrained optimization problems. In the
literature of mathematics, there exist several techniques of optimization including the method of
inequalities, the method of differentiation, the method of calculus of variation and the Lagrange’s
method of maximum multipliers. In the present chapter, we have proposed a method different than the

existing ones to optimize generalized measures of weighted fuzzy information.
Keywords: Fuzzy set, Crisp set, Fuzzy entropy, Fuzzy cross entropy, Concavity, Piecewise convex.

4.1 INTRODUCTION

In actual practice it is usually observed that exact values of model parameters are rare in most
of the problems related with engineering sciences and biological systems. Normally, uncertainties arise
due to incomplete information reflected in uncertain model parameters. This is often the case in price
and bidding in market oriented power system operation and planning, in internet search engines, and
with the amount of carbohydrates, proteins and fats in ingested meals and gastroparese factor in human
glucose metabolic models. A fruitful approach to handle parametric uncertainties is the use of fuzzy
numbers which capture our intuitive conceptions of approximate numbers and imprecise quantities,
and play a significant role in applications, such as estimation, prediction, classification, decision-

making optimization and control.

A measure of fuzziness often used and citied in the literature of information theory, known as
fuzzy entropy, was first introduced by Zadeh [25] and the name entropy was chosen due to an intrinsic
similarity of equations to the ones in the Shannon entropy [22]. However, the two functions measure
fundamentally different types of uncertainties. Basically, the Shannon entropy measures the average
uncertainty associated with the prediction of outcomes in a random experiment whereas fuzzy entropy

is the quantitative description of fuzziness in fuzzy sets. After the introduction of the theory of fuzzy
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sets by Zadeh [24], many researchers started working around this concept. Thus, keeping in view the
idea of fuzzy sets, De Luca and Termini [2] introduced a measure of fuzzy entropy corresponding to
Shannon’s [22] well known measure of probabilistic entropy, given by
HA) =-> [uA(xi)1oguA(xi)+(1—uA(xi))1og(1—uA(xi))] (4.1.1)
i=1
After this development, a large number of measures of fuzzy entropy were discussed, characterized
and generalized by various authors. Bhandari and Pal [1] developed the following measure of fuzzy
entropy corresponding to Renyi’s [20] probabilistic entropy:
I < o a
Ha(A)=1—Z log [, (%) + (1=, (X)) T =1, a >0 (4.12)
- i=1
Kapur [11] took the following measure of fuzzy entropy corresponding to Havrada and Charvat’s [9]

probabilistic entropy:
H A =(=a) Y [ () + A= 1, () =1 fa#La>0 (4.1.3)
i=1

Kapur [11] also introduced the following measure of fuzzy entropy:

n

D NN CO R AC
H, (A= log ! sa>1,p<lora<l,f>1 (4.1.4)

P Sl )+ - (%))’

i=1

Parkash [14] introduced a new measure of fuzzy entropy depending upon two parameters, given by
O u Y
H ) = [=e) BT Y | { 00+ A=)} 1 e # 1> 0,520 (4.15)
i=1

and called it (a, ) fuzzy entropy which includes some well known measures of fuzzy entropy.

Parkash and Sharma [16] introduced two new measures of fuzzy entropy, given by

K, (A= i[log(l+ au, (X)) +log(l+a(l— u,(x)))—log(l+ a)]; a>0 (4.1.6)

i=1
and

n

H, (A) ==Y 12, (% )1og g1, (%) + (1= 2 (%)) Tog (1= 2, (%)) |

i=1

(1+a,UA(Xi)) 10g(1+ a:uA(Xi))

_lzn: ;a>0
i=1

at +{1+a(1- (X))} log{l+a(l1-pu, (%))} - (1+a)log(1+a)

(4.1.7)
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The detailed properties of measures of fuzziness along with their representations have been
provided by Ebanks [4] whereas entropy formulas for fuzzy sets have been given by Guo and Xin [8].
If the relative importance of the ith element is given by the weight W, then the weighted measures of

fuzzy entropy can be obtained. Recently, Parkash, Sharma and Mahajan [18] introduced the following

two new trigonometric measures of weighted fuzzy entropy, given by

iW|:S|n A (% )+Sinﬂ(l_gA(Xi)) —1} (4.1.8)

and

H, (AW) =iw|:Cos 2(X)+Cosw—l:| (4.1.9)

and provided the applications of their findings for the study of maximum weighted fuzzy entropy
principle. Further, Parkash, Sharma and Mahajan [19] using the existing weighted measures of fuzzy
entropy, studied the principle of maximum weighted fuzzy entropy with unequal constraints. For this
purpose, the authors explained their algorithm with the two techniques and proved that both techniques

lead to the same solution.

Another important measure of information is the measure of distance or directed divergence
and it describes the difference between fuzzy sets, and many researchers have used this distance
measure to define fuzzy entropy. Using the axiom definition of distance measure, Fan, Ma and Xie [5]
developed some new formulas of fuzzy entropy induced by distance measure and studied some new
properties of this measure whereas Dubois and Prade [3] and Rosenfeld [21] defined differently the
measure of distance between two fuzzy subsets. While dealing with fuzzy distributions and keeping in
view the probabilistic measure of divergence due to Kullback and Leibler [13], Bhandari and Pal [1]
introduced a new measure of fuzzy directed divergence and studied its important properties. This

measure of fuzzy divergence is given by the following mathematical model:

D(A:B)= ) uA(xnog“AE §+(1 Ha(%) log: “Agxi (4.1.10)
i=1 | B

Corresponding to Renyi’s [20] probabilistic divergence, Bhandari and Pal [1] took the following

mathematical expression for the measure of fuzzy divergence:

D, (A: B)=ﬁi log [ 41,“(%) 11y ™ (%) + (1= s, (X)) (1=t (x )™ |rx # Lz > 0 (4.1.11)
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Corresponding to Havrada and Charvat’s [9] probabilistic divergence measures, Kapur [11] took the

following expressions of fuzzy divergence measures:
a . _ 1 : a 1-a a 1-a .
D (A:B)=—— 3" [ 113" 06) 15 08) + (1= 1y (%) (L= g (X)) ~1 e # L >0 (4.1.12)
—Li=1

Parkash [15] introduced a generalized measure of fuzzy divergence, given by

— : o —-a o - ﬁ
D (A:B)=[(a=D) BT Y | { 4" 00t () + (1=, ()" (= 1y (4} =1 s 2 La> 0,20
i=1
(4.1.13)
Motivated by the standard measures of divergence, Parkash and Sharma [17] introduced the following

measure of fuzzy directed divergence corresponding to Ferrari’s [6] probabilistic divergence:

(1+ g, (%) log - 2#aX)
. 1+agg ()
D“(A:B):é ;a>0 (4.1.14)
B 1+a(l— 1, (X))
_ +{1+a( uA(xi»]logHa(l_uB |

Many other desirable measures of fuzzy directed divergence satisfying the necessary properties
have been discussed and developed by various authors. Keeping in view the existing measures of
probabilistic divergence, such as Sharma and Taneja’s [23] measure, Ferreri’s [6] measure etc., Kapur
[11] has developed many expressions for the measures of fuzzy directed divergence to be used while
dealing with fuzzy distributions. Related with optimization principles, some work has been done by
Guiasu and Shenitzer [7] whereas a large number of applications of maximum entropy principle and
minimum cross entropy principle in science and engineering have been investigated by Kapur [10] and
Kapur and Kesavan [12]. In the next section, we have introduced a measure of weighted fuzzy entropy,

obtained its optimum values, and the results so obtained have been presented graphically.

4.2 OPTIMUM VALUES OF GENERALIZED MEASURES OF WEIGHTED
FUZZY ENTROPY

Consider a given fuzzy set A with n supporting points (Xl, ) S Xn) corresponding to the fuzzy

vector {1, (X, ), £a (X, ). 14 (X, )} Where s, (%) is the degree of membership of the elements X; of

the set A. Our purpose is to find the maximum and minimum values of generalized measures of

n
weighted fuzzy entropy subject to the constraint of total fuzziness, that is, z Un (Xi) =k, 0<k <n. For

i=1
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this purpose, we first propose a generalized measure of weighted fuzzy entropy corresponding to

Havrada and Charvat’s [9] probabilistic entropy given by
H%AM0=———EN4P§ug+@—u4&»54}a¢La>0 4.2.1)

where W, are non-negative real numbers.

To prove its authenticity, we study the following properties:

i aHa (A’W) _ o a-1 a-1
(1) We have SINEY _l—aW‘[”A (Xi)_(l_:uA(Xi)) }
Also %@;\;\l):—awi{ﬂzZ(Xi)+(l—uA(Xi))“2}<O

Thus H* (A;W ) is a concave function of u, (%) Vi

Y5 because

}Zw>o

1 because

(i) H* (AW )is an increasing function of s, (X;)for 0 < u, (x

)<
{H“(A;W)/yA(Xi)=O}=0 and { “(AW)/ ua (% —1/2 {

(iii) H” (AW )is decreasing function of 1, (X, ) for ¥4 < g, ()

(H*(AW)/ 1y (x)=1/2} ={2;a _I}Zn:wi >0and {H(AW)/p,(x)=1}=0

—a | &
(iv) H* (AW )=0 for u,(%)=0or 1

(v) H*(AW)>0

(vi) H* (A)W )is permutationally symmetric.

Under these conditions, H* (A;W ) is a valid measure of weighted fuzzy entropy.

Next, we find the optimum values of the weighted measure (4.2.1).

(a) Maximum value of H* (AW )

Since H* (A;W ) is a concave function of s, () for each a, its maximum value exists.

For maximum value, we put
oH” (AW)

0 which gi V=1, (% )=
32 (%) which gives 1, (X;) pa(X) = ua(X%)

Also iyA(Xi)=k gives K:

1
L N E_,UA(Xi)
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Therefore, the maximum value of H* (A;W ) occurs at k =g and is given by

vaxH” (W)= S K jﬁ(l_g_l}

1 o PR B
=—na(l_a)[k +(n—k)* =n ]zw (4.2.2)
>w
=—h(k), where
n“(l-a)

h(k)=k*+(n-k)" -
h'(k)=a(k“" —(n—k)“");
(k) = (@ ~a) (k> +(n—k)" )

Now, we consider the following cases:

(i) When o >1, h"(k)>0 = h(k) is a convex function of k for each o >1

n
2w
i=1

—EL____h (k) is a concave function of k for each o >1
n“(1-a)

(i) When 0 <o <1, h"(k) <0 = h(k) is a concave function of k for each 0 <a <1

n
S
i=1

—EL____h (k) is a concave function of k foreach 0 < <1
n“(1-a)

Hence, MaX.H“(A;W) is a concave function of k. Therefore, its maximum value exists and for

maximum value, we put

%[Max.H “(AW)]=0 which gives

m[k“—(n—k) }:o: k' —(n—k)"" =0

:>k:n—k:>K=l
n 2

Thus, the maximum value of Max.H* (A;W ) exists at k =g and is given by
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Zw Ny
Max.| Max.H* (AW)|= m{bj +(5j _na}

1 (2-2 )<
= —_— WI
a-1 o

(i) k=0, MaxH“(AW)=0 and ;—k(Max.H (AW))=

Further, when

iw a>1
n(a ng ! <0 O<ax<l

y n T O i d Y
(i) k=7,MaxH (A,W)_—a_l( > jZ‘W and OIk(MaxH (AW)) =0

d a n <0, a>1
k=n, MaxH* (AW )=0 and —| Max.H“ (AW ) |= E ]
(111) n, Max ( ; ) an dk[ ax ( ; )} o) & W, {> 0. 0<a<l

Thus, we see that Max.H* (A;W ) increases from 0 to ! 1(2 X ZJZW as k increases from 0 to g
a— i=1

and it decreases from L 22 ZW to 0 as k further increases from n to n. Thus,
a-1\ 2% )5 2

Max.H* (A;W ) against the values 0<k <n is depicted in the following Fig.-4.2.1.

A

Max. H*(A:W)
L
[\]
l\é S
[\]
%,—/
M:
=

Fig.-4.2.1 Max H" (AW )
From Fig.-4.2.1, we conclude that Max.H* (A;W ) is a concave function of k(0<k <n).
(b) Minimum value of H* (AW )

To obtain the minimum value of H* (A;W ), we consider the following cases:
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Case-I: When K is any non-negative integer, say, kK = m, then we can have m values of 1, (Xi) as
unity, and other (n—m) values of 1, (X;) as zero, that is, u,(x)=(11,...,1,0,0,...,0).
In this case, the minimum value of H” (A;W) can be obtained as follows:

From equation (4.2.1), we have

H“(A;vv)=ﬁ[§wi )+ (1 (1)) 1]+ 2w [uz<xi>+(1—uA<xi)>“—IH

i=m+1
Thus, Min.H* (AW ) =0
Case-11: When k is any fraction, then we can write K =m+ &, where m is any non-negative integer and
& is a positive fraction. Then, we can choose m values u, (Xi) as unity, (m + l)th value as & and the
remaining (n—m—1) values of 1, (X ) as zero, that is, 1, (X ) =(1,1,...,1,£,0,...,0) .
In this case, the minimum value of H” (A;W ) can be obtained as follows:

From equation (4.2.1), we have
2o 00 (1= ) = )+ (1 1 () 1)
+ Zn: W, [ﬂZ(Xi)JF(l_F‘A(Xi)a _I)J

i=m+2

Thus, |v|in.Hﬂf(A;w)=lem+1 & (1-¢) 1]

= Mol g (&), where k(&)= +(1-€)" ~1

l-a
(&) =afe! (=) [ k(&) =(o ~a) e +(1-¢)7 ]
(1) When a >1,then k"(£)>0 = k(&) is a convex function of &

W . .
= lﬂk (&) is a concave function of & for each o > 1.
-«

Therefore, in this case, Min.H“ (A;W) is a concave function of & for each o >1

(i) When 0<a <1, k"(£) <0 = k(&) is a concave function of &
= ;Nﬂk(é‘) is a concave function of & for each 0 <« <1. Hence, we see that MinH* (AW is a
—a

concave function of & for each o and its maximum value exists. For maximum value, we put
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dd_g(Min_H “(AW))=0, which gives

o, (e -(1-8) )0 £

Thus, the maximum value of Min.H* (AW ) exists at & =% and is given by
Max.Min.H " (AW ) _ Wi (lj +(lj RG]

l-a|\2 2 2% (a—1)
Further, when (i) £=0, MinH* (AW)=0

. L Minde (AW ) = Ve 27 =2)
(i) &=2, MinH"(AW)==2 @)
(i)  &£=1, MinH* (AW)=0

: : 1
From the above numerical values, we observe that as £ increases from 0 to 5 the value of

w,. (2% -2)
2" (a—1)
w,. (2% -2)

2" (a—1)

The presentation of Min.H“ (A;W) against the values 0 <& <1 is shown in Fig.- 4.2.1 which

Min.H*“ (A;W) increases from 0 to and when & further increases from % tol, the value

of Min.H* (AW ) decreases from to 0.

proves that the Min.H“ (A;W) is a concave function of k when K is any non-negative fractional value.

A
=
4 w,., (2 -2)
= 2 (a-1)
g
=
>k

0 1/2 1

Fig.-4.2.1 Min.H* (A W)
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From the above discussion, we see that Min.H* (A;W) is a concave function of k which vanishes for

2" (a—1)

every non-negative integer K and has a maximum value of which occurs for every

positive fractional value of k.
Proceeding on similar lines, the optimum values of various existing measures of fuzzy entropy can be

obtained.

In the next section, we have considered a generalized weighted measure of fuzzy cross entropy,

obtained its optimum values and presented the results graphically.

4.3 OPTIMUM VALUES OF GENERALIZED MEASURES OF WEIGHTED
FUZZY DIVERGENCE

Let A be any fuzzy set with n supporting points (XI,XZ,...,XH)corresponding to the fuzzy
Vector{/,tA(Xl),uA(Xz),...,uA(Xn)}, andBis any fuzzy set with the same n supporting points
corresponding to the fuzzy Vector{ Mg (X)) 1 (Xy)5eees g (Xn)}. Our purpose is to find the optimum

values of some well known measures of generalized weighted fuzzy cross entropy subject to the

n
constraint of total fuzziness, that is, Z/JA (Xi ) =k,0<k<n.

i=1
For this purpose, we first introduce a weighted measure of fuzzy directed divergence which
corresponds to Havrada and Charvat’s [9] measure of probabilistic divergence. This measure of fuzzy

cross entropy is given by the following mathematical expression:
a 1 3 a —-a a —a
D“(A: B;W)=ﬁZWi [F‘A (%) 5™ (%) + (1= 22 (%)) (1 15 (% ))1 _IJ;O‘ #La>0  (43.1)
— L=l

where W, are non-negative real numbers.

We first claim that the proposed measure given by equation (4.3.1) is a valid measure of weighted

fuzzy cross entropy. To prove its authenticity, we study the following properties:

I. Convexity of D (A:B;W)
To prove the convexity of the measure (4.3.1), we proceed as follows:
Let f (%, y) = {x"y"“ +(1-x)" (1-y)" “ ~1};0<x< L 1< y <1

Differentiating the above equation partially w.r.t. X, we get
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2
Z_;:a(xalyla _(l_x)al(l_y)la);ﬂ=(a2 _a)(xa—2yl—a +(1_X)a—2(l_y)1—a)
2
(i) When o >1, 27>0 V0<x<1,0<y<l= f(xy) is a convex function of x. Since, W, >0, we

iwif(uA(Xi),uB(Xi)) is also a convex function of u, (x;) forall 0< g, (x)<I.

i=1

claim that

2

(i1) When 0 < <1, then of

X2

<0V 0<x<1,0<y<l= f(xy) isa concave function of X
= %ZWi f (/,tA(Xi )s Mg (Xi)) is a convex function of u, (x;) for each 0< 1, (x)<1.
a—1lig
Thus, D“(A:B;W)is a convex function of u,(x) for eacha . Similarly, it can be proved that
D*(A:B;W) is a convex function of u (x;) for eacha .

II. Non-negativity: To prove the non-negativity property, we first find the minimum value

of D“ (A: B;W ). For minimum value, we put

D" (A:BW) whichgives(ﬂ’*(x‘)j:(l_u’*(x‘)j
a,UA(Xi) Hg (%) 1= pt5(%;)

that is, only if 11, (X ) = 5 (X, ) Vi

Now, when u, (x,) = 45 (%) Vi, we have D* (A:B;W)=0. Since, the minimum value of the function
D*(A:B;W )is 0 and the function itself is convex, we must have D* (A:B;W)>0.
Thus, D*(A:B;W ) satisfies the following properties:

(i) D“(A:B;W)=0

(ii) D* (A:B;W) = 0iff u, (%)= p5 (%) Vi

(iii) D*(A:B;W )is a convex function of both s, (x ) and g (x,) for each a .

Hence, the proposed measure D* (A: B;W) is a valid measure of weighted fuzzy cross entropy.

Next, we obtain the optimum values of the measure (4.3.1).

(a) Minimum value of D“(A:B;W)
Since D (A:B;W) is a convex function of both 1, (X;) and g (X;), its minimum value exists. For

minimum value, we put
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%(:XB:)\N) =0 which gives %Wi ['UZH (Xi)‘ué’“ (Xi ) _(1_ Ha (Xi ))DH (1— Hg (Xi ))HXJ =0
This gives that 1" (x) 5 * (%)~ (124, (%)) (1= (%)) =0
Now, since (X ) is a fuzzy value, it is fixed and known. Let it be C.

Thus, we have C[u,‘i“l(xi)—(l—yA(Xi))a_lJ=0 since 15 (%) =1- 15 (%)

The above equation holds if 11, (X, )=1—p, (%) = (%)=

N | —

Also Zn:/,zA(Xi)=k gives k=

n
L > K = :uA(Xi)

N | —

Thus, the minimum value of D* (A:B;W) exists at k =g and is given by

n

Min.D“ (A:B;W) =L§wi K—j ue (xi)+(1—3ja (1- g (%)) —1}

Further, when

i) k=0, MinD*(A:B:W) Z%i""i [(1—% (%)) -1]

a—17
2 o — ll i 1 2 B i
(i) ~ k=n, MinD"(A:B;W) a_1; s (%) 1]

Ilustration: Suppose /,zB(Xi) is monotonically decreasing function of its fuzzy values, that is,
111 1 : . .
/,tB(Xi)= >3l Also without any loss of generality, we can assume the weighted

distribution to be W = {l, 2,3,..., n} .

Thus, we have the following cases:

(i) When k =0,Min.D* (A:BW) =——> w (1=t (%)) 1]

=L{20‘-1 +2(§ja_1 +3(fja_l ot n[n”f_ _h@n ”)}
a-1 2 3 n |2

=¢(n) (say)
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a-173

(if) When k =g, Min.D” (A:BW)=——>w, Kzij use (xi)+(2ija (1- 45 (%)) —1}

= =¢,(n) (say)

» o1 M+ n(n+1)
2 .n{(n+1) +{T} J—T

(iii) When k =n, Min.D* (A: B;W):len“wi L5 (%)-1]
a— 1l
n(n+1)

2

From the above discussion, we observe the behavior of the Min.D“ (A:B;W) and conclude that

=L1(2“1 +2.3" 434" 1 an(n+1)" -
a J—

J =¢,(n) (say)
the Min.D” (A: B;W ) first increases at k = 0 and then decreases atk = n/2and again increases at k =n.

Numerical Verification

Case-I: Forn=2 and for different values of the parametero > 1, we have computed different values

of Min.D“(A:B;W )as shown in Table-4.3.1.

Table-4.3.1

@ ¢(n) ¢,(n) ¢:(n)
2 2.00 0.25 5.00
3 2.75 0.41 9.50
4 3.92 0.60 19.67
5 5.78 0.84 43.75
6 8.84 1.17 103.00
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Case-II: Forn=3 and for different values ofa <1, we have computed different values of
Min.D” (A: B;W ) as shown in Table-4.3.2.

Table-4.3.2

@ ¢ (n) ¢,(n) ¢:(n)
0.2 2.00 0.10 4.51
0.3 2.04 0.15 4.74
0.4 2.08 0.21 5.00
0.5 2.12 0.26 5.28
0.6 2.17 0.32 5.58

From the above tables, we present the Min.D” (A: B;W)graphically against the values 0<k <n as
shown in the following Fig.-4.3.1.

A

.

Min. D% A:B:W)

v
=

Fig.-4.3.1Min.D (A: B;W)
The above Fig.-4.3.1 clearly indicates that Min.D* (A:B;W )is a continuous and piecewise convex

function of k.
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(b) Maximum Value of D* (A: B;W)

To obtain the maximum value of D* (A: B;W ), we consider the following cases:

Case I : When K is any positive integer, say k =m, then, we can choose m values of 1, (Xi) as unity
and remaining N—m values as zero, that is, u, (Xi) = (l,l, 1,...,1,0, 0,...,0)

In this case, from equation (4.3.1), we have

e W, [ui‘ (Xi),“llaia (Xi)+(1_:uA(Xi))a (I_NB (Xi))lia _IJ
D*(A:BW)=—-"

iy L (k) (6)+ (1 a (4)) (1= (%) 1]

i=m+1

m
=1

Thus,

Max.D* (A:B;W) =%{
o —

: W (%) 1)+ Z w, {(l—uB (%)) —1}} (4.3.2)

i=m+1

Ilustration: Suppose /,zB(Xi) is monotonically decreasing function of its fuzzy values, that is,

111 1 ) )
Us (xi) = (_’E’Z""’ﬁ) and without any loss of generality, we can assume that W = (l, 2,3,..., n) .

Now, we discuss the following cases:

(1) When m=1, equation (4.3.2) gives

Max.D* (A:B;W) :%{Wl{“éa ()1} +Dw (1=t (X)) —1ﬂ

a_

_ L{za-‘ n 2@}“_1 n 3(%05_1 ftn [n—”) _n(n ”)}
a-1 2 3 n |2

= ¢1(n) , Say

(i1)) When m =2, equation (4.3.2) gives

Max.D* (A: B;W):%{wl{y;“ (%) =1} +w, {us (xz)—l}+iwi [(1_u5 (x)) _1}}

o —
n+1)"" n(n+1)
+n.[ n} " }

a-1 a-1
- 2971 +2.3 43, 4 a2+
a—1 3 4

= ¢2 (n) s Say
(iii)) When m =3, equation (4.3.2) gives
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a-1 a-1 a—1
Max.D” (A: B;W ) __1 2““+2.3““+3‘4““+4.(§j +5.(§j + n n+ly - n(n+D
a-1 4 5 n |2
=¢y(n), say
(iv) When m =n, equation (4.3.2) gives
Max.D" (A: B;W ) = P W n(n+1)"" - n(n+1)
a-—1 |2
=¢,(n), say

From the above discussion, we observe that for every positive value ofa and for different values of
m, the Max.D” (A: B;W ) goes on increasing.

The graph of Max.D” (A:B;W ) against the values 0 <k <n is shown in the following Fig.-4.3.2.

¢,(n)
E 1 ¢3 (n) 3 ,,/
;) g
& #.00)_/
>
= ¢,(n)
0 1 2 3 n

Fig.-4.3.2 Max.D" (A: B;W )

From Fig.-4.3.2, we conclude that MaX.D“(A: B;W) is monotonically increasing function and is
continuous and piecewise convex function of k when g, (Xi) is monotonically decreasing function of

its fuzzy values.

Case I1. When k =m+¢&, where m is any non-negative integer and & is a positive fraction. We put m

values of 1, (%) as unity, (m+ l)th value as £ and the remaining (n—m—1) values as zero, that is,

1, (%) =(L1,..,1,,0,0,...,0).

Now, using equation (4.3.1), we have
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_iwi [/JZ (%) (Xi)+(1_”A(Xi))a (I_MB (Xi))lia _IJ |

i=1

1

DY (ABW)=—1 +Way {5 Ot A () (1 1 (0)) (1t (%,0)) 1)

3 (0 ()1 (1)) (1= (1) 1]

L i=m+2 J
Thus, we have

1 > {ug” (1)1}, & (R )+ (1=8) (1= st (%)) 1)
Max.D“ (A:B;W )=—— "' n

-1 + ZWi[(l—uB(xi))lfa—lJ

i=m+2
(4.3.3)

Illustration: Suppose 1, (Xi) is monotonically decreasing function of its fuzzy values, that is,

111
/JB(Xi)Z{;E’EHZiy“

W =(1,2,3,...,m,m+1,m+2,...,n), then from equation (4.3.3), we have

1 1 1 1
‘m+1I'm+2"m+3" " n+1

j, and without any loss of generality, we assume that

Max.D* (A: B;W ) = Ll(z‘“ +23 7 em(m1))
a J—

1 m+3)" m+4)"" n+1\" n(n+l)
+a_l{(m+2)(m+2J +(m+3)(m+3) +.‘.+n( - j 2 }(b(f)

where ¢ (&) :m_f{ga (m+2)" +(1=&)" (m”jmJ

o— m+1

Convexity of ¢(&): We first prove that the function ¢(&) is a convex function of & for each value of

a . For this, we have

b (5) =10 {fo”(mﬂ)w1 —(l—é)al(mﬂja_l}

a—1 m+1

Also

m+1

¢ (&)=a(m +1){§“2(m+2)“'1 +(1—§)“2[m+2j _ ]>0
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This shows thatq)(éf) is a convex function of & . Hence, its minimum value exits. For minimum value,

we have ¢ (&) = 0 which gives & =

m+2

Further, we have

a-17]
2071 42.3% 434! +....+m(m+1)‘H +(m+2)(m+3j
. m+2 .
MinMax.D (A:BW)=—— +m—+1
a - a-1 a-1 o -
+(Mm+3) m+4 +....+N ntl _n(n+1)
i m+3 n 12 |

(4.3.4)
(i) When m=0, equation (4.3.4) gives

1 3 o-1 4 a-1
MlnMaXDa(AB,W)=—1{2(Ej +3(§J +
a —

a-1
+n [n_HJ _ l_n(n——i_l)
n 2
=g,(a), say
(i) When m =1, equation (4.3.4) gives

s ol of3] (3] ol o)
;

=g, (a), say

(iii)) When m =2, equation (4.3.4) gives

a-1 a-1 a-1
e s o 2] 22
o —

=0,(a), say

(iv) When m =3, equation (4.3.4) gives

a-1 a-1 a-1
2“#2.3“#3.4“#5[%} +6(9 +...+n(n—”j

o)

=0, (a), say

Min.Max.D" (A: |3;W)=L1
a_

(v) When m=n, equation (4.3.4) gives
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Min.Max.D* (A: B;W ) = Ll 2423 434+ +n(n+1)" _{(n +1)— n(r|1_2+ I)H
a —

=0,(a), say
From the above discussion, we observe that for every term of the Min.Max.D* (A:B;W ) goes on
increasing. The graph of Min.MaX.D“(A: B;W) against the values of 0<k<n is shown in the

following Fig.-4.3.3.

A
9,(@)
s )
: e
a 9,(a)
%
i. 9,(x)
=
_____________ » m
0 1 2 3 n

Fig.-4.3.3 Min.Max.D* (A: B;W)
From Fig.-4.3.3, we conclude that Min.Max.D* (A: B;W) is monotonically increasing function when

Ug (Xi) is monotonically decreasing function and also this function is a continuous and piecewise

convex function of k.
Concluding Remarks: In the present chapter, it has been proved that the maximum value of the

n
generalized weighted fuzzy entropy subject to the constraint of total fuzziness, that is, z Un (Xi) =k, is

i=1
a continuous and concave function of k while the minimum value of the generalized weighted fuzzy
entropy is continuous and concave function which vanishes for every non-negative value of k and has a
maximum value for any non-negative fractional value of k. Further for the case of cross entropy, it has
been proved that the maximum value of the generalized weighted fuzzy cross entropy is a continuous

and piecewise convex function of k and is monotonically increasing function when it is given that
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/,tB(Xi) is monotonically decreasing function of its fuzzy values. With similar discussions, the

optimum values of the other measures of entropy and cross entropy can be obtained.
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CHAPTER-V

APPLICATIONS OF INFORMATION MEASURES TO PORTFOLIO
ANALYSIS AND QUEUEING THEORY

ABSTRACT

In the present chapter, we have developed optimizational principles using new divergence
measures and consequently, provided the applications of these measures for the development of
measures of risk in portfolio analysis for minimizing risk. We have observed that minimizing these
measures implies the minimization of the expected utility of a risk-prone person and maximization of
the expected utility of a risk-averse person. Moreover, we have provided the applications of
information measures to the field of queueing theory and proved that in case of steady state queueing
process, as the arrival rate increases relatively to service rate, the uncertainty increases whereas in the
case of non-steady birth-death process, the uncertainty measure first increases and attains its maximum

value and then with the passage of time, it decreases and attains its minimum value.

Keywords: Portfolio analysis, Divergence measure, Covariance matrix, Mean—Variance efficient
frontier, Birth-death process, Steady state, Non-steady state.

5.1 INTRODUCTION

The portfolio theory deals with the investments which attempt to maximize portfolio expected
return for a given amount of portfolio risk, or equivalently minimize risk for a given level of expected
return, by carefully choosing the proportions of various assets. In portfolio analysis, which is usually
divided into two stages, an investor has a great deal of choice in selecting his strategy for investment
and wishes to maximize profits. The first stage starts with observation and experience and ends with
the beliefs about the future performances of available securities. The second stage starts with the
relevant beliefs about future performances and ends with the choice of portfolio.

The modern portfolio selection theory founded by Markowitz [13], deals with the second stage
in which we first feel that the investor should maximize discounted expected returns. We next consider
the rule that the investor should consider expected return a desirable thing and variance of return an
undesirable one. Markowitz [13] illustrated geometrically relations between beliefs and choice of
portfolio according to the "expected returns-variance of returns” rule. Classical formulations of the
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portfolio optimization problem, such as mean-variance can result in a portfolio extremely sensitive to

errors in the data, such as mean and covariance matrix of the returns.

It is worth mentioning here that some of the investments made by the investor may yield low
returns, but these returns may be compensated by considerations of relative safety because of a proven
record of non-volatility in price fluctuations. On the other hand, there might be some better
investments which would be promising ones and achieve high expected returns, but these may be
prone to a great deal of risk. The process may not be much difficult in maximizing the expected return
since the various outcomes and the probabilities of their outcomes and the return on a unit amount
invested in each security are known. However, investor’s major problem is to find a measure of risk
which can be most satisfactory according to his investments. The earliest measure proposed for the
return on all investments was variance and its proposal was based upon the fundamental argument that
the risk increases with variance. Accordingly, in his seminal work, Markowitz [13] presented the
concept of mean-variance efficient frontier, which enabled him to find all the possible efficient

portfolios that simultaneously maximize the expected returns and minimize the variance.

Jianshe [9] developed a new theory of portfolio and risk based on incremental entropy and
Markowitz's [13] theory by replacing arithmetic mean return adopted by Markowitz [13], with
geometric mean return as a criterion for assessing a portfolio. The new theory emphasizes that there is
an objectively optimal portfolio for given probability of returns. Some portfolio optimization
methodology has been discussed by Bugar and Uzsoki [4] whereas other work related with
diversification of investments has been provided by Markowitz [14]. More regarding with the study of
portfolio analysis, Nocetti [16] has explored the possibility that how investors allocate mental effort to
learn about the mean return of a number of assets and analyzed how this allocation changes the
portfolio selection problem. Bera and Park [1] remarked that Markowitz's [13] mean-variance efficient
portfolio selection is one of the most widely used approaches in solving portfolio diversification
problem. However, contrary to the notion of diversification, mean-variance approach often leads to
portfolios highly concentrated on a few assets. In their communication, Bera and Park [1] proposed to
use cross entropy measure as the objective function with side conditions coming from the mean and
variance-covariance matrix of the resampled asset returns and illustrated their procedure with an
application to the international equity indexes. Now, since risk is associated with the concept of
uncertainty, we should be able to develop measures of risk based on the concepts of divergence or
cross-entropy. We can develop such measures of divergence and then show how we can develop

efficient frontiers for maximizing expected returns and simultaneously minimize measures of risk.
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In the literature, there exist many well known measures of divergence which find their
tremendous applications to various disciplines of mathematical sciences and the most appropriate
found to be useful in many real life situations is due to Kullback-Leibler’s [12], usually known as

measure of distance or cross entropy. This measure is given by

n .
D(P;Q)=>" p, log Tt (5.1.1)
i-1 o
In Chapter-1, we have introduced a new non-parametric measure of divergence, given by
(p af
Dl(P;Q)=Z(q—'+p—'—2qu. (5.1.2)
i=1 i i

Shore and Gray [21] provided the applications of cross entropy measure to engineering
problems related with pattern classification and cluster analysis. The authors have delivered an
approach which is based on the minimization of cross-entropy and can be viewed as a refinement of a
general classification method due to Kullback [11]. The refinement exploits special properties of cross-
entropy that hold when the probability densities involved happen to be minimum cross-entropy
densities. The authors have commented that “The special properties of cross-entropy that hold for
minimum cross-entropy densities result in a pattern classification method with several advantages. It is
optimal in a well defined, information-theoretic sense; it is computationally attractive and it includes a
self-consistent, simple method of computing the set of cluster centroids in terms of which the
classification is made. Further, this method can be used successfully in a variety of other disciplines”.

Some applications of minimum cross entropy principle have been provided by Shore and
Johnson [22] where the authors have remarked that the principle of minimum cross-entropy is a
general method of inference about an unknown probability density when there exists a prior estimate
of the density and new information in the form of constraints on expected values. The authors have
extended cross-entropy’s well-known properties as an information measure and strengthened when one
of the densities involved is the result of cross-entropy minimization. Moreover, the authors have
pointed out the interplay between properties of cross-entropy minimization as an inference procedure
and properties of cross-entropy as an information measure by providing examples and general analytic
and computational methods of finding minimum cross-entropy probability densities. Carlson and
Clements [5] provided the applications of cross entropy in another field of engineering known as signal
processing. The authors have remarked that “an important component in the application and design of
speech processing systems is the comparision of two signals in the form of a similarity measure and a
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suitable measure for such comparision comes from information and detection theory in the form of the

directed divergence which measures the discriminating information between two signal classes”.

It has been observed that generalized measures of cross entropy should be introduced because
upon optimization, these measures lead to useful probability distributions and mathematical models in
various disciplines and also introduce flexibility in the system. Moreover, there exist a variety of
mathematical models in science and engineering and a large number of models applicable in
economics, social sciences, biology and even in physical sciences, for each of which, a single measure
of cross-entropy cannot be adequate. Thus, we need a variety of generalized parametric measures of
cross-entropy to extend the scope of their applications. For example, in ecology, we have to measure
the difference in the relative frequencies of different spices. In signal processing, one has to find the
difference between the spectral density functions. Bhattacharya’s [3] measure of divergence and
Kullback-Liebler’s [12] measure of cross-entropy have extensively been used in the field of pattern
recognition. Similarly, each parametric and non-parametric measure of cross-entropy having its own
merits, demerits and limitations can successfully be employed to various disciplines of mathematical
sciences. Theil [26] developed a measure of cross entropy also known as information improvement,
after revising the original probability distribution and applied this measure in economics for measuring
the equality of income. Thus, keeping in view the need of generalized divergence measures, Parkash
and Mukesh [17,18] have introduced some new parametric and non-parametric measures of
divergence. In Chapter-I, we have introduced a new measure of divergence given by

n Iogﬂ

9 _
L mPke
Da(P,Q):—,a >—a=#l (5.1.3)
a-1 2

where o is a real parameter.

Zheng and Chen [27] proposed a new coherent risk measure called iso-entropic risk measure,
which is based on relative entropy and pointed out that this measure is just the negative expectation of
the risk portfolio position under the probability measure. Hanna, Gutter and Fan [7] remarked that
prior subjective risk tolerance measures have lacked a rigorous connection to economic theory. In their
study, the authors presented an improved measurement of subjective risk tolerance based on economic
theory. Bertsimas, Lauprete and Samarov [2] introduced a risk measure, called it shortfall and
examined its properties and discussed its relation to such commonly used risk measures as standard

deviation. Moreover, the authors have shown that the mean-shortfall optimization problem can be
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solved efficiently as a convex optimization problem. Some other contributors who extended the theory

for the applications towards equity and stock market are Siegel [23, 24], Siegel and Thaler [25] etc.

In the present chapter, we make use of parametric and non-parametric divergence measures
(5.1.2) and (5.1.3) for the measurement of risk in portfolio analysis. Before developing these measures,
we give a brief introduction to the concept of mean-variance efficient frontier due to Markowitz [13].

Markowitz [13] Mean-Variance Efficient Frontier: Let 7; be the probability of the jth outcome
for j=12,...,m and the r,be the return on the ith security for i=1,2,...,n when the jth outcome
occurs. Then the expected return on the ith security is given by

=Y, i=12...,n (5.1.4)

1
i1

Also, variances and covariances of returns are given by

m

2= m(r-1), i=12...n (5.1.5)
j=1

and

pikapk=inj(rij—ﬁ)(rk.—ﬁ), i,k=12....n;i=k. (5.1.6)

j=1
Let a person decide to invest proportions X, X,,...,X, of his capital in n securities. Assume that
X, 20 foralli, and that
n
X =1. (5.1.7)
i=1

Then, the expected return and variance of the return are given by

i-1

and

V = z xiol + ZZZ X X, P Oi0y - (5.1.9)
i-1 k=1 i<k

Markowitz [13] suggested that x,X,,...,X, be chosen so as to maximize E and to minimizeV or

alternatively, to minimize V when E is kept at a fixed value. Now

m — — —\2
Vv :an(xlrlj +Xphy e+ Xy —xlrl—xzrz—m—xnrn)
-1
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:Zm:”j(Rj_ﬁ)z (5.1.10)
j=1
where R, =Zn:xirij and §=Zn:xiﬁ (5.1.11)
i=1 i=1

that is, R; is the return on investment when the jth outcome arises and R is the mean return on

investment.

In the next section, we develop an optimizational principle using our divergence measure (5.1.2).

5.2 DEVELOPMENT OF NEW OPTIMIZATION PRINCIPLE
Markowitz’s [13] criterion for a choice from x, X,,..., X, was to minimize the variance, that is,
to make R,R,,...,R as equal as possible among themselves. Any departure of R,R,,...,R,, from

equality was considered a measure of risk. The same purpose can be accomplished if we choose

X, X,,-.-, X, SO @s to minimize the directed divergence measure given by (5.1.2) of the distribution

- LV r RIARY D2 (5.2.1)
R = j=1 Rj
where Zm:”iRi:Zm:”jiXirij
= j=1 i=1

=i><fi _R (5.2.2)

Thus, we can formulate our optimization principle as follows:

Choose X, X,,...,X, S0 as to minimize
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m m .

zﬂj(xﬂh+X2r2j+"'+xnrnj)2+z J (5.2.3)
= j:l(xlrlj+x2r2j+-~-+xnrnj)
subject to the following constraints:

PRACIIE A +-~-+xnrnj):Constant (5.2.4)
j=1

X 4 X+ X, =1 (5.2.5)

and x, >0,x,>0,...,x,>0.

Implementation of the principle

We may use the Lagrange’s method for implementing the above extremum problem. But, in

this process, the x;’s will not be guaranteed to be positive, although there is a guarantee that the R;’s
will turn out to be positive. If we find that some of the x;’s are negative, we set these x;’s equal to

zero and solve the new optimization problem and proceed as before, repeating the process if necessary.
Alternatively, one can use a nonlinear optimization program that considers the inequality constraints

on the probabilities X; ’s.

The above principle has been explained with the help of a numerical example as follows:
Numerical: Consider the two securities, each with eight possible outcomes and with probabilities and
returns as shown in the following Table-5.2.1:

Table-5.2.1

Probability | Return-1 | Return-II
0.05 0.10 0.20
0.10 0.05 0.15
0.15 0.15 0.10
0.20 0.20 0.05
0.10 0.10 0.15
0.15 0.05 0.10
0.10 0.20 0.15
0.15 0.20 0.20
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We have to find the optimum values of investment proportions x, and x,, when the mean return on the

investment is 0.13.

Thus, our problem can be reformulated as follows:

3 8 T
Minimize Zn,-(xlrl,- +X2r2j)2 +Z J :
) i1 \Xifj + X,

subject to the set of constraints

8
> 7,1, + X1, )= 0.13 (5.2.6)
j=1
X, + %, =1 (5.2.7)
and
X, 20,%x,20
where

=0.05, 7, =0.10, 7, =0.15, 7, =0.20,
7y =0.10,7, =015, », =0.10, n, =0.15
and
r, =0.10, r, =0.05, r, =0.15, r, =0.20,
r,=0.10, r, =0.05, r;, =0.20, r, =0.20,
r,=020,r,=015, r, =010, r, =0.05,
I, =015, r, =0.10, r, =0.15, r, =0.20

Consider the Lagrange function
8
L:;”i(xlr1j+xzrzj)2+zm Z” (X1r11+X2 21) 0.13 |- (X1+X2 _1)

Differentiating the above equation with respect to x, and x,, and equating to zero, we get

T, rlj

8
2 -1 0 5.2.8
;n r, (ar, + %0, )- ,Z_;‘(xlr“ - rz,) szr - u= (5.2.8)
8
22;1 A TAN Y /1271 ry—u=0 (5.2.9)

11(X1r11 +X rzj) J,
Using the values of z; s and r; ’s in (5.2.6), (5.2.7), (5.2.8), (5.2.9) and solving, we get
X, = 0.3333, x, =0.6667.
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5.3 MEASURING RISK IN PORTFOLIO ANALYSIS USING PARAMETRIC
MEASURES OF DIVERGENCE

In this section, we consider the following cases for measuring risk in portfolio analysis by using
parametric measures of divergence.
I. If we use one parametric measure of divergence (5.1.3), we get a measure of risk in accordance with

the optimization principle developed in the above section. This measure is developed as follows:

:LF E{Raloggj—l}. (5.3.1)
a-1R

If %<a<l, minimizing the measure (5.3.1), we mean the maximization of expected utility of a

- L log= . .
person whose utility function is given by u(x)= xa R.Inthis case the person is risk-averse. Ifa >1,

minimizing the measure (5.3.1), we mean minimization of the expected utility of a person whose utility

X

A A A log= A L
function is given byu(x)= xa ® . In this case the person is risk-prone.

Thus, minimizing this measure implies the minimization of the expected utility of a risk-prone person

and maximization of the expected utility of a risk-averse person.

I1. Now, we know that Renyi’s [20] measure of directed divergence is given by

n
,D(P;Q) =ﬁ log) pg"* a#1,0>0 (5.3.2)
- i=1

If we use Renyi’s [20] measure, we get a measure of risk in accordance with the above mentioned

optimization principle. This measure is developed as follows:
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Iogin‘nf“ IogZ(ﬂ_Rj —a
et R

a-1 a-1

R2:

:i{log L E(R“)} (5.3.3)
1L "R

Ifo <1, minimizing the measure (5.3.3), we mean the maximization of expected utility of a person
whose utility function is given byu(x): x“. In this case the person is risk-averse. Ifa >1, minimizing
the measure (5.3.3), we mean minimization of the expected utility of a person whose utility function is
given by u(x) = x”. In this case the person is risk-prone.

I11. Now, we use Havrada-Charvat’s [8] extended measure of directed divergence given by

. 1-
D ople -
D (P; =i:1—,a>0,a¢0,1 5.3.4
( Q) a(a-1) ( )
Thus, again we get a measure of risk in accordance with the above mentioned optimization principle.

This measure is developed as follows:

1 [1 .
| R )_1} (535)

IfO0<a <1, minimizing the measure (5.3.5), implies the maximization of expected utility

function u(x)= Xx“. In this case the person is risk-averse. If « >1, minimizing the measure (5.3.5), we

mean minimization of the expected utility u(x)= x“and in this case the person is risk-prone.
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Thus, we conclude that minimizing this measure implies the minimization of the expected utility of the
risk-prone person and maximization of the expected utility of a risk-averse person.
Proceeding on similar lines, many new optimization principles can be developed by using different

measures of directed divergence.

5.4 APPLICATIONS OF INFORMATION MEASURES TO THE FIELD OF
QUEUEING THEORY

In dealing with the queueing theory, we suppose that the queueing system is in a steady-state
condition and this steady-state is reached if the state of the system becomes essentially independent of
the initial state and the elapsed time. In fact, the usual analysis of the main queueing system is based
on the birth-death process, according to which, for any state n of the queueing system, the mean rate
at which the entering incidents occur must equal the mean rate at which leaving incidents occur.
Queueing theory must assume some kind of stability for obtaining a probabilistic model of the
system’s evaluation and the basic formulae obtained are reliable to the extent to which the conditions
of the alleged birth-death process are satisfied. The principle of maximum entropy is another method,
to construct the most uncertain probability distribution subject to some constraints expressed by mean
values. By using this principle, we cannot only reobtain some known formulas from queueing theory,

but also give an analytical expression to the solution of some more queueing systems.

If the real probability distribution of the possible states of the queueing system is known, the
corresponding entropy is a number, which may be effectively computed for measuring the amount of
uncertainty about the real state of the system. But generally, we do not know this real probability
distribution. The available information is summarized in mean values, mean arrival rates, mean service
rates of the mean number of customers in the system. Suppose that we know the mean number of
customers in the system, and then we can have several probability distributions on the possible states
of the system subject to the given number of the customers. From this set of feasible probability
distributions, let us take the unique probability distribution for which the corresponding entropy is
maximum and such a probability distribution gives the largest probabilistic model, treating the possible
states of the system as uniform as possible.

It was Guiasu [6], who obtained a probabilistic model when the queueing system is in the
maximum entropy condition. For applying the entropic approach, the only information required is
represented by mean values. For some one-server queueing systems, when the expected number of

customers is given, the maximum entropy condition gives the same probability distribution of the
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possible states of the system as the birth-death process applied toM /M /1 system in a steady state
condition. For other queueing systems, as for M /G /linstance, the entropic approach gives a simple
probability distribution of possible states, while no close expression for such a probability distribution
is known in the general framework of a birth-death process.

In simple birth-death process of queueing theory, let py(t) denotes the probability of there being
n persons in the population at time t and let ny denote the number of persons at time t = 0, then Medhi
[15] has obtained an expression for py(t) . In fact, if we define the probability generating function by
#(s.t)=" p,(t)s", (5.4.1)
we get the following result

¢(s,t)={((j__f)3;:+‘z§;__ll))} 0 ey (5.4.2)

at—(at-1)s1"
= | = T = 5.4.3
{ 1-At—Ats } a ( )
where x = exp(4 — u)t (5.4.4)

By expanding ¢(s,t)in power series of s, we can find pn(t). In a queuing system, let A and u denote

arrival and service rates in the steady state case, then we have
p,=0-p)p",n=0123,...; p=i (5.4.5)
7,

At any time t, the number of persons in the system can be 0, 1, 2,..., so that there is uncertainty
about the number of persons in the system. We want to develop a measure of this uncertainty, which
shows how this uncertainty varies with A, ¢ and t. Kapur [10] has studied such types of variations by
considering well known measures of uncertainty. Prabhakar and Gallager [19] have undertaken the

study of queues which deal with two single server discrete-time queues. These are

Q) first come first served queue with independent and identically distributed service times and

(i) a preemptive resume last come first served queue with non-negative valued independent
and identically distributed service times. For these systems, the authors have shown that
when units arrive according to an arbitrary ergodic stationary arrival process, the
corresponding departure process has an entropy rate no less than the entropy rate of the
arrival process. Using this approach from the entropy standpoint, the authors have
established connections with the time capacity of queues.
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In the sequel, we have obtained the measures of uncertainty for a probability of the population
size at any time in a birth-death process as functions of birth rate and death rate. It has been shown that
in case of steady state queuing process, as the arrival rate increases relatively to service rate, the
uncertainty increases whereas in the case of non-steady birth-death process, the uncertainty measure
first increases and attains its maximum value and then with the passage of time, it decreases and attains

its minimum value. These results have been presented in the following cases:

Case-I: Applications of information measures for the study of variations of entropy in the
steady state queueing process.

In this case, we have studied the variations of our own measure of entropy in the steady state

queueing processes. For this purpose, we have considered the following measure of entropy introduced
in Chapter-1. This measure is given by

IOgD z piﬁlogD Pi

H, (A, u)=— |i<=)OgDﬁ B>1p#1 (5.4.6)

logy (o™ + PSR 4 P 4t p, S 1)
log, B

(L p) ) 1 (1 p) B9 4 (1 p) TP 9
et p" (1_p)ﬁ'090p"(17p) 4
log,, B

log, [(1—/?)(/3")%(“” + ppER I g p2glosertin) oy pn glese (o) +)}

log,

log,, [(1— p) ) (1+ pBr 4 p?2Blwr’ 4 p" oo +)}
log,,

IOgD[(l_p)ﬁlogD(l—p) (1+ pﬁlogDp+p2ﬁ2|ogDp+...+pnﬁnlogDp+...):|
log, 8
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_ logp (1-p) 1
|09D[(1 p)ﬁ [1_pﬁlogDpjj

log,, 3

" 1
log, (1~ p) +logs ( 84 +log, [wﬁ'“’j

log,

B log, (1- p)+log, (1- p)log, B —log,, (1_pﬁ|0gDp)

= (5.4.7)
log,, /8
Letting g —1in (5.4.7), we get %form. So applying L-Hospital’s rule, we get
|09D (1_p) s pﬁlogopfl IOgD p
. T ’3 1_p’3|099p
i, (2.0) == fim 1
p
Thus, we have
1-p)log(l-p)+ plog
Hl(/l,u)={( 2) (1_;)) £ p} (5.4.8)

a result studied by Kapur [10].

Now, differentiating (5.4.7) w.r.t p, we get

oMy (L) 1 [ 1 IogDﬁ+ﬁ'°9°P+ﬁ'°9°PIogDﬁ}

op  logy | (1-p) 1-p (1—p,3|°g°p)

Letting f —> 1, we get

oH . (A,
imPHs (b))
-1 Op p-1(1-p)
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(1_pﬁIOQDP)(ﬁIOQDP*1 IogD p_i_ﬁIoQDp*l IogD plogD ﬁ_i_ﬁIoQDp*l)

i ~(B%er + g% logy, B)(—pB %" logy p)

Bl (1—p,3|09Dp)2

log p >0
(1-p)

Thus, we see that in this case, the uncertainty increases monotonically from 0 to « as p increases from

0 to unity.

Case-I1: Applications of information measures for the variations of entropy in the non-steady
state queueing process.

In this case, we have studied the variations of our own measure of entropy in the non-steady state
queueing processes. For this purpose, we have again considered the measure of entropy (5.4.6) and for
this study, we first of all develop the following results:

Equation (5.4.3) gives

At At—1 a0\t
t)s" S|l 1- S
an() 1+ At( A J( 1+ At J

ot ( at-1 Ji( J”
1+t no\l+ At
so that

at (ot Y (at=1) at "'
Pn (t): -
1+ At 1+ At At 1+ At

(At)n—l .
@+ a0

At
t) =
P () 1+ At

Now, we study the different variations of the entropy (5.4.6) as follows:
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Iog p IBIOQD Po pﬁlOQD Py p IBIogD Py 4 pmglogo Py
Hy (A1) =— o(Ps 1 o0 Zﬁ ) (5.4.9)
D

: At (at)™ :
Taking po(t)=m and p,(t)= Qea™ equation (5.4.9) becomes

5 IogD#2 IogDL3
(]j“tMJIB o0 (1+/1t]+ 1 ; (@ran” At B (@+2)°
o0 (1+4t) (1+4t)
D - 2y
(ﬂ.t) ' ’BIOQD(HEH)"“ "
H () (1+}Lt)n+1
1,Ll -
! log,,

it logp At ? logp ——
A () 1 e EPOTY 1+M+(1+Mj g
|OgD ( jﬁ 1+t n ﬁ (L+at)

2

- 3 n
1+ At (1+ At) A gt [ Y gt
1+ At 1+ 4t
log, B
1
|ogD (M)ﬂ'ogl}{&]_’_1ﬂlogD(1+lt)2 1
1+ At (1+2t)° 1 M ﬂ'%m
1+t
log,, B
I Iogo(ﬁ] oo ﬂlogD(rlﬂj
00, AT+
(L+ A1) 1+ At—Atg " wa
- log,, B
I Iogl{ﬁ] I ., oo ﬂlogo[ﬁ]
0 —lo B +
9o (1+4t) Go| AP

14 2t atp

log,, B
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ﬂIOgD(ﬁ]

log, (1+At)+log, Blog, (1+ At)—log, | AtB* +
14 At—atg "ma

- (5.4.10)
log,, 3
Letting 8 —>1 in (5.4.10), we get %form and applying L Hospital’s rule, we get
log,, (1+At) 1 log t-1
limH,; (P)=lim 3 I YN {Atlog, AtpPe
ﬂ 1+ At
itﬂlOgDM-i-
1+t 2tg" oni
[1+M Mg 1W](—IogD(1+M) et
_ logp (1+2t) ﬂ,tl gDﬁA
s B [ %901t Mﬁ
Bl ﬂlogD(ﬁ] g T 2
Mﬂlogozt " - [1+M—Mﬁ Dl+lt]
14 At —atg e
2((1+ At)log(1+ At)— At log At
_ 2((1+ M)log(1+At) - Atlog it) (5.4.11)

1+ At
Differentiating (5.4.10) w.r.t At, we get

oHy (2,n) 1 [(1+IogDﬂ)J

o(At) logDlog, | (1+At)

B 1 1
logDlog, S

(L+log, ﬂ){_ﬁ el IOQDM)ZJ
x| B (1+log, B)+

ﬂlogD(m]

2
At [1+M Mﬂ 1*”]

11 at- g i

Letting f—1, we get

110



Applications of Information Measures

OHy(Z,u)  2log it

o(At) (1+2t)°

This shows that uncertainty increases so long as At < 1 and decreases after this and maximum entropy

occurs when At = 1, and
Max H, (4, 1) =2 log2
When t = 0, the uncertainty is zero and when t — o
i 2[ (1+ At)log (1+ At)—Atlog At | im 2[ (1+x)log (1+ x)-xlog X |
too 1+ At X 1+x

_ lim 2Iog(11+x)/x 0

X—00

Thus, in this case, we observe that the uncertainty starts with zero value at time t = 0 and ends with

zero value as t — oo and in between it attains its maximum value 2 log2 when t = 1/A.

Concluding Remarks: The findings of our study reveal that by using parametric measure of cross-
entropy, we can talk of maximizing the expected utility of risk-averse persons and of minimizing the
expected utility of risk-prone persons. Such a study can be made available by the use of a variety of
other generalized parametric and non-parametric measures of cross entropy. Moreover, we have
provided the applications of our own entropy measure developed in Chapter-I to the field of queueing
theory for the study of different variations in different states of the queueing processes. By making use
of other well known existing entropy measures, such variations can be studied and some interesting

conclusions can be made.
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CHAPTER-VI

NEW MEAN CODEWORD LENGTHS AND THEIR CORRESPONDENCE
WITH INFORMATION MEASURES

ABSTRACT

The objective of the present chapter is to provide a deep study of the problem of
correspondence between well known measures of entropy and the mean codeword lengths. With the
help of some standard measures of entropy, we have illustrated such a correspondence. In the
literature, we usually come across many inequalities which are frequently used in information theory.
Keeping this idea in mind, we have developed such inequalities by the use of coding theory and
divergence measures. Moreover, we have made use of the concept of weighted entropy and generated
some new possible generalized measures of weighted entropy through coding theorems. Such theorems
also provide a correspondence between standard measures of entropy and their upper bounds which are
neither mean codeword lengths themselves nor some monotonic increasing functions of mean

codeword lengths. These findings have been discussed in the last section of the chapter.

Keywords: Codeword, Code alphabet, Best 1-1 code, Uniquely decipherable code, Mean codeword
length, Entropy, Directed divergence.

6.1 INTRODUCTION

In early days, computers were less reliable as compared to the computers of today, the
consequences of which could result in the failure of entire calculation work. The engineers of the day
devised ways to detect faulty relays so that these could be replaced. It was R.W. Hamming working for
Bell Labs who thought that if the machine was capable of knowing it was in error, wasn't it also
possible for the machine to correct that error. Setting to work on this problem, Hamming devised a
way of encoding information so that if an error was detected, it could also be corrected. Based in part
on this work, Claude Shannon developed the theoretical framework and set the origin of coding theory.
The basic problem of coding theory is that of communication over an unreliable channel that results in
errors in the transmitted message. It is worthwhile noting that all communication channels have errors,
and thus codes are widely used. In fact, these codes are not just used for network communication, USB
channels, satellite communication and so on, but also in disks and other physical media which are also
prone to errors. In addition to their practical application, coding theory has many applications in

computer science and as such it is a topic that is of interest to both practitioners and theoreticians.
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The last few years have witnessed an impressive convergence of interests between disciplines
which are a priori well separated: coding and information theory. The underlying reason for this
convergence is the importance of probabilistic models in each of these domains. This has long been
obvious in information theory and now it has become apparent in coding theory. More accurately, the
two basic concepts viz, entropy and coding are strongly related to each other and a very important and

basic relation between the two concepts was first obtained by Shannon [22], where he first introduced

the concept of entropy, to measure uncertainty of the probability distribution P = ( P> Py Psseees pn) . In

the field of coding theory, we usually come across the problem of efficient coding of messages to be
sent over a noiseless channel, that is, our only concern is to maximize the number of messages that can

be sent over the channel in a given time.

Let us assume that the messages to be transmitted are generated by a random variable X and

each value Xj,(i=1,2,...,n) of X must be represented by a finite sequence of symbols chosen from the
set {ay, a,,....., &p }. This set is called code alphabet or set of code characters and sequence assigned to
each Xxj,(i=12,...,n) is called code word. Let |, (i=1,2,...,n) be the length of code word associated

with X; satisfying Kraft’s [13] inequality given by the following expression:
D"+D™"+..+D™ <1 (6.1.1)
where D is the size of alphabet.

In calculating the long run efficiency of communications, we choose codes to minimize average code

word length, given by

>

L=>"pl (6.1.2)

where pj is the probability for the occurrence of X; . For uniquely decipherable codes, Shannon’s [22]

noiseless coding theorem which states that

|_I(P)SL< H(P)+1
log D log D

(6.1.3)

determines the lower and upper bounds on L in terms of Shannon’s [22] entropy H(P).

It is to be observed that the arithmetic mean is not the only mean codeword length for lengths

n
l,,l,,...,1 . In fact, we can consider infinity of means of the form f' [Z p; f (Ii)j where f is a one-
i=1
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one function with inverse f ™. As a special case, we can have power means by taking f (x)=x" to get

1

infinity of power means [Z p; irj for all real values of r. This mean includes the popular arithmetic,
i=1

geometric and harmonic means.

We can also have infinity of exponentiated means by taking f (X) = D** where D the size of

the alphabet used. We can also consider a large number of functions depending upon the probability
distribution, which satisfy the essential properties of a measure of entropy. Though, usually we apply
Kraft’s [13] inequality as unique decipherability constraint for providing relation between entropy and
codeword length, we may consider other relevant and useful constraints as well. Thus, while Shannon
[22] considered only one mean, one constraint, that is, Kraft’s inequality and his own measure of
entropy, we can considerably enlarge the scope of the subject under consideration with the help of a
variety of generalized parametric and non-parametric measures of entropy. We, thus have three entities

viz, means, constraints and measures of entropy and we get the following problems to consider:

(i) Given a specific mean and a specific constraint, one has to find the minimum value of the mean

subject to the given constraint.

(i) Given an entropy measure and a constraint, one has to find the suitable mean codeword length for

which the given entropy measure will give the minimum value for the given constraint.

(iii) Given the mean codeword length and the well known measure of entropy, one has to find a
suitable constraint for which the measure of entropy will be the minimum value for the given mean

codeword length.

A suitable code is defined as a code in which lengths |,1,,1,,...,I. of the codewords satisfy a

n
suitable relation in such a way that the minimum value of a specified mean codeword length for all
codes satisfying the given relation lies between two specified values. Kapur [10] has well explained the
following criteria while providing correspondence with measures of information, suitable codeword

lengths and the construction of suitable constraints:

1. If we want the lower bound of arithmetic mean of codeword length to lie between H(P) and
H(P)+1 where H(P) is Shannon’s [22] entropy, then we must choose codeword lengths

I,1,,15,....1 to satisfy Kraft’s [13] inequality.

116



Coding Theory and Information Measures

Similarly, if we want the lower bound of exponentiated mean codeword length of order o to

lie between R (P) and R, (P)+1, where R (P) is Renyi’s [21] entropy of order «, then

again we should choose |,l,,1,,....1  to satisfy Kraft’s inequality. The exponentiated mean

n

here may be Campbell’s [4] meanL .

If we want the lower bound for z p;l. to lie between K(P:Q) and K(P:Q)+1, where

i=1

K(P:Q) is Kerridge’s [11] measure of inaccuracy, then we have to choose |,l,,1,,...,1  to

satisty the modified Kraft’s inequality, given by
2. pg D <1
i=1
If we want the lower bound to lie between D(P:Q) and D(P:Q)+1, where D(P:Q) is

Kullback- Leibler [14] measure, then the constraint should be
z Pig; D" <1
i=1
If we want the lower bound of exponentiated mean codeword length to lie between

n

710gDZp| qltx 1 l_alogDZpirqia—l
and =

Z b’ Z b’

i=1 i=1

+1, then the appropriate constraints should

be the following one:

Z P’ D
i=1
Z b’

i=1

While dealing with coding theory, we usually come across the problem of unique decipherability. To

tackle this problem, we would like to have the following definition.

“A code is uniquely decipherable if every finite sequence of code characters corresponds to at most

one message”.

One way to insure unique decipherability is to require that no code word should be a “prefix”

of another code word. A code having the property that no code word is a prefix of another code word is

said to be instantaneous. Before turning to the problem of characterizing uniquely decipherable codes,

we note that every instantaneous code is uniquely decipherable, but not conversely.
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The implicit assumption that works behind the restriction of encoding of X to uniquely
decodable codes is that a sequence of random variables X,X,,...,X, is being encoded and that the
individual codeword will be concatenated together. So, the code must be uniquely decodable in order
to recover X, X,,..., X, . Since, there are communication situations where a single random variable is

being transmitted instead of sequence of random variables, Leung-Yan-Cheong and Cover [16]
considered 1:1 codes, that is, codes which assign a distinct binary codeword to each outcome of the
random variable, without regard to the constraint that concatenation of these descriptions must be
uniquely decodable. Moreover, if L, is the mean length for the best 1-1 binary code, then Leung-Yan-
Cheong and Cover [16] proved the following inequalities in terms of Shannon’s [22] entropy

H (P) and the 1-1 codes:

L., > H(P)—a(l+log(1+ H(P))—log(2* 1) /(2* +1),a > 1
L, = H(P)—2log(1+H(P)) (6.1.4)
L., >H(P)—log(1+ H(P))—log(logH(P)+1)+...

It is to be noted that uniquely decipherable codes (U.D.) are constrained codes because their
lengths have to satisfy Kraft’s inequality whereas 1-1 codes are less constrained. The mean length of

the best U.D. code is greater than Shannon’s [22] entropy H(P). The mean length of the best 1-1 code
L., is also a measure of entropy and the two measures of entropy need not be related by equality or

inequality relations. It was Campbell [4], who for the first time introduced the idea of exponentiated
mean code word length for uniquely decipherable codes and proved a noiseless coding theorem. The

author considered a special exponentiated mean of order o given by

i=1

5 :1a oz, {Z 0 D(lm/a} (6.1.5)
—a o

and showed that its lower bound lies between R, (P) and R, (P) +1 where

R,(P)=(1-a)" log, {Z pi“}a>0,a¢1 (6.1.6)
i=1
is Renyi’s [21] measure of entropy of order o .

As a — 1, it can easily be shown that L, — L andR (P) approaches H(P).
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After the introduction of Campbell’s [4] exponentiated mean of order o, many researchers proved
different coding theorems and consequently, developed their exponentiated means. Some of the

pioneer towards such contributions are Kumar and Kumar [15], Ramamoorthy [20], Parkash and

Kakkar [18], Parkash and Priyanka [19] etc.

Of course, Kapur [10] defined the following mean:

a 1 . a —-(l-a)l . a
L = alogD > pf DN p; (6.1.7)
- i=1 i=1

and gave its proper definition as follows:
L* is said to be exponentiated mean if it satisfies the following properties:
(1 Ifl=L=I=.=I =1,then L" =I

(i) L* must lie between minimum and maximum values of I,1,,1,...,1,

(1i1) O{I_t)1 L =L where L = i pil;
i=1
In the literature of coding theory, for the given inequality, say, Kraft’s [13] inequality, we have
a pair of problems. For a given mean codeword length, we can find its lower bounds for all uniquely
decipherable codes. In the inverse problem, we can find the mean value for the given pair of lower
bounds. The direct problem has a unique answer, though it may not always be easy to find an
analytical expression for it. However, the inverse problem has no unique answer in the sense that the
same lower bounds may arise for a number of means. The challenge is to find as many of the means as

possible, which have the given pair of values as lower bounds.

The object of the present chapter is to go deeper into the problem of correspondence between
well known measures of entropy and mean codeword lengths. We state the following fundamental
results in a broader framework:

(@) To every mean codeword length, there corresponds a measure of entropy or a monotonic
increasing function of a measure of entropy.
(b) To every measure of entropy, there corresponds a mean codeword length or a monotonic

increasing function of the mean codeword length.
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For many purposes, especially for maximization of entropy, every monotonic increasing
function of a measure of entropy is as good as a measure of entropy and for such purposes; all such
functions should be regarded as equivalent. A monotonic increasing function of mean codeword
lengths is not the same as a mean codeword length, but minimizing a monotonic increasing function of
a mean codeword length gives the same results as minimizing the mean codeword length itself. Thus,
there is no harm to use monotonic increasing functions of entropy and mean codeword lengths. Below,

we illustrate the correspondence between standard measures of entropy and the codeword lengths.

6.2 DEVELOPMENT OF EXPONENTIATED CODEWORD LENGTHS
THROUGH MEASURES OF DIVERGENCE

In this section, we prove certain coding theorems, the special cases of which provide
exponentiated mean codeword lengths already existing in the literature of coding theory.

Theorem-I: If | ,1,,1,,....1 are the lengths of a uniquely decipherable code, then

k(-
La,ﬂ,kz[Hg(P)]k ( ? DZD" (6.2.1)

where L, 5, = ai [(a -y —k(ﬁ—l)Lﬂ], k is some real constant, «,f are real parameters,

[HZ(P)]k is well known measure of entropy due to Kapur [7] and

1 Zn: peDli0-2) 1 Zn: o/ D 0P
L* = logp i=1 L= logp S

_ n -1 n
ol > pf s > pf
i=1 i=1

are Kapur’s [10] exponentiated mean codeword lengths.

Proof. We know that Kapur’s [9] measure of directed divergence is given by

Z prgi

,BIOgD—k sa=L,B#L,a,f>0,k>0, (a-1)and (ﬁ—l)
n
{Z plai”
i1

have opposite signs.

K(P:Q)=

. . D" o
Since K(P:Q)>0, letting g; =———, the above expression gives

S0
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l-a
n D*||
LR o
i=1 ZD*i
! log =l >0
— 5 %D P
n D7I|
2P
i=1 D7
Z
_ n . _
1 z pyD i) . k(-f)-(1-a)
or log, —= k+logD[2Dlij >0
a=p " oAp-li-A) =
zpi D™
L i1 _
_ n . _
Zpianl(fa)
=
n n
1 Z P Z Py’ N k(1-B)~(1-c)
Ora—,B logp - =l —+logp, % +logD[ZDlij >0
e i1
e M 9
i1 =
n
>’
L = _
>
_ _ 1 < 1 k(1-B)—(1-a) no,
-1)L, —k(B-DL, |> 1 1=l - 1 D" 6.2.2
or——| (@=L, k(8- | 5 80 [ jk L) (6.2.2)
p/
1
i1

The equation (6.2.2) further gives

k(1= B)—(1— .
La,ﬂ,kz[Hg(P)Jk—( i)_/g a)logD;D"

where
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>

[HZ(P)] _ log, |n:1— azLp#La>L, <l ora<l,f>1 is Kapur’s [8] additive

(e

measure of entropy. This proves the theorem.

Special cases
1. For k=1, (6.2.2) becomes

| 2 h !
[(a—l)L“—(ﬁ—l)L/’]zﬁ logp | S [~logy Y. DY,

- B i=1
o]

that is,
n
L, 5 >Hj(P)-logp Z D (6.2.3)
i=1
where
1 a
Ly s = [(a—l)l_ —(ﬁ—l)l_ﬂ]

is the exponentiated mean of order ¢ and type S and HZ(P) is Kapur’s [8] entropy of order o and
type S.

n
Now, since ZDfli always lies between D'and 1, equation (6.2.3), the lower bound for L, ; lies
i=1

between Hj (P)and Hg(P)+1.
2. For k=1,8=1 (6.2.2) becomes

1
l-a

L* >

n n
logp )" pi* —logp D D"
i=1 i=1
that is,

n
L* >R, (P)-log, Y. D"

i=1
where L” is the exponentiated mean of order ¢, R, (P)is Renyi’s [21] entropy of order « .

So, the lower bound for L”lies between R, (P)and R, (P)+1.

3. For k=1, =1and o — 1, equation (6.2.2) becomes
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n
Z 2 Z Pi 1ogD Pi — 1OgDZD "
i=1 i=1

n
thatis, L> H(P)-logp » D"

i=l

n
where L = Z p;l; is the mean codeword length and H(P) is Shannon’s [22] measure of entropy.
i=1

Thus, the lower bound for L lies between H(P)and H(P)+1.
Theorem-II: If I ,1,,1,,....] are the lengths of a uniquely decipherable code, then

n
L* >R, (P)-log, Y. D" (6.2.4)

i=1

where R, (P)is well known Renyi’s [21] measure of entropy and

: i(a)
1 >, prDit

L = log +=!

1 n
¢ 3 pe
i=1

is Kapur’s [10] exponentiated mean codeword length of order « .

Proof. We know that Kapur’s [9] measure of directed divergence is given by

K(P: Q)_—{tan [z pegl “j } a>1

Thus, we must have

{tanl [z peg j ——} >0 (6.2.5)
D"

S0

Letting ¢, = in (6.2.5), we have
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n plid-a)

O

Taking logarithms both sides, the above equation gives

logDZp, S > (1-q) logDZD L

i=1

that is,
n
Z pianli(lfa)
logD':ln—+logD2p, (I-a) logDZD L
z pla i=1 i=1
i=1
that is,
n
an-lid-a)
1 z pl D ! 1 n n I
logp = + logDZpi‘” 2—logDZD7'
a-1 - o a-1 i=1 i=1
z pi
i=1
that is,
n
an-li(d-a)
1 Z pl D ! 1 n n "
logp = > logDpr‘—logDZDf'
a-1 - o l-a i=1 i=1
Z P
i=1
that is,

n
L* >R, (P)-log, Y. D"

i=1
where L is Kapur’s [10] exponentiated mean codeword length of order o and R, (P) is Renyi’s [21]

measure of entropy.

This proves the theorem.

n
Note: Since ZDfli lies between D 'and 1, the lower bound for L“ lies between R, (P)and
i=1

R, (P)+1.

In the next section, we have provided the derivations of the mean codeword lengths already existing in

the literature of coding theory.
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6.3 DERIVATIONS OF WELL KNOWN EXISTING CODEWORD LENGTHS

In this section, we provide the applications of Holder’s inequality to prove a new coding

theorem, the special cases of which provide the existing mean codeword lengths due to Campbell [4]

and Shannon [22].

Theorem-I: If | ,1,,1,,....1 are the lengths of a uniquely decipherable code, then we have

1+logp, n 1 e 4'[ ony ]
_ €p log, Z pirloz B gitlozs By ivlogo ) |

n
log p-,BlOgD P,
logp B i=l logp B D; |

where >0,8#1.

Proof. Applying Holder’s inequality, we have

1 1
n n " p(n q 1 1
Dy Do || Dy | where E+a=1,porq<l
i=1 i=1

i=1

1 _logp by 1 logp p;

Substituting X = p(logoﬂlg oz fy = plogo B g lozo D ’l _ 1 ’ 1_ 1+log, f8
p logp B q logpp
(6.3.2), we get
1 l+logp B

log, B logy, B

n -1 —logp p; ~logo £ log,, 1 logp p; l+logp,
Dfli > Z pilogDﬂﬁ log, B piIOgDBﬁIOgDﬂ Dfli
i=1

i=1

i=1

I+log, B
-1
1 logp p; 7|_[ logy, B ] logp B
1

. n B n 10gDﬂ n
that is, " D™ > {Z BB pi} 3| pitoess girioso iy oo B
i=1 i=1

i=1

Taking logarithms both sides, the above equation gives

1 logp, b 7|_[ logp B ]

. . 1+logp B . 141 141 I+log, B
0>-— IOgD p_ﬁlOgD P; + D logD p Ogoﬁﬁ ogp B D b
logp ; | logp B ; |
that is,
1 logy, p; logy, B
1+logp B | Telog, f pl+log, B 7i[1+10 ﬁ] . log,, ;
—————logp e gD R logp ), B
logp, 8 .Z;‘ | logp, 8 .Z;‘ |
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which proves the theorem.
This is to be noted that the R.H.S of (6.3.1) is a measure of entropy but the L.H.S is not a mean
codeword length. Next, we discuss the particular cases:

Case-1: Taking f =D, (6.3.1) becomes

n 1 logp by I'(lj n
oy 3] 020 3 0 | gy 3 ot
i=1

i=1

that is,

1

n -1 = n

—2log, Z{piD O}ngZpﬁ (6.3.3)
i=1 i=l1

where L.H.S of (6.3.3) is Campbell’s [4] exponentiated mean codeword length given by

n
L, = = logD(Z piD'i(la)/“jfor a=2

l-a -
and the R.H.S of (6.3.3) is Renyi’s [21] entropy of order 2.
Case-II: If we take f —1in (6.3.1), we get % form. Applying L Hospital’s rule, we get

n 1 logp, p; 7|_[ logy, B ] (1
' +logp f8)
It | =lo _1+10gDﬂ 1+10gDﬂD l+logp B D
Bl 245} ; Pi ﬁ 1 logp, p; 7|_[ logp, B ]
pil+logDﬂﬁl+logDﬂD " 1+log,, B
i=l
1 logp p; 7|_[ logp B ]
0 0 " 1+log,
= (1+logp B)°
1 logp b 7|_[ logp B ] 1 logy p; 7|_[ logp B ]
0 0 " 1+logg og, ogs | Trlog,
i i pi1+1 gDﬂ’BIH gDﬂlOgD p,D +logp B _Iiping ﬂﬁlJrlg pp \Itlog B
= (1+log, ,3)2 (1+1logp ,3)2
1 i 1 logp pi—1
W | ZPilogp pip
lo; - \j=
Z plﬁ 2o P \i=l
> |t -
p—l

1
B
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Upon simplification, the above equation gives
n n
Y pl ==Y pilog, p, (6.3.4)
i=1 i=1

The R.H.S of equation (6.3.4) is Shannon’s [22] measure of entropy and the L.H.S is arithmetic mean

codeword length.

In the sequel, we shall provide the derivations of the existing mean codeword lengths by the
use of weighted information, a concept introduced by Belis and Guiasu [3]. The authors enriched the
usual description of the information source by endowing each source letter with an additional
parameter, for example, the profit or advantage the user gets when the event corresponding to that
letter occurs. They remarked that the additional parameter should be subjective in nature and not an
objective character. The authors called the additional parameter as utility or weight and considered the

following model for a finite random experiment:

AT [q a, a, |
Pl=|p P, Pn (6.3.5)
W1 |w W Wi |

where A is the alphabet, P is the probability distribution and W is the utility or weighted distribution.

Taking in view the weighted scheme (6.3.5), Guiasu and Picard [5] considered the problem of
encoding the letter output by means of a single-letter prefix code, whose code words have lengths

I,,1,,...,1, satisfying the constraint

> D=1 (6.3.6)
i=1
where D is the size of the code alphabet. The authors defined the quantity

iliwi P

i=1

L(W):n— (6.3.7)
Wi pi
i=1
and called it the weighted mean codeword length of the code and derived a lower bound for it. Longo
[17] provided the interpretation for the weighted mean codeword length by considering the following

transmission problem:
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o A

Suppose an information source generates the letters {al,az,.. a } with probabilities
{P,» Pys...r P, jand these letters are to be encoded by means of prefix code with code words of
length{l,,1,,...,1 }. Since the different letters are of the different importance to the receiver, their code

words should be handled differently, for example, these code words should be transmitted through the
channel with different conditions or these should go through different channels or these should be
recorded using different storage devices. Under the present situation, this will yield a different per

letter cost for each codeword, w, (say). Thus, the cost of transmitting the letter a, is proportional to
l,w, , that is,

Ci=lw, (6.3.8)

Thus, if one has to minimize the average cost

c=Ycp. (6.3.9)
i=1

then one can try to minimize the quantity

c=Ylwp, (6.3.10)
i=1

This is equivalent to minimizing the codeword length given in (6.3.7).

In the next theorem, we make use of well known source coding theorem due to Gurdial and
Pessoa [6] proved under the weighted distribution to derive the existing codeword length, that is, we
shall prove that Kapur’s [8] measure of entropy is the lower bound of the well known mean codeword
length already existing in the literature of coding theory. The purpose of proving this theorem is to

make use of the weighted code word length explained above.

Theorem-1I: If | ,1,,1,,...,1 are the lengths of a uniquely decipherable code, then we have

6.3.11)

Proof. To prove this theorem, we consider source coding theorem proved by Gurdial and Pessoa’s [6].

According to this theorem, if |,l,,1,,...,] are the lengths of a uniquely decipherable code, then the

following inequality hold:
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(6.3.12)

n e iwi pi
a IOgD Zpl nWi D I'(a] > 1 IOgD =t

I-a = Zwipi I-a iwipi
i=1 i=1
where

> wpy

Hf(P,W):l1 logy s =——t;a#La>0 (6.3.13)

¢ > wp,
i=1

is well known Gurdial and Pessoa’s [6] weighted entropy and

a

a-1

L W) =—"log, ipi b Df{“] sa#la>0 (6.3.14)

n

I-a Y wp,
i=1

is the parametric weighted mean codeword length introduced by Gurdial and Pessoa [6].
Now, we apply the above inequality (6.3.12) to derive the existing codeword length as follows:

When a <1, from inequality (6.3.12), we have

2 WP : W

. a-1
log,, § ! <logy| D p, ! DI'(“] (6.3.15)

n

ZWi P = ZWi P
il i1

Similarly, when g >1, we have

B
3w p/ | w |
~log,, { = <-logy| D p, i D\’ (6.3.16)

ZWi P = ZWi P
i1 i1

Adding equations (6.3.15) and (6.3.16), we get the following equation:
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n

Zwi pia ZWi piﬂ
log, i=nl —log, i=nl

ZWi P ZWi P

i=1 i=1

s (6.3.17)

Upon ignoring weights, equation (6.3.17) gives

> o [Z pD ) j

log, 15—t <log,

20! {Z‘ piD'i(‘Zl] ]

Thus, fora <1, >1, we have

n Z Dfl{%ﬁl] a
; . 2 P;
log, {1 < log,

fra IZ,IO Pre [Zn: pID'(ﬂﬂljJﬂ

P
(6.3.18)
s
Proceeding on similar lines, the result (6.3.18) can be proved for a >1and B <1.

The L.H.S. of equation (6.3.18) is Kapur’s [8] measure of entropy of order « and type f and R.H.S. is

Kapur’s [10] mean codeword length. Hence the theorem.

Proceeding as above, many existing codeword lengths can be derived via weighted code word lengths

or by the use of Holder’s inequality.

6.4 DEVELOPMENT OF INFORMATION THEORETIC INEQUALITIES VIA
CODING THEORY AND MEASURES OF DIVERGENCE

In this section, we introduce some new inequalities usually applicable in the field of
information theory. These inequalities have been developed by the use of coding theory and

divergence measures. Below, we discuss the method for obtaining these inequalities:
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I. Firstly, we consider the expression of divergence measure taken by Kapur [9]. This measure is also

known as Jensen-Burg measure of directed divergence and is given by

P Q _10 Dl—‘[lp|+/1(ll /fu)ql O<A<1 0<p|<1 (641)
i=l1 | q|
p; +(1—-24)q;
Now log —'> 0
Sl pla
= log, H(/l P +(1-A)g) = logp, H pla " (6.4.2)
i=1
D
Putting ¢ =— in (6.4.2), we get

So-

-1
n Dfli n Dfli
logo [ [ P = <logp [ | Api +(1-2)—
i=1 D*'i i=1 D*'i
2 2
-1
n A D*li n Dfli
= > logp P’ | < logp| A +(1-2)

S0

Using the inequality log X < x —1, the above equation becomes

1-2
n D7I| n D—lI
> logp B | <N Ap+1-)—-1 (6.4.3)
i=1 Dili i= D7|i
% %
Letting I, =1, =...=1, =1, equation (6.4.3) gives

anlogD p/ G) < Zn:(lpi +(1—/1)%—1J
i=1 i

n
= 1Y logp p;+(A-Dnlogy n<1-n

i=1
n

=AY logp p; <1-n+(1-A)nlogpn (6.4.4)
i=1

For A =1, equation (6.4.4) becomes
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n
= > logp p; <1-n

i=l

which is a new information theoretic inequality involving probabilities.

II. Again, we consider a generalized divergence measure due to Kapur [9], given by

Z pyo "

logy| E——|;a>21,B8<a<1,B>1 (6.4.5)

n

a=p > plg”
i=1

D’ (P.Q)=

D™

Using the condition of non-negativity of divergence measure and taking ¢, = in (6.4.5), we get

D

i=1
l-a 1-p
n ., D*'i 1 n
log, Z Pi = - log, Z p’ n 20
a-p i=1 Z D™ a-p i=1 i

i=1 i=1

that is,

2

n a-p
1 logD{ D'i} +logy E——— 120 (6.4.6)
i=1
i=1

(01 —ﬁ plﬂ D*'i(lfﬂ)

Ifwe take |, =1, =...=1 =1 in (6.4.6), we get

n Z pia
log, {Z D'}Jr ! 5 log, D'*) 4 log,, = >0
i=1

“ P

: 2. b
that is, logD{ DI}-FI o ! log, =-—>0
=1

>

i=1

Z piﬂ

i=1

that is, log, n> ! log,
B-a

that is, H” (P) <log, n (6.4.7)
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where H” (P) = 5 ! log

': is well known Kapur’s [8] measure of entropy.
§
Thus, (6.4.7) is another information inequality.

Proceeding as above, many new information theoretic inequalities can be developed either via coding

theory approach or with the help of divergence measures.

6.5 GENERATING POSSIBLE GENERALIZED MEASURES OF WEIGHTED
ENTROPY VIA CODING THEORY

It is to be observed that in coding theory, while proving coding theorems, one should know

(1) the well defined mean codeword lengths

(1) the existing measures of entropy
With the help of first approach, we can generate new measures of entropy whereas the second
approach gives us a method of developing new mean codeword lengths. In this section, we have made
use of the concept of weighted entropy introduced by Belis and Guiasu [3] and generated some new
possible generalized measures of weighted entropy by using the first approach. These measures have
been developed with the help of following theorems:

Theorem-I: If | ,1,,1,,....1 are the lengths of a uniquely decipherable code, then we have

B
a 1-a(1-B)
n —li E _ _ n ]
a’BalogDz i — D (“ﬂj Za(la—ﬁl)llogD > L . (6.5.1)
B = 2w B . ZW P,
i=1

;a#=0,a>1, p>1

Proof. By Holder’s inequality, we have

Zn:xi {prj [Zy,j wherelpwt%—l porg<l (6.5.2)
i=1

B B
a-1 1-a
aff ap
e Pl W, I P W -1 -1
Substituting x; = p*~! : D ",yi = pi™ ' P = = » Q= =

n

Z W; By Zn: W; ; b
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in equation (6.5.2), we get

_ af _a(l-p)-1
a-l g a-l a-1
B op B Na(1-p)-1
a-1 1-a
n n ap n aff
) et B i o W
Z D I > Z piafl - [ D I Z pil—a - 1
= = zWi pi = ZWi Pi
i=1 i=1
L 1L |
that is,
aff _ _a(l-p)-1
[ l a-1 B a-1
a l-a(1-8)
- -l N W "‘(O;;J lfof(tlﬂfﬁ) W
2Dz 2 p | D 2| P -
= = Zwi Pi =l ZWi Pi
i=1 i=1
Taking logarithms both sides, the above equation gives
_ | _
n 4 a-1
02 togy| Y py| 74— | D (i)
= ZWi P;
=l
_ 5 _
l-a(1-5)
ap
1-6)-1 n (= .
+a(a_ﬁ1) logp Z pil () n "
= ZWi Pi
=1
1 B
a l—a(l—ﬁ)
n . _k a-1 1— -1 n ap .
that is, loiﬁ logD Z P, nL D I( aﬁ] > a(a—_ﬁl)logD Z pil’“(lfﬁ) - Wi
T 2w . > wip
i=1 i=1

which proves the theorem.

From the above theorem, we have developed a new weighted mean codeword length as given below:
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n —I; a1
fL(W)Z%IOgDZ p|—M_ | p (%) azla>LpA>1 (6.5.3)
i=1

i|
ZWi Pi
i1

Ignoring weights equation (6.5.3) gives

s
szlaﬁ logDZn: p,D [“ﬁ] (6.5.4)

i=1

Forp =1, (6.5.4) becomes

Lo @ log, Z”:( piD—Ii(a—l))

a
l-a i=1

which is Campbell’s [4] exponentiated mean codeword length.

Moreover, asa — 1 in equation (6.5.3), the nature of L (W )is of the % form and thus, applying L

Hospital’s rule, we get

i 1 1

It SL(W)=-ap

a—1 1
a
(a-1
| DI'[aﬁ J
ZWi Pi
i=1
_ | _
a
e
_ﬁlogD ipl nWi D I(aﬂj
i=1 Zwi b;
=1
that is,
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n

ZWi p; logp | — %

= ZWi P;

tlﬂL Z piwili _ i=1

’ = IZWI pl Z\NI pi
i=1 i=1

For f =0, we have

> piw

It ,L(W)=:—0o

-1
a1 Zn: W

—_

which is Longo’s [17] weighted mean codeword length.

Thus, we conclude that the weighted mean codeword length introduced in (6.5.3) is a valid generalized

weighted mean codeword length.

New possible measure of weighted entropy

Equation (6.5.1) provides the following new possible generalized weighted measure of entropy:

B
1-a(1-p)
ap
1-8)-1 Tl B :
iH (P,W)=—a( A) logo | Y p )|
a-1 i=1 Zw. P
(|
i-1
Note: If w;, =1, for all i, then (6.5.5) becomes
aﬁ
1-p
h(p)= 22 logD[z 5 J
Letting a — 1in (6.5.6), we get

It JH(P)= It =

a—l a—l1
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= B— Zp.logD p.—+1 ﬁlogD(Zp.j
Z ﬁ i=1

Thus, we have

n
It ﬁH ): _Z p, log, p; which is Shannon’s [22] measure of entropy.

a—1 -1
Hence, we conclude that by proving the above theorem, we have generated a new possible generalized

measure of weighted entropy given in (6.5.5).

Theorem-1I: If | ,1,,1,,...,1 are the lengths of a uniquely decipherable code, then we have

1

W) > logD >R (6.5.7)
i=1 n o
[Zwi p’ j
i=1
where
. D Wipf
La(\N) = 1_ 1OgD n =
| Zwprpte

i=1

is a new weighted mean codeword length.

Proof. Applying Holder’s inequality (6.5.2) and substituting

1 o 1 a
" .
Wl a pl apD™l W_afl p_afl o—1
X = ! e Y, = ————, p=l-a, q=——, we have
—_— (04
n -a n o a-1
ZWi p;’ ZWi Pi
i=1 i=1
o
- et [ a1 a1
l-o a
1 a I @

noo n ol pi-a D*'i n we-l pe-l
D lj > i i i i
D P el B P s
[Zwi pf‘j [Zwi pf‘j
i=1 i=1

that is,
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%=

e
l-a
D7I| (1*(1)

iDIiZ iwipf il WaP.
;Wi Pi [ZW o j

Taking logarithms both sides, the above equation gives

1 N, p D) a wap
021_ logp, Z 'pr'] + _llogD Z —
i=1 W. p_a i=1
iZ;, P (ZW p'j
that is,
1 0w pe DT | g D we pI
ElogD Z — > _llogD Z :
- Zwi PP = (ZW j
i=1 pl

n
> wipy

n a
orl1 logp, | —=! >—2 jog, —1 i p,

—a anli(a-1) o-1 i=1
W p; Dl
iZ;, P, (ZW p'j

which proves the theorem.

From the above theorem, we have developed a new weighted mean codeword length as provided by

the following expression:

n
ZWi b

L“(W)Zl_lalogD 1=l s azl,a>1 (6.5.8)

ZWi pi'D (e
i1

Ignoring weights, equation (6.5.8) gives

n

1 Zpi

L* =——1o =
1 gp

—a Z piaDIi(a 1)

i=1

138



Coding Theory and Information Measures

which is Kapur’s [10] exponentiated mean codeword length.
Letting a — 1in (6.5.8), we get

(Zwi py D"(“”j[Zwi p” log,, pij
i=1

i=1

Zn:Wi piaDIi(OH) _(anwi piaJ(Zn:Wi(pia logp, piDIi(ail)"‘ piaDIi(al)li)J
It L*W)=— It = = !

a—l a—1 Zn:W pa n I-( 71) 2
< (Zwi pi'D j

i=1

(iZ;]Wi piJ[ZW pilogp P, J (iwi piJ(iwi(pi logp p; + pili)j

i=1

n

2 Wipil

_ =l

T on

Z Wi Pi
i=1

which is a Longo’s [17] weighted mean codeword length.

Thus, we conclude that the weighted mean codeword length introduced in (6.5.8) is a valid generalized

weighted mean codeword length.

New possible measure of weighted entropy

Equation (6.5.7) provides the following new possible generalized weighted measure of entropy:

l
logD b WP, (6.5.9)

]

Note: If w, =1, for all i, then (6.5.9) becomes

H*(P,W)=

a 1 . a
H® (P)=1——logo 2 P (6.5.10)
which is Renyi’s [21] measure of entropy.
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Thus, we conclude that the mathematical expression (6.5.9) provides a new possible generalized

measure of weighted entropy.

Theorem-III: If | ,1,,1,,...,1 are the lengths of a uniquely decipherable code, then we have

ﬂlﬂ

1
ILW)z— o[ R (6.5.11)

1-pU-)p = -
(Z w, pf‘j
i=1

where

n B
. D Wipf

hL(w)= 1-| =
( ) 1— D(l—a)ﬁ' iw p_a Dli (@)

i=1

is a new weighted mean codeword length.

Proof. Applying Holder’s inequality (6.5.2) and substituting

1 a 1 a

wi-e ple D7 L a-1
i = : pl 1 ayi: pl TR p=1—0!, q=—,

R

we get the following inequality

X

Qﬁ

1 a 1 a
n o n WE pg Dfli n W_Ot*l pE
D > B o A R o M
D e B I DY e
[Zwi pf‘j [Zwi pf‘j
i-1 i

an-li(d-a) a
I= 1= W p.a =L/ o 12
; Y {Zwi Pi j
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Taking logarithms both sides, the above equation gives

n W D li(1-a) o n Wa
0> _alogD Z ,p, +a_llogD Z p,
i=1 W. p_a i=1
iZ;, P, (ZW p'J
that is,
1 0w, p*D i) a D e pI
a_llogD Z . > _llogD Z
- Zwi P = (ZW j
i=1 pl
n
2w p’ . - b
logp | — =1 > logp Z —
l-a ZW_ peDli@h a- i=1
i=1 II (ZW plj

or

v

Case-I: For ¢ >1, 1— D(

i

)b S 0.

Thus, equation (6.5.12) becomes

n
ZWi P
i1

n
ZWi piOtDIi @D
i1

IA

ML o

g
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—apf
n B
ZWi P n Wa p
that is, | —= < Z '
W. p_a D'i (a-1) i=1
; i M ZW pl
—af
B
Zw py " "
orl— >1- Z'—'l
W, |(a71) i=1 2
Z D [Zwi puaj
i=1
_ i 5
w; p;*
or %1 7 1-| — =1 > %1 7
1-DV apqli@-1) 1-DV
W p; Dt
Case-II: For 0<a <1, 1-D"™* <
Thus, equation (6.5.12) becomes
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. i=1 2 Z pl
W. p_a D'i (a-1) i=1
; i M ZW pl
—apf
n B
ZWi P n Wa p
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; i M ZW pl
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_ _ —op
. B
1 Zwi P 1 Wip
— .
or = - — > o 1- Z—' ! T
1-D ZW p_aDIi(afl) 1-D i=1 n o
1 Ml a
izl {zwi Pi j
- - i=1

which proves the theorem.

From the above theorem, we have developed a new weighted mean codeword length as given below:

5

aL(w)

1

1

n
ZWi p
i1

1-p-)F

_ Zn: w; p;’ Di(*
i1

;azl,a>0,#0.

Letting o — 1in (6.5.13), we get
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ZWi p;’
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w pf D"(“l)j(
3

n

1

W,

(P logg DY)+ pyDYE),

p* logp pij_
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WipiaDim

3 2
(Zwi P Dli(al)j
=1

It LW)= It

a—l a—1

_ =

it
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2
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ZWi pil;

_ i
ZWi Pi
i—1
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Letting f — 01in (6.5.13), we get

n ﬁ n
2 W pf . wp’
- i=1 IOgD - i=1
> w;p{ D" > wipi DY
It LW)= It ~= =
B—0 W) B—0 (l_a)D(lfa)ﬁ

n
1 ZWi P’
1 i=l1
08p|

1-a ZWi piaDIi(afl)
i=1

which is mean codeword length already defined in (6.5.8).

New possible measure of weighted entropy

Equation (6.5.11) provides the following new possible generalized weighted measure of entropy:

_ ]

1

PH(PW) =l 1| 3P (6.5.14)

1—-p\-” = -
[zwi pj
i=l

Upon ignoring weights, equation (6.5.14) gives

1\

1 n n Y “a
(P~ 1| S0 (0 o

Letting a — 1in (6.5.15), we get

It H(P)=->_p;log, p, which is Shannon’s [22] measure of entropy.

a—1 o1

Thus, we conclude that (6.5.9) provides a new possible generalized measure of weighted entropy.

Proceeding on similar way, we can generate many new generalized parametric measures of weighted
entropy and consequently, conclude that one can develop new generalized measures of entropy via

coding theory approach.
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6.6 MEASURES OF ENTROPY AS POSSIBLE LOWER BOUNDS

In the existing literature of coding theory, it has been proved that many well known measures of
entropy including those of Shannon’s [22] entropy, Renyi’s [21] entropy of order o, Kapur’s [7, 8]
entropies of order o and type S etc., provide lower bounds for different mean codeword lengths,
while some other measures including those of Arimoto’s [1] and Behara and Chawla’s [2] measures of
entropy provide lower bounds for some monotonic increasing functions of the mean codeword lengths
but not for mean codeword lengths themselves. Such a correspondence can be discussed by taking into

consideration the measures of weighted entropy.

Below, we have discussed such a correspondence between standard measures of entropy and their
possible lower bounds:
I. Sharma and Taneja’s [23] entropy as a possible lower bound

To show that Sharma and Taneja’s [23] entropy is a possible lower bound, we make use of

Khan and Autar’s [12] source coding theorem. According to this theorem, if | ,1,,1,,...,1 are the lengths

of a uniquely decipherable code, then we have

o
W, W, B

Ly
i=1

1 N D(l—a)/a

p I

D wp,
i=1

D—Ii(a—l)/a

s

n

T2 WP
i=1

ca#zl,a>0

(6.6.1)

where the L.H.S. of (6.6.1) is a weighted codeword length and the R.H.S. is Khan and Autar’s [12]
weighted entropy.

Now, when a <1, —< 0, we have

1-p)

IA

l_i Pl — Wi D lite-D/a 1— i .
T 2w
i=1

that is,
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i=1 Zwi P, i=1
i=1

Similarly, for 5 >1,

_Zw_pﬂ <

n =

Y wp,
i=1

P

1
1-p AP

n

i=1

Z P o

a

W, Dl /a

D wip;
i=1

>0, we have

B

Dfli(ﬁ'*l)/ﬁ'

D wp;
i=1

(6.6.2)

(6.6.3)

Adding equations (6.6.2) and (6.6.3) and then dividing by f —a >0, we get the following equation:

n " n /g

. ;Wipi _;Wipi

P=alSwp  Swp
i=1 i=1

(6.6.4)
_ oy - 1 8
a p
1 n W, L (a-1)a C W, K(B-1)/p

< ) D™ - ) D™

s le Sup Zl’,p Sun

i=1 i=1

Upon ignoring weights, equation (6.6.4) gives

1 i a _i B\ <« 1 i Dfli(%l] ) + i Dili[%] ' (6 6 5)
B-a T P i-1 Prs B-a|liT P i-1 P o

Proceeding on similar lines, the result (6.6.5) can be proved for o <land S <1.

This is to be noted that the L.H.S. of equation (6.6.5) is Sharma and Taneja’s [23] measure of entropy

of order a and type f but R.H.S. is neither a mean codeword length nor a monotonic increasing
function of mean codeword length.
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I1. Arimoto’s [1] entropy as a possible lower bound

To prove that Arimoto’s [1] entropy can be a possible lower bound, we use Theorem-III proved in

above section. We have shown that if |,1,,1,,...,]1 are the lengths of a uniquely decipherable code, then

_ ]

W, p* L

e 2 WP Lo le woe
(1-a)B 1 n 2 (1-a)B 1

1-D ZWi piaDh(aq) 1-D i

(e

Now, when a <1, >0, then < 0.Thus, the above equation gives

L
1-D)

2 iww
i i i=1

Z—W' z T | — (6.6.6)
=1 n a ] _Ol D jla—
{zwi pia} ;WI pl
i=1
{ZNW} iww
or{ —— < =1 (6.6.7)

{ZWID} _ iwi p/ D"

i=1

=}
SEIE

n é zpia
orl—{Zpi"} ST =

C a Dli(afl)
2P

Thus, for o <1, we have
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Q|

: 2 b
} <l (6.6.8)
a— a i (a-1)
pi' D
2

The equation (6.6.8) can similarly be proved foro >1.

This is again to be noted that the L.H.S. of (6.6.8) is Arimoto’s [1] measure of entropy but R.H.S. is
neither a mean codeword length nor a monotonic increasing function of mean codeword length.

Proceeding on similar lines, many other existing measures of entropy can be shown as lower bounds
for the functions which are neither mean codeword lengths themselves, nor the monotonic increasing

functions of mean codeword lengths.

Concluding Remarks: Keeping in view a huge variety of information measures in the existing
literature of information theory, one can develop many new codeword lengths with desirable
properties. It is to be observed that Kraft’s inequality plays an important role in proving a noiseless
coding theorem and is uniquely determined by the condition for unique decipherability. It cannot be
dependent on the probabilities or utilities and certainly cannot be modified in an arbitrary manner,
motivated by the desire to prove noiseless coding theorem. If we modify this inequality, we shall get
codes with a different structure other than satisfying the condition of unique decipherability. In this
Chapter, we have made use of Kraft’s inequality in original to prove some noiseless coding theorems
and consequently, developed some new mean codeword lengths. We have used the concept of
weighted information and verified some existing mean codeword lengths with this concept. We have
also tried to introduce some new possible weighted measures of entropy via coding theorems. Keeping
in mind the application areas, this work can be extended to generate a variety of new information

measures and their correspondence with coding theory can be discussed.
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Maximum Entropy Principle

CHAPTER-VII

A STUDY OF MAXIMUM ENTROPY PRINCIPLE FOR DISCRETE
PROBABILITY DISTRIBUTIONS

ABSTRACT

The present chapter deals with the detailed study of maximum entropy principle applied to
discrete probability distributions and for this study, we have made use of Lagrange’s method of
undetermined multipliers to maximize different measures of entropy under a set of one or more
specified constraints. To obtain maximum entropy probability distribution (MEPD), the method has
been explained with the help of numerical examples. We have also described a method for
approximating a given probability distribution by using maximum entropy principle and deduced some

interesting and desirable results.

Keywords: Entropy, Uncertainty, Directed divergence, Probability distribution, Non-linear
programming, Maximum entropy principle.

7.1 INTRODUCTION

When the classical entropy theory is combined with mathematical optimization, the resulting
entropy optimization models are generated which can prove to be very useful and find successful
applications in areas such as pattern recognition, statistical inference, queuing theory, statistical
mechanics, transportation planning, urban and regional planning, input-output analysis, portfolio
investment, and linear and nonlinear programming. We know out of all probability distributions, the
uncertainty is maximum when the distribution is uniform, that is, it is supposed to be the uniform
distribution which contains the largest amount of uncertainty, but this is just Laplace’s principle of
insufficient reasoning, according to which if there is no reason to discriminate between two or several

events, the best strategy is to consider them equally likely.

Jaynes [6] provided a very natural criterion of choice by introducing the principle of maximum
entropy and stressed that from the set of all probability distributions compatible with one or several
mean values of one or several random variables, choose the only distribution that maximizes
Shannon’s [13] measure of entropy. Jaynes [6] also argued that the entropy in statistical mechanics,

and the entropy in information theory, are principally the same and consequently, statistical mechanics
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should be seen just as a particular application of a general tool of information theory. The principle of
maximum entropy is a method for analyzing available qualitative information in order to determine a
unique probability distribution and it states that the least biased distribution that encodes certain given

information is the one which maximizes the information entropy.

In real life situations, we are very frequently concerned with the problems of constrained
optimization, for example, a company may wish to maximize its production or profit under certain
constraints because of limited resources at its disposal. A very natural question then arises that why do
we maximize entropy? The obvious answer is that we like reduction in uncertainty by obtaining more

and more information. We explain this concept as follows:

Suppose that, for the probability distribution P = (p,, p,,..., p,) , we have no information other than

P ={p1, Pysers P3Py 20,0, 20,..,p, 20, p, =1} (7.1.1)
i=1
Then there may be infinite number of probability distributions consistent with (7.1.1). Out of

. . . . 11 1 : )
these, one distribution, viz., the uniform distribution (—,—,...,—) has the maximum entropy, viz.,
nn n

logn. There may also be n degenerate distributions, viz., (1,0,...,0), (0,1,...,0),...,(0,0,...,1) each of
which has the minimum entropy, viz., zero. Now, suppose we are given an additional piece of

information in the form of following constraint:

9,P,+9,P, +...+0,,P, =&, (7.1.2)
The probability distributions which were consistent with (7.1.1) may not be consistent with (7.1.2).
Consequently, maximum value of entropy of all distributions consistent with both (7.1.1) and (7.1.2)

will be <logn and the minimum value of this entropy will be >0 .
Similarly, each additional piece of information in the form of a relation among p,, p,,..., p, will

decrease and at least will not increase the maximum entropy S__ and similarly, each additional piece

max

. Here S 1S a

min max

of information will increase and at least will not decrease the minimum entropy S

monotonic decreasing function and S is a monotonic increasing function of the number of

min
constraints imposed in succession. After n independent and consistent constraints are imposed, we are

likely to have a unique probability distribution, and at this stage S_ and S_, will coincide as shown

max min

in the following Fig.-7.1.1.
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logn

max

ENTROPY

0 T T T T T T T T T »

1 2 3 4 5 6 7 8 9 Number of
constraints

Fig.-7.1.1 Representation of S and S

X min

Thus, the relation between uncertainty as given by a specific entropy measure and information can be

expressed as follows:

With any given amount of information, expressed in the form of constraints on the p,, we do not

have a unique value of uncertainty, rather, we have a range of values of uncertainty. At any stage, one
cannot definitely say that one’s uncertainty is precisely so much it lies between two given uncertainty

limits represented by S__ and S

max min

. Any additional piece of information does not reduce uncertainty; it

only reduces this range of uncertainty. As we proceed with more and more independent pieces of
information, the range of uncertainty goes on becoming narrower and narrower till, hopefully, it
becomes zero. At this stage only, we can speak of a unique value of uncertainty. The final probability
distribution may be non-degenerate or degenerate, and the final value of uncertainty may be non-zero
or zero. If the final probability distribution is degenerate and if the final entropy is zero, the

phenomenon concerned is deterministic, otherwise, it is stochastic.

For example, in the problem of identifying a number, if we have 512 integers from 1 to 512, the

maximum entropy is log512 while the minimum entropy is zero. After we are given the information

whether the number lies between 1 and 256 or between 257 and 512, the maximum entropy is reduced

to log256 and the minimum entropy remains zero. In this process the maximum entropy continues to

decrease to the values log128, log64, log32, log16, log8, log4, log2 and logl=0 and the minimum
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entropy continues to remain at zero and such a type of phenomenon is deterministic in nature. On the
other hand, let us suppose that we have a die and we do not even know the number of faces the die has.
In this case, we have a great deal of uncertainty and we may have many probability distributions of the

form of equation (7.1.1).

Further, we are given the information that the die has six faces, and then by this information,
the uncertainty is reduced. We are now only limited to probability distribution{ Prs Pyseees p6} , with the

constraint (7.1.1) being satisfied. If, in addition, we are also given the mean number of points on the

die, that is, we are given that

Ip, +2p,+3p,+4p,+5p; +6p, =4.5, (7.1.3)

our choice of distribution is now restricted to those satisfying (7.1.1) and (7.1.3), and the uncertainty

has been further reduced.

Further, if we are given more information that

Pp +2°p, +3°p,+4°p, +5° p,+6° p, =15, (7.1.4)
then the choice of distribution is further restricted and uncertainty is further reduced. We may go on
getting more and more information and, accordingly, the amount of uncertainty goes on decreasing. If
we get in three stages three more independent linear constraints consistent with (7.1.1), (7.1.3) and

(7.1.4), we may get a unique set of values of p, through p, and the uncertainty about these values is

completely removed. The phenomenon concerned is stochastic in nature. At any stage, we may have

infinity of probability distributions consistent with the given constraints, say,

n

dop=L Y pg;=a,r=12.,mm+l<n, p, >0 (7.1.5)
i=1

i=1

Out of these distributions, one has maximum uncertainty S__ and the uncertainty S of any

max

other distribution is less than S__  Now, since the uncertainty can be reduced by the given additional

information, the use of any distribution other than the maximum uncertainty distribution implies the
use of some information in addition to that given by equation (7.1.5). Kapur and Kesavan [8] remarked
that one should use the given information and should not use any information which is not given.
According to the first part of this statement, we should use only those distributions which are
consistent with the constraints (7.1.5), but there may be infinity of such distributions. The second part

of the above statement now enables us to choose one out of these distributions and we choose the
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distribution having the maximum uncertainty, S Thus, the above statement of the principle of

max *

maximum uncertainty or maximum entropy can be stated as follows:

“Out of all probability distributions consistent with a given set of constraints, choose the only

distribution that has maximum uncertainty”.

Jaynes [6] MaxEnt aims at maximizing uncertainty subject to given constraints and it restricts
its use only to Shannon’s [13] measure of uncertainty. But, the concept of uncertainty is too deep and
complex and as such it may be difficult to be measured by a single measure under all conditions. Thus,
there is a definite need for generalized measures of entropy just to extend the scope of their
applications for the study of different optimization principles. On the other hand, Kullback’s [9]
principle of minimum cross-entropy aims to choose that probability distribution, out of all those that
satisfy the given constraints, which is closest to a given a priori probability distribution. However, the
principle confines itself to only one measure of directed divergence, given by Kullback and Leibler
[10]. Again, directed divergence is too deep a concept to be represented by one measure only and in
the literature of information theory, a large number of measures of directed divergence are available to
measure distances between two probability distributions, some of these find tremendous applications in
various fields of science and engineering and hence can be applied for the study of different

optimization principles.

Jaynes [6] maximum entropy principle and Kullback’s [9] MinxEnt have found wide
applications, yet their scope can be considerably enhanced by using the generalized measures of
entropy and cross entropy. According to these principles, we choose the probability distribution P , out
of all the distributions satisfying the given constraints, which minimizes a specified generalized

measure of divergence. The rationale for this arises from the following entropy optimization postulate:

“Every probability distribution, theoretical or observed, is an entropy optimization distribution,
that is, it can be obtained by either maximizing an appropriate entropy measure or by minimizing a
cross entropy measure with respect to an appropriate priori distribution, subject to its satisfying

appropriate constraints”.

From the above statement, we conclude an important inference that entropy optimization
problems and entropy optimization principles are alike. The entropy optimization postulate establishes
a link among the measure of entropy or cross entropy, set of moment constraints, a priori distribution

and posterior distribution, which leads to the generalization of entropy optimization principles. It can
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also be stated that if given any three of the above four entities, the fourth should be chosen such that
either the entropy of the probability distribution P is maximum or the cross-entropy of P relative to

Q is minimum.

It is to be observed that the generalized measures of information contain one or more non-
stochastic parameters and thus, represent a family of measures which includes Shannon’s [13] and
Kullback and Leibler’s [10] measures as particular cases. The physical meaning and interpretations for
these parameters depend on the data generating phenomenon as well as on the knowledge and
experience of the subject expert. Reliability theory, marketing, measurement of risk in portfolio
analysis, quality control, log linear models etc. are the areas where generalized optimization principles
have successfully been applied. Similarly, various other mathematical models can better be explained

if we use generalized parametric measures of entropy and divergence.

Herniter [4] used Shannon’s [13] measure of entropy in studying the market behavior and
obtained interesting results whereas some work related with the study of maximum entropy verses risk
factor has recently been presented by Topsoe [14]. A large number of applications of maximum
entropy principle in science and engineering have been provided by Kapur and Kesavan [8], Kapur,
Baciu and Kesavan [7], whereas some optimization principles in the field of agriculture, that is,
towards the study of crop area have been discussed and investigated by Hooda and Kapur [5]. Guiasu
and Shenitzer [2] have well explained the principle of maximum entropy under a set of constraints. All
these principles deal with the discrete or continuous probability distributions only but we have tried to
extend the applications of the maximum entropy principle for the fuzzy distributions also and for this
purpose, we have used the concept of weighted fuzzy entropy and provided the applications of
optimization principle for unequal constraints, the findings of which have been investigated by

Parkash, Sharma and Mahajan [12].

7.2 MAXIMUM ENTROPY PRINCIPLE FOR DISCRETE PROBABILITY
DISTRIBUTIONS

It is usually observed that in many practical situations, often only partial information is
available about the probability distributions and thus, the maximum entropy principle can be applied.
The partial information may be in the form of some moments and in such cases, we use only the
available information and do not use any unknown information and consequently, apply MaxEnt to
estimate the corresponding maximum entropy probability distribution (MEPD). Here we consider a

discrete random variable taking a finite number of values 1,2,3,...,nand use Lagrange’s method of
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undetermined multipliers to maximize different measures of entropy under a set of one or more

specified constraints.
For this purpose, we consider the following measures:

I. Burg’s [1] measure of entropy, given by
n

B(P)=> log p, (7.2.1)
i=1

To elaborate the MaxEnt principle for this entropy measure, we consider the following cases:

Case-1. When no constraint is given except the natural constraint

In this case our problem becomes as follows:

n
Maximize (7.2.1) subject to the natural constraint Z p; =1
i=1

The corresponding Lagrangian is given by
n n

L=2 logp, —A{Z P —1}
i=1 i=1

oL : |
Now — =0 gives p. =— VI.
Wa gIves P, 1

Thus, Pp=P,=P;=...= Py

n
Since Z p; =1, we get p; =— Vi which is a uniform distribution.
= n
Case-II. When arithmetic mean is prescribed
Let us now suppose that we have the knowledge of the arithmetic mean m(l<m<n)of the

distribution. In this case our problem becomes as follows:

Maximize (7.2.1) under the following conditions:

i p; =1 (7.2.2)
i=1
and
iipi =m (7.2.3)

i=1

The corresponding Lagrangian is given by
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i o

i=l

Now L =0 gives

p;
0 = (7.2.4)
' A+iu o
Applying condition (7.2.2), we have
n
7.2.5
g A+ m ( )
Also by condition (7.2.3), we have
L
> tom
i A+iu
n
or l{Z{l— A H =m
pUT L At
or n—
Z T A+ m
Applying equation (7.2.5), we get
A=n—pum (7.2.6)
Equation (7.2.6) gives A in terms of iz .
Thus
A+iu=n—u(m—i) (7.2.7)
Consequently, p, =;_ (7.2.8)
n—u(m-i)

where 1 has to be determined from the following equation:

n
Z;_ =1 (7.2.9)
= n—p(m-i)

which gives u for known values of m and n.

Now, the maximum value of the Burg’s [1] measure of entropy under the constraints (7.2.2) and

(7.2.3) is given by

[B(P)] ——Zlog{n p(m-i)} (7.2.10)
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Differentiating equation (7.2.10) with respect tom, we get

ey L
dm[B(P”mﬂ__zzn—4J0n—i){u+(m I)dm}

Thus, we have

4 [BP),, _du (7.2.11)
dm? dm -

Now, from equation (7.2.8), we have
{n—u(m-i)j p? = p (72.12)

Taking summation both sides of equation (7.2.12) and differentiating with respect tom, we get

n
ny o
d—ﬁ:% (7.2.13)
> pi{i-m}

i=l1

Using equation (7.2.13), equation (7.2.11) gives

n

dz[B(P)] ,uz pi2

max __ i=1

2
dm 2

. pi {i—m}

i=1

Now since [B(P)]max has to be a concave function, we must have

d*[B(P)]

5% < 0 which is possible only if g—u <0, that is, if either
m

dm
(i) u>0,ipﬁ{i—m}<o
i
or
(ii) u<o,ipf{i—m}>o
i

Now, from equation (7.2.4), the probabilities are decreasing if x> 0 and increasing if u <0.
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If ©=0,then p,=p, =p; =...= P, and using the condition (7.2.2), we get p, =l Vi
n

Thus, the condition (7.2.3) implies that m = nTH

Hence, we have the following observations:

(1) If i > 0, the probabilities are decreasing and m < n+l

(i1) If i < 0,the probabilities are increasing and m > nTH

Thus, we consider the following cases:

Case-I: When m< nTH, we have

ian“pﬁ{i—m} _ip? —{Ian‘, p?Hanipi}

i=1 i=1

n

n iipi2 .ip
:{Z pf} I?—_I?— (7.2.14)
i=1 Z pi2 Z b;

i=1 i

i=1

Now, the R.H.S. of equation (7.2.14) gives the difference between two terms representing weighted

2

averages of the numbers1,2,3,...,n. In the first term, the weights are proportional to plz, p;, p32,..., P,

whereas in the second term, the weights are proportional to p,, p,, Ps,..., P,- Now, since in this case,

the probabilities are decreasing, the weights in the first case decrease faster relative to weights in the
second case. This shows that the first term in the square bracket of equation (7.2.14) will be less than

that of second term. Thus, we must have
n
> pi{i-m}<o
i=1

Case-II: When m > nTH

Proceeding on similar lines as discussed in case-I, we must have

ﬁpf{i—m}>0
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Thus, in both the cases, we have proved that [B(P)]rnax is a concave function of m. Hence, in each
case, the maximizing probabilities can be calculated and the MEPD can be obtained.
The above method has been illustrated with the help of following numerical:
Numerical Example

We maximize the entropy (7.2.1) under the set of constraints (7.2.2) and (7.2.3) forn=8and for

different values of m.
For m=1.5and n =8, equation (7.2.9) gives the following expression:

1+1+1+1+1+1+1+1=1
8—-05u 8+05u 8+1.5u 8+25u 8+3.5u 8+45u 8+55u 8+6.5u

(7.2.15)

Case-I: When m< nTH

Upon simplification, equation (7.2.15) gives the best possible value 1 =13.5554
Thus, equation (7.2.6) gives A =—-12.3331

With these values of A and i, we get the following set of probabilities:
p, =0.81813, p, =0.06767,
p, =0.03529, p,=0.02387,
p; =0.01804, p,=0.01449,

p, =0.01211, p, =0.01040.

Obviously,

8
Z p=1
i=1

The above procedure is repeated for different values of m whenn=28. This is to be noted that in
certain cases, we got negative probabilities. To tackle this problem, we ignored these probabilities and
reformulated the above problem for the remaining probabilities and again solved it by using

Lagrange’s method. The results of the computations are shown in Table-7.2.1.
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Table-7.2.1

m P P, P; P, Ps Ps P, Pg

1.5 0.81813 | 0.06767 | 0.03529 | 0.02387 | 0.01804 | 0.01449 | 0.01211 | 0.01040
2.5 0.48824 | 0.16622 | 0.10016 | 0.07167 | 0.05580 | 0.04569 | 0.03868 | 0.03353
3.5 0.25011 | 0.17861 | 0.13890 | 0.11363 | 0.09614 | 0.08332 | 0.07352 | 0.06578
4.5 0.00000 | 0.20933 | 0.17648 | 0.15255 | 0.13433 | 0.11999 | 0.10843 | 0.09889
5.5 0.00000 | 0.00000 | 0.00000 | 0.32811 | 0.22992 | 0.17697 | 0.14384 | 0.12116
6.5 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.63715 | 0.22571 | 0.13715
7.5 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.50000 | 0.50000

Note: The Table-7.2.1 clearly shows that when y > 0, the probabilities are decreasing for the values of

n+1

m < - 4.5 . Thus, our theoretical results provided above coincide with the experimental results.

Case-II: When m > T

n+1

Proceeding as above, we have obtained the set of probabilities as shown in Table-7.2.2.

Table-7.2.2

m P P, P; P, Ps Ps P, Pg

1.5 0.50000 | 0.50000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000
2.5 0.13715 | 0.22571 | 0.63715 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000
3.5 0.12116 | 0.14384 | 0.17697 | 0.22992 | 0.32811 | 0.00000 | 0.00000 | 0.00000
4.5 0.09889 | 0.10843 | 0.11999 | 0.13433 | 0.15255 | 0.17648 | 0.20933 | 0.00000
5.5 0.06578 | 0.07352 | 0.08332 | 0.09614 | 0.11363 | 0.13890 | 0.17861 | 0.25011
6.5 0.03353 | 0.03868 | 0.04569 | 0.05580 | 0.07167 | 0.10016 | 0.16622 | 0.48824
7.5 0.01040 | 0.01211 | 0.01449 | 0.01804 | 0.02387 | 0.03529 | 0.06767 | 0.81813
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Note: The above Table-7.2.2 clearly shows that when i < 0,the probabilities are increasing for the

values of m > nTJrl =4.5. Thus, our theoretical results provided above, find total compatibility with the

experimental findings.

Case-111. When geometric mean is prescribed
Let us now suppose that we have the knowledge of the geometric mean g(1 < g < n) of the distribution.
In this case our problem becomes as follows:
Maximize (7.2.1) under the natural constraint (7.2.2) and

n
> pilogi=logg (7.2.16)
i=1

The corresponding Lagrangian is given by
n n n ]

L=>log pi—l{z pi—l}—u{z P, logl—logg} (7.2.17)
i=1 i=1 i1

Now L =0 gives
i

1
P — 7.2.18
L A+ plogi ( )

Applying conditions (7.2.2) and (7.2.16) and proceeding as above, we get
1

Pi=——F—~
n+y(loglj
g

where 1 has to be determined from the following equation:

>y (7.2.20)
Tt (log j
g

which gives u for known values of g and n.

NOW[B(P)]max = —Zn: log{n + y(logéj} (7.2.21)

(7.2.19)

i=1

Differentiating equation (7.2.21) with respect to g, we get

[ (P)] s = H

Thus, we have
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dg? dg
From equation (7.2.19), we have
- 2
/Jz Pi
d i

dg

n
9> p’ {logi—logg}

i=1

This further gives
- 2
/Jz Pi
i=1

n
9> p] {logi-logg}

i=l

d*[B(P)]
dg?

max __

Now since [B(P)]max has to be a concave function, we must have

d*[B(P)]
dg?

n
() u>0,9) p{logi—logg} <0

i=1

n
or (i) u<0, 9> p;{logi—logg}>0

i=l

Proceeding as discussed in the above article, we observe the following:

(1) If i > 0, the probabilities are decreasing and log g < %
n

log|n

(i1) If i < 0,the probabilities are increasing and logg > —=
n

log|n
n

Case-I: Whenlogg <

, we have

n

n
} Zp,z logi Zpi logi
=l

i=l

n n
Z pi2 Z pi
i1 i1

9> p {logi—logg}= 9{2 p;

i=l i=l

which shows that

n
gz pi2 {10gi—10gg}<0

i=l
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, we have

log|n
n

Case-II: When logg >

n
gz pi2 {logi—logg} >0

i=1
Thus, in both the cases, we have proved that [B(P)]max is a concave function of g. Hence, in each

case, the maximizing probabilities can be calculated and the MEPD can be obtained.

The above method has been illustrated with the help of following numerical:

Numerical Example

We maximize the entropy (7.2.1) under the set of constraints (7.2.2) and (7.2.16) forn=8and for
different values of g .
For g =1.5and n =8, equation (7.2.20) gives the following expression:

1 1 1 1 1
+ + + +

1 2 3 1 5
8+ ulog— 8+ulog— 8+ulog— 8S+ulog— 8+ ulog—
HIOB 5 OTHIOB 5 STHIOB§ OTHOE 5 OTHIOB §

(7.2.26)

Case-I: Whenlogg < %

Upon simplification, equation (7.2.26) gives the best possible value  =11.231

The corresponding value of A is given by A =1.430286
With these values of A and i, we get the following set of probabilities:

p, =0.69916, p, =0.07898, p, =0.05200,
p, =0.04185, p,=0.03635, p, =0.03283,
p, =0.03034, p, =0.02847

Obviously, we have
8

> P =0.99999 =1
i=1

The above procedure is repeated for different values of g whenn=8 and the results of the

computations are shown in Table-7.2.3.
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Table-7.2.3
g P, P, p; P, ps P P, Ps
1.5 10.69916 |0.07898 | 0.05200 | 0.04185 |0.03635 |0.03283 | 0.03034 |0.02847
2.5 10.34247 | 0.14787 | 0.11098 | 0.09429 | 0.08444 | 0.07780 | 0.07295 | 0.06921
3.5 [0.15510 | 0.13686 | 0.12806 |0.12247 | 0.11846 |0.11537 | 0.11288 | 0.11081
4.5 10.00000 |0.14910 |0.14591 |0.14373 | 0.14208 | 0.14077 | 0.13967 | 0.13874
5.5 [0.00000 | 0.00000 |0.00000 |0.28352 |0.21934 |0.18510 | 0.16352 | 0.14852
6.5 | 0.00000 | 0.00000 | 0.00000 | 0.00000 |0.00000 |0.61299 |0.23435 |0.15266
7.5 {0.00000 | 0.00000 | 0.00000 |[0.00000 | 0.00000 |0.0000 0.50000 | 0.50000
Case-II: When logg > %
Proceeding as above, we have obtained the set of probabilities as shown in Table-7.2.4.
Table-7.2.4
g P, P P; P, ps Pe P, Py
1.5 10.41504 | 0.58496 | 0.00000 | 0.00000 | 0.00000 |0.00000 | 0.00000 |0.00000
2.5 10.16968 | 0.22416 | 0.27599 | 0.33016 | 0.00000 | 0.00000 | 0.00000 | 0.00000
3.5 [0.12831 | 0.13597 | 0.14089 | 0.14460 | 0.14762 |0.15018 | 0.15242 | 0.00000
4.5 10.06973 |0.08758 |0.10300 |0.11770 | 0.13235 |0.14733 | 0.16293 | 0.17938
5.5 [0.03338 |0.04755 | 0.06326 | 0.08263 | 0.10837 |0.14537 | 0.20435 | 0.31510
6.5 [0.01568 | 0.02318 | 0.03221 | 0.04450 | 0.06321 |0.09628 | 0.17268 | 0.55226
7.5 10.00453 | 0.00677 | 0.00954 |0.01343 | 0.01966 | 0.03166 | 0.06539 | 0.84903
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Note: The Table-7.2.3 and Table-7.2.3clearly show that when iz <0, the probabilities are decreasing

log|n

for the values of logg <——==3.76435 and when u >0, the probabilities are increasing for the
n

values of log g >3.76435. These results are desirable and find total compatibility with the theory.

II. Onicescu’s [11] measure of entropy, given by
n

H(P)=>p/ (7.2.27)
i=1

To elaborate this MaxEnt principle, we consider the following cases:

Case-1. When no constraint is given except the natural constraint
In this case our problem becomes as follows:
n
Maximize (7.2.27) subject to the natural constraint Z p; =1
i=1
The corresponding Lagrangian is given by

oL . A
Now — =0 gives p; =— VI
o g Pi >
Thus, p,=p,=pP;=...= P,
4 1.
Since Z p; =1, we get p; =— Vi which is a uniform distribution.
= n
Case-II. When arithmetic mean is prescribed
Let us now suppose that we have the knowledge of the arithmetic mean m(1<m<n)of the
distribution. In this case our problem becomes as follows:
Maximize (7.2.27) subject to the constraints given in equations (7.2.2) and (7.2.3).
The corresponding Lagrangian is given by

L:iznl“pﬁ —2/1{2“ b; —1}—2u{zn:ipi —m}

i= i=1

Thus 2—" =0 gives

b= +iu (7.2.28)
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Next, applying condition (7.2.2), we get
(A+p)+(A+2p)+..+(A+np) =1

This gives the following expression for A :

A =1[1—n(”—+1) u} (7.2.29)
n 2

Applying condition (7.2.3), we have
(A+p)+2(A+2u)+3(A+3u)+...+n(A+nu)=m

or A(l+2+3+...+n)+u(12+22+32+...+n2):m

n(n+1)  n(n+1)(2n+1)

ord + =m 7.2.30
2 M 6 ( )
Using (7.2.29) in (7.2.30), we get
2m—-n-1
=6 7.2.31
H {n(n+1)(7n+5)} ( )

With this value of 1, A can be calculated from equation (7.2.29) and consequently, probabilities can be
obtained from equation (7.2.28).

The above method has been illustrated with the help of following numerical:

Numerical Example

We maximize the entropy (7.2.27) under the set of constraints (7.2.2) and (7.2.3) forn=8and for
different values of m.

For m=1, we have u =-0.009563, 1 =0.168033

With these values of A and i, we get the following set of probabilities:

p, =0.158470, p, =0.148907, p, =0.139344,

p, =0.129781, p,=0.120219, p, =0.110656,

p, =0.101093, p, =0.091530.

8
Obviously, Z p; =1

i=1
The above procedure is repeated for different values of the mean mfor the given number of
observations, that is, n=8. The various results of the computations so obtained have been shown in

the following Table-7.2.5:
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P,

P,

Ps

Py

Ps

Ps

P,

Pg

1.0

0.158470

0.148907

0.139344

0.129781

0.120219

0.110656

0.101093

0.091530

1.5

0.153689

0.145492

0.137295

0.129098

0.120902

0.112705

0.104508

0.096311

2.0

0.148907

0.142077

0.135246

0.128415

0.121585

0.114754

0.107923

0.101093

2.5

0.144126

0.138661

0.133197

0.127732

0.122268

0.116803

0.111339

0.105874

3.0

0.139344

0.135246

0.131148

0.127049

0.122951

0.118852

0.114754

0.110656

3.5

0.134563

0.131831

0.129098

0.126366

0.123634

0.120902

0.118169

0.115437

4.0

0.129781

0.128415

0.127049

0.125683

0.124317

0.122951

0.121585

0.120219

4.5

0.125000

0.125000

0.125000

0.125000

0.125000

0.125000

0.125000

0.125000

5.0

0.120219

0.121585

0.122951

0.124317

0.125683

0.127049

0.128415

0.129781

5.5

0.115437

0.118169

0.120902

0.123634

0.126366

0.129098

0.131831

0.134563

6.0

0.110656

0.114754

0.118852

0.122951

0.127049

0.131148

0.135246

0.139344

6.5

0.105874

0.111339

0.116803

0.122268

0.127732

0.133197

0.138661

0.144126

7.0

0.101093

0.107923

0.114754

0.121585

0.128415

0.135246

0.142077

0.148907

7.5

0.096311

0.104508

0.112705

0.120902

0.129098

0.137295

0.145492

0.153689

8.0

0.091530

0.101093

0.110656

0.120219

0.129781

0.139344

0.148907

0.158470

. n+1 e qe
Note: In this case, we observe that asm approaches tOT , the probability distribution approaches

. N n+1 . NN
uniform distribution and atm = 5 we get exact uniform distribution.

Case-111. When geometric mean is prescribed

Let us now suppose that we have the knowledge of the geometric mean g(1 < g <n) of the distribution.

In this case our problem becomes as follows:

Maximize (7.2.27) under the constraints (7.2.2) and (7.2.16).Upon simplification, we get

p; = A+ ulogi
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where A =

Numerical Example

—l—ulog]ﬂ and u =

n

nlogg —log|n

n{(log )2 +(log2)* +(log3)> +...(log n)z} —{log[n}’

We maximize (7.2.27) under the constraints (7.2.2) and (7.2.16) forn =8 and for different values ofg .

For g=1.5andn=28, we get u =-0.24872 and A =0.535097 . With these values, we get the following

probability distribution:
p, =0.535097, p, =0.286374, p, =0.14088, p, =0.03765,

8
p, =0.00000, p, =0.00000, p, =0.00000, p, =0.00000 and > p; =1

The above procedure is repeated for different values of g whenn=28

computations are shown in Table-7.2.6.

i=1

Table-7.2.6

and the results of the

P,

P,

P;

Py

Ps

Ps

P,

Pg

1.5

0.535097

0.286373

0.140880

0.037650

0.000000

0.000000

0.000000

0.000000

2.0

0.369970

0.240711

0.165099

0.111451

0.069839

0.035839

0.007092

0.000000

2.5

0.281651

0.199738

0.151822

0.117824

0.091454

0.069908

0.051691

0.035911

3.0

0.211869

0.166445

0.139874

0.121021

0.106398

0.09445

0.084348

0.075597

3.5

0.152868

0.138296

0.129772

0.123723

0.119032

0.115199

0.111958

0.109151

4.0

0.101760

0.113912

0.121021

0.126065

0.129977

0.133173

0.135876

0.138217

4.5

0.056679

0.092404

0.113302

0.128129

0.139630

0.149027

0.156972

0.163854

5.0

0.016353

0.073165

0.106398

0.129977

0.148266

0.163209

0.175844

0.186788

5.5

0.000000

0.035667

0.088553

0.126077

0.155182

0.178963

0.199070

0.216487

6.0

0.000000

0.000000

0.050704

0.110998

0.157765

0.195977

0.228285

0.256271

6.5

0.000000

0.000000

0.000000

0.062951

0.144226

0.210632

0.266778

0.315413

7.0

0.000000

0.000000

0.000000

0.000000

0.070479

0.202884

0.314832

0.411805

7.5

0.000000

0.000000

0.000000

0.000000

0.000000

0.063780

0.345913

0.590307
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In the next section, we have described a method for approximating a given probability distribution by

using maximum entropy principle.

7.3 MAXIMUM ENTROPY PRINCIPLE FOR APPROXIMATING A GIVEN
PROBABILITY DISTRIBUTION

It is known fact that while dealing with various disciplines of operations research and statistics,
we come across many practical problems when we do not get simple expressions for the probability
distributions. In all such cases, it becomes very difficult to apply these complicated expressions for
further mathematical treatment in the manipulation of new results. Thus, it becomes the desirability to
approximate these probability distributions. The approximating probability distributions should have
some common properties with the given distribution and it is observed that the simplest property is of

having some common moments.

There may be an infinite number of distributions with the same first moment as the given
distribution but we are interested with only that probability distribution which is most unbiased and
from the theory of maximum entropy principle, we accept only that distribution which has the
maximum entropy and this fundamental principle will provide our first approximation to the given
distribution. This result is based upon the postulate that most probability distributions are either
maximum entropy distributions or very nearly so. To find a better approximation, we try to find that
maximum entropy probability distribution which has two moments in common with the given
probability distribution. As the number of moments goes on increasing, we get much better and better
approximations and as a result of this procedure, we obtain the desired approximation of the given
probability distribution under study. We illustrate the above mentioned principle by considering the

following numerical example:

Numerical Example

Let us consider the theoretical probability distribution P, given by
i:0 1 2 3 4

p,: 04 03 02 0.07 0.03

Our problem is to find MEPD with
D same mean;

(II)  same mean and p,;
(III)  same mean, p,and p,;and

(IV)  same first two moments
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Our purpose is also to find that maximum entropy probability distribution which is closest to the given

probability distribution P .

To solve the above problem, we make use of maximum entropy principle by using Havrada and

Charvat’s [3] extended entropy of order 2 and our problem becomes:

(I) Maximize Havrada and Charvat’s [3] entropy of order 2 given by

H(P>=%{1—Z p}

subject to the following set of constraints
4
(1) z p =1
=0

(ii) iipi =1.03

The corresponding Lagrangian is given by

L:%{l—g pf}—/l{g P, —1}—y{iipi -1.03

i=0
Hence aL =0gives
pi=—(A+ip)
Applying (7.3.2), we get
A+2u=-0.2
Applying (7.3.3), we get
A+3u=-0.103

From (7.3.5) and (7.3.6), we have
A =-0.394 and u =0.097

}

(7.3.1)

(7.3.2)

(7.3.3)

(7.3.4)

(7.3.5)

(7.3.6)

With these values of A and i, equation (7.3.4) gives the following set of probability distribution:

p, = 0.3940
p, =0.2970
p, =0.2000
p, =0.1030
p, =0.0006
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4
Obviously, D" p; =0.9946 =1
i=0

Thus, the first MEPD P, is given by
P = {0‘3940,0.2970,0.2000,0.1030,0.0006}

(IT) In this case, our problem is to maximize Havrada and Charvat’s [3] entropy (7.3.1) under the set of

constraints (7.3.2), (7.3.3) and p, =0.4.

4
Now z p; =lgives that

i=0

4

po+z pi =1

i=1

4
or Z(ﬂntiu) =-0.6
i=1

or 42 +10u=-0.6 (7.3.7)
Applying (7.3.3), we get
104 +30u=-1.03 (7.3.8)

Equations (7.3.7) and (7.3.8) together give
A =-0.385 and 1 =0.094

With these values of A and i, equation (7.3.4) gives the following set of probability distribution:
p, = 0.4000
p, =0.2910
p, =0.1970
p, =0.1030
p, =0.0090

4
Obviously, z p, =1

i=0

Thus, the second MEPD P, is given by
P, = {0‘4000,0.2910,0.1970,0.1030,0.0090}

(IIT) In this case, our problem is to maximize Havrada and Charvat’s [3] entropy (7.3.1) under the set

of constraints (7.3.2), (7.3.3), p, =0.4and p, =0.3.

Thus, we have
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4
Pt P+ P =1
i=2

4
This gives Y | p; =0.3
i=2

Applying (7.3.4), we get

A+3u=-0.1 (7.3.9)
Also (7.3.3) gives
91 +29u=-0.73 (7.3.10)

Equations (7.3.9) and (7.3.10) together give
A =-0.355 and 1 =0.085

With these values of A and i, equation (7.3.4) gives the following set of probability distribution:
p, = 0.4000

p, = 0.3000
p, =0.1850
p, =0.1000
p, =0.0150

4
Obviously, z p, =1

i=0

Thus, the third MEPD P, is given by
P, ={0.4000,0.3000,0.1850,0.1000,0.0150}

(IV) In this case, our problem is to maximize Havrada and Charvat’s [3] entropy of order 2 subject to

the set of constraints (7.3.2) and (7.3.3) along with the additional constraint given by
4
Ditp =221 (7.3.11)
i=0

The corresponding Lagrangian is given by

L:%{l—gpf}—i{g P, —1}—u{iipi —1.03}—W{§i2pi —2.21}

i=0

Hence aL =0gives

P =—(A+iu+i‘w) (7.3.12)
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Applying (7.3.2), equation (7.3.12) gives

S5A+10u+30w=-1 (7.3.13)
Applying (7.3.3), equation (7.3.12) gives

104 +30u+100w=—-1.03 (7.3.14)
Applying (7.3.11), equation (7.3.12) gives

301 +100u+ 354w =-2.21 (7.3.15)
After solving equations (7.3.13), (7.3.14) and (7.3.15), we get

w=-0.0064, 4 =0.1226 and A =-0.4068

With these values ofw, A and u equation (7.3.12) gives the following set of probability distribution:
p, = 0.4068

p, = 0.2906

p, =0.1872

p, =0.0966

p, =0.0188
4
Obviously, z p, =1
=0
Thus, the fourth MEPD P, is given by P, = {0‘4068,0.2906,0.1872,0.0966,0.0188}
Our next aim is to find that maximum entropy probability distribution which is closest to the given
probability distribution P .
For this purpose, we use Havrada and Charvat’s [3] extended directed divergence of order 2 to
determine the approximity of the distributions to P . We know that Havrada and Charvat’s [3] directed

divergence is given by

a 1 S
D (P:Q):mlzizo B G —l:l,a;él,a>0
Thus fora =2, we have

2
D(P :Q):ip—i—l (7.3.16)

i=0 Ui
Using (7.3.16), we get the following results:
D(R,:P)=0.017439,D(P, : P) =0.015286

D(P, : P)=0.010741, D(P, : P) = 0.007759
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Hence, we observe that MEPD P, is closest to the given probability distribution P .

Important observations: We also make out the following observations:

(a) Since, P, is based upon information about mean and p, whereasP, is based upon information
about mean only, we must expect that D(P, : P) < D(P, : P)

In our case, it is found to be true.

(b) Since, P, is based upon information about mean, p, and p, ,we must expect that
D(P,:P)<D(P,: P)<D(P, : P)
In our case, it is found to be true.

(c) Since, P, is based upon information about the first two moments, whereas P, is based upon
information about mean only, we must expect that D(P, : P) < D(P, : P)

In our case, it is found to be true.

(d) Since, P, is based upon information about mean and p, ,whereas P, is based upon mean and second
moment and D(P, : P) < D(P, : P)

Thus, we conclude that p, gives less information than the second moment.

Concluding Remarks: The maximum entropy principle plays a very important and significant role in
optimization problems and for its study; we usually apply Lagrange’s method of undetermined
multipliers to maximize different measures of entropy under a set of one or more constraints. This
method has a weakness that sometimes it gives negative probabilities upon optimization. To remove
this problem, we ignore the negative probabilities and reformulate our optimization problem for the
remaining probabilities and again solve it by using Lagrange’s method. The procedure is repeated until
we get all maximizing probabilities to be non-negative. In the present chapter, we have made use of
constraints in terms of arithmetic and geometric means only but the study can be extended by taking
more constraints in terms of existing means and moments. Moreover, the procedure adopted in this
chapter can be extended to the study of minimum cross entropy principle. Furthermore, such a study of

both types of principles can be extended to discrete and continuous type of fuzzy distributions.
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