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Abstract: - In this paper we focus on the combined assignment-control problem that arises when signal control
parameters of an urban road network are locally optimised and they have to be consistent with equilibrium
traffic flows. This problem can be formulated as an (asymmetric) equilibrium assignment problem. In this
paper we compare some solution algorithms for solving the combined assignment-control problem, based on
the MSA (Method of Successive Averages) framework; some algorithms, proposed in the literature for solving
the (symmetric) assignment problem, are adapted to the combined assignment-control problem. All the
algorithms are tested on a real-scale network. Numerical results show that these algorithms are able to reduce
computing times significantly, respect the classic MSA algorithm, in order to solve the asymmetric assignment
problem.
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the network (or other performance indexes) and the
equilibrium traffic flows represent the descriptive
variables that have to be calculated by an
equilibrium assignment algorithm.
In the second case, instead, it is assumed that the
signal settings of each junction are designed so as to
minimise only the total delay at the same junction,
according to a specific local control policy. This
problem, known also as Local Optimisation of
Signal Settings (LOSS), can be formulated as a
fixed-point problem, where there is a circular
dependence between flows, costs and signal
settings, or, equivalently, as an asymmetric
equilibrium problem. For a more detailed
description of GOSS and LOSS problems see [1]. In
[2] the GOSS problem is solved using metaheuristic algorithms.
In this paper, we focus on the solution of the
LOSS problem, comparing several algorithms
proposed in the literature; all the compared
algorithms are based on the MSA general
framework [3, 4, 5].

1 Introduction
Traffic-light systems play a fundamental role in
urban network management and effective
optimisation of signal settings may produce
significant improvements in network performance.
The problem of optimising only the signal
settings, assuming as fixed and invariable the
physical configuration of the urban network
(topology and link capacities), can be seen as a
particular case of the more general Equilibrium
Network Design Problem (ENDP), where signal
settings assume the role of decision variables; this
problem is also known as the Signal Setting Design
Problem (SSDP). For solving the SSDP, two
different approaches can be identified: a global
approach and a local approach.
In the first case, the problem is actually an
ENDP, formulated with a (non-linear constrained)
optimisation model, and it is also known as Global
Optimisation of Signal Settings (GOSS). In this
problem, signal settings of all junctions are jointly
designed so as to minimise the total travel times on
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The general LOSS problem was studied, among
others, in [1, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18].
The remaining part of the paper is organised as
follows: Section 2 introduces the model
formulation; the solution algorithms are analysed in
Section 3, and Section 4 summarises the numerical
results; finally, Section 5 concludes the paper.

In this case, since the transportation supply is
given, it may be stated, under some assumptions,
that the solution of the fixed-point problem (4)
exists and is unique [19]. Therefore, eqn (4) is an
application: one, and only one, equilibrium traffic
flow vector, f* corresponds to each signal settings
vector, g. In Fig. 1(a) the relations between the
variables are represented.
Now let us introduce a second application
between signal settings, g, and traffic flows, f.
Having fixed the traffic flows on the network, this
yields uniquely the signal settings:

2 Model formulation
On a road network, the link flow vector, f, once the
transport demand has been fixed, depends on link
costs and hence on the link cost vector, c:
f = f(c)

g = (f )

(1)

(5)
c = c(..., g)

where
f(c) = A P(AT c) d

g

with
A the link-path incidence matrix, whose
components, alp, are equal to 1 if link l belongs to
path p and 0 otherwise;
P the path choice probability matrix, with a column
for each od pair and a row for each path p; the
generic element, Pp,od, of this matrix represents
the probability that a user will use path p from o
to d (if path p does not connect the od pair, Pp,od
is equal to 0);
d the demand vector, whose components are the
demand values dod for each O-D pair.

c = c(f, ...)
f = f(c)

f

(a)

c = c(..., g)

g

The generic cost, cl, of link l is, for urban
networks, the sum of two terms: the running cost,
that is usually assumed dependent only on the flow
on the same link, fl, and the delay (waiting time at
the intersection) which, for signalised intersections,
depends on both traffic flows, f, and signal settings,
g. Formally, it is possible to write:
c = c(f, g)

c

c
c = c(f, ...)

g* =  (f*)

f = f(c)

f

(b)

Fig. 1 - Relations between flows, costs and signal
settings: (a) fixed signal settings; (b) local optimal
signal settings.

(2)

Substituting eqn (2) in eqn (1) we obtain the eqn:
f = f (c(f, g))

This relation usually represents the local control
policies that optimise the signal settings of each
intersection as a function of only the flows at the
same intersection. Given eqn (5), eqns (2) and (3)
become:

(3)

that relates flows, f, costs, c, and signal settings, g.
Having fixed the g vector, we can calculate the
equilibrium traffic flows, f*, with one of the
algorithms available in the literature (see for
instance [19]). Formally, we can write:
f* = f (c(f*, g))
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c = c(f,  (f ))

(6)

f = f (c(f,  (f )))

(7)

Recent Researches in Mechanical and Transportation Systems

and the fixed-point problem (4) becomes:
f* = f (c(f*,  (f*)))

Cascetta et al. [1] proposed an algorithm for
solving the fixed-point problem (8) based on the
MSA-FA; this algorithm updates, according to local
control policies, the signal settings at each iteration
(see Fig. 3). In this code, gstart is a feasible solution
for g (for instance, the solution where effective
green times are the same for all phases and the cycle
time is a prefixed value of 90 s). This algorithm will
be referred to as MSA-FAacp.

(8)

Therefore, the problem is to find the equilibrium
traffic flows, f*, that are congruent with the local
control policy; the corresponding signal settings,
g* =  (f*), are the solution of the Local
Optimisation of Signal Settings (LOSS) problem.
This solution is also a feasible but suboptimal
solution of the Global Optimisation of Signal
Settings (GOSS) problem. In this case, it is possible
to state under some assumptions (see [1]) the
existence of the fixed point solution but not the
uniqueness. Fig. 1(b) reports the relation between
variables.
In this paper we focus on solving the problem
(8), proposing several algorithms based on the
general framework of MSA (Method of Successive
Averages) [3, 4, 5].

# MSA-FAacp #
k=0
f0 = 0
g0 = gstart
do while | fSUNk  f k 1|/| f k 1| ≥ 
k = k +1
ck = (f k1, g k1)
fSUNk =  SUN(ck)
f k = f k 1 + 1/k (fSUNk  f k 1)
gk = (f k)
loop
f* = fk
g* = gk
end

3 Solution algorithms
In order to solve the fixed-point problem (8) we
propose to use some algorithms based on an MSA
general framework. The first formulation of MSA
[3] generates a succession of feasible link flow
vectors, fk, starting from an initial solution (usually
f0 = 0). At each iteration k the solution fk is
generated by combining traffic flows obtained by a
Stochastic
Uncongested
Network
(SUN)
assignment, fSUNk = SUN(ck), with the previous
solution, f k1. At each iteration k, in order to
generate the solution f k, the results of the SUN
assignment, fSUNk, are averaged, with weight 1/k,
with the results of the previous iteration f k 1, with
weight (k  1)/k (see Fig. 2). Since the algorithm
works directly on flows, it is also known as
MSA-FA (Flow Averaging) [20].

Fig. 3 - Code of MSA-FAacp algorithm.

Moreover, Cascetta et al. [1] proposed to modify
the MSA algorithm substituting the averaging factor
1/k, where k represents the number of the current
iteration, with a different sequence of numbers. In
general, it is possible to substitute to the ratio 1/k a
general function 1/(k), where (k) can be defined in
several ways. It can be a numerical series (a
succession of integers) or an actual function
(succession of real numbers). Obviously, for
(k) = k we obtain the classic MSA algorithms.
In the literature, over the method proposed in [1],
devoted to the combined assignment-control
problem, other authors proposed to modify the
averaging factor of MSA algorithm, even if for the
assignment problem. In this paper, we test and
compare these methods proposed in the literature,
adapting them to the solution of the combined
assignment-control problem. The functions that we
will test are the follows.

# MSA-FA #
k=0
f0 = 0
do while | fSUNk  f k 1|/| f k 1| ≥ 
k = k +1
ck = (f k1)
fSUNk =  SUN(ck)
f k = f k 1 + 1/k (fSUNk  f k 1)
loop
f* = fk
end

Refresh Memory (RM) function [1]:

 = 1, 2, …, , 2, 3, …, 2 , 4, 5, …, 4 , …, x, x+1,
…, x  , ... x integer
x = 1, 2, 4, 8, ...

Fig. 2 - Code of MSA-FA algorithm.

ISBN: 978-1-61804-316-0

where  is a parameter that Cascetta et al. [1]
proposed to assume equal to 10. In the following,
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the corresponding algorithm will be indicated by
MSA-FA-RM.

4 Numerical results
Numerical tests were conducted on the urban
network of Benevento, a town in the south of Italy
with about 61,000 inhabitants. The network, as
represented in Fig. 5, has 1,577 oriented links,
comprising about 216 km of roads, 678 nodes and
80 centroids (66 internal and 14 external). The peakhour OD matrix was made available by the studies
developed while drawing up the Urban Traffic Plan.
The route choice model is Multinomial Logit with
implicit enumeration of paths according to the
algorithm proposed in [24].

Polyak method [21]:

(k) = k2/3
In the following, the corresponding algorithm
will be indicated by MSA-FA-POL.
Nagurney and Zhang method [22]:

(k) = 1, 2, 2, 3, 3, 3, 4, 4, 4, 4, …, x, x, ..., x
(x times), ...
x integer
x
In the following, the corresponding algorithm
will be indicated by MSA-FA-NAZ.
Bar-Gera and Boyce method [23]:

(k) = 
where  is a constant parameter between 1 and 50.
According to the results reported in [23] we will test
the method assuming  equal to 5. In the following,
these algorithms will be indicated by MSA-FABGB.
Fig. 4 shows a comparison between 1/ values
for the averaging functions (k from 1 to 100).

Comparison between 1/ for some averaging functions
1.2

1.0

Fig. 5 - Real-scale test network.
0.8

MSA

1/

RM
POL

0.6

NAZ

The network contains only eight signalised
intersections, but in order to expand the tests also to
networks with higher percentages of such
intersections, we built four other cases, increasing
the number of signalised intersections. We thus
tested five networks with: 8 (real case), 18, 28, 38
and 48 signalised intersections, the networks being
labelled SIG08, SIG18, SIG28, SIG38 and SIG48,
respectively.
In order to test the proposed algorithms under
several network congestion levels, over the
available OD matrix, four other matrices were
generated, multiplying all cells of the OD matrix by
the following factors: 0.8, 1.2, 1.4 and 1.6. We
therefore have five matrices available, which we
identify with OD08, OD10 (real case), OD12, OD14
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Fig. 4 - Comparison between averaging functions.

It can be noted that the RM method tends to
increase the values of 1/, with respect to 1/k, in
successive waves, the POL methods give higher
values of 1/, vis-à-vis 1/k, for all iterations, without
waves and, finally, NAZ and BGB methods assume
constant values in some iteration intervals (BGB
always constant values).
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and OD16, respectively.
Combining networks and OD matrices, we
generated 25 different test cases, all based on the
urban network of Benevento. All tests were
conducted using a PC Intel core i5. For all tests we
adopted as local control policy that proposed in [25]
and tested the classic MSA-FA algorithm adapted
for solving the combined assignment-control
problem. In Table 1 the results are summarised in
terms of computing times and iteration number.

equilibrium traffic flows. For instance, in [26] the
algorithm used for solving the NDP examined up to
171,000 solutions, spending up to 370 hours in
computing times; in this case, the 70 % saving in
computing time results in a total of 111 hours, with
259 hours (more than 10 days) saved.

50%
45%
40%

SIG08
SIG18
SIG28
SIG38
SIG48

OD08
7
7
7
6
6

SIG08
SIG18
SIG28
SIG38
SIG48

OD08
12
11
13
14
13

Convergence test

35%

Iterations
OD10
OD12
OD14
16
31
49
16
32
49
12
28
46
9
28
46
9
28
45
Computing times (s)
OD10
OD12
OD14
25
47
72
25
48
73
19
42
68
15
42
68
15
42
67

OD16
51
51
49
50
50

30%
MSA-FA

25%

MSA-FA-RM
20%

15%
10%

OD16
94
95
91
92
91

5%
0%
0

10
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30

40

50

60

Iterations

Fig. 6 - Convergence of the algorithm
MSA-FA-RM.

Table 1 - MSA-FA results.
50%

The MSA-FA algorithms described in Section 3
were tested on the same network for the cases where
it may be actually useful to reduce the number of
iterations and hence computing times (case SIG48OD16). Table 2 summarises the results in terms of
iterations and computing times, compared with
classic MSA-FA.

45%
40%

Convergence test

35%
30%
25%

MSA-FA
MSA-FA-POL

20%
15%
10%

Algorithm
MSA-FA
MSA-FA-RM
MSA-FA-POL
MSA-FA-NAZ
MSA-FA-BGB

Iterations

Computing
time (s)

50
15
14
13
20

91
27
26
24
38

Comparison of
computing time vs.
MSA
- 70.33 %
- 72.53 %
- 73.63 %
- 62.64 %

5%
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0
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30
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60

Iterations

Fig. 7 - Convergence of the algorithm
MSA-FA-POL.

Table 2 - Comparison among MSA algorithms.
50%
45%

It may be noted that all algorithms different by
the classic MSA perform better in terms of iterations
and computing times; in particular, RM, POL and
NAZ methods are able to reduce computing times
by over 70 % with respect to the MSA.
Figs. 6-9 report the convergence of the tested
algorithms compared with the corresponding MSA
in the test case SIG48-OD16.
Reducing the computing time of the combined
assignment-control problem is useful when it is a
subroutine of a Network Design Problem [26, 27,
28, 29]. Indeed, in the NDP at each iteration it is
necessary to calculate signal settings and
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Fig. 8 - Convergence of the algorithm
MSA-FA-NAZ.
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5 Conclusion and research prospects
In this paper we adapted and tested some algorithms
based on the MSA framework in order to increase
the convergence speed. Numerical results on a realscale network highlighted that the computing times
can be reduced until over 70% respect the classic
MSA.
Future research will be addressed to generalise
the MSA algorithm adopting different averaging
functions in order to reduce computing times.

References:
[1] Cascetta E., Gallo M., Montella B., Models and
algorithms for the optimization of signal
settings on urban networks with stochastic
assignment, Annals of Operations Research,
Vol. 144, 2006, pp. 301-328.
[2] Gallo M., D’Acierno L., Montella B., Global
Optimisation of Signal Settings: meta-heuristic
algorithms for solving real-scale problems,
Advances in Intelligent Systems and
Computing, Vol. 262, 2014, pp. 177-193.
[3] Sheffi Y., Powell W.B., A comparison of
stochastic and deterministic traffic assignment
over congested networks, Transportation
Research B, Vol. 15, 1981, pp. 53-64.
[4] Sheffi Y., Powell W.B., An algorithm for the
equilibrium assignment problem with random
link times, Networks, Vol. 12, 1982,
pp. 191-207.
[5] Powell W.B., Sheffi Y., The convergence of
equilibrium algorithms with predetermined step
sizes, Transportation Science, Vol. 6, 1982,
pp. 45-55.
[6] Allsop R.E., Some possibilities for using traffic
control to influence trip distribution and route

ISBN: 978-1-61804-316-0

95

Recent Researches in Mechanical and Transportation Systems

assignment
with
elastic
demand.
Transportation Science, Vol. 31, 1997,
pp. 107-128.
[20] Cascetta E., Transportation systems analysis:
models and applications. Springer, New York
(NY), USA, 2009.
[21] Polyak B.T., New method of stochastic
approximation type, Automation and Remote
Control, Vol. 51, 1990, pp. 937-946.
[22] Nagurney A., Zhang D. Projected dynamical
systems and variational inequalities with
applications, Kluwer, Boston, Massachusetts,
1996.
[23] Bar-Gera H., Boyce D., Solving a non-convex
combined travel forecasting model by the
method of successive averages with constant
step sizes, Transportation Research B, Vol. 40,
2006, pp. 351-367.
[24] Dial R.B., A probabilistic multi-path traffic
assignment model which obviates path
enumeration, Transportation Research, 5, 1971,
pp. 83-111.

ISBN: 978-1-61804-316-0

[25] Webster V.F., Traffic signal settings, Road
Research Technical Paper, Vol. 39, HMSO,
London, 1958.
[26] Gallo M., D’Acierno L., Montella B., A
meta-heuristic approach for solving the Urban
Network Design Problem, European Journal of
Operational Research, Vol. 201, 2010, pp.
144-157.
[27] Caggiani L., Ottomanelli M., Traffic
equilibrium Network Design problem under
uncertain constraints, Procedia - Social and
Behavioral Sciences, Vol. 20, 2011,
pp. 372-380.
[28] Cipriani E., Gemma A., Nigro M., A road
network design model for large-scale urban
network, Advances in Intelligent Systems and
Computing, Vol. 262, 2014, pp. 139-149.
[29] D’Acierno L., Gallo M., Montella B.,
Application of metaheuristics to large-scale
transportation problems, Lecture Notes in
Computer Science, Vol. 8353, 2014,
pp. 215-222.

96

