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Abstract: The Havriliak-Negami model has been proved to be be suitable for the description of relaxation processes
in a variety of applications. In this work we discuss methods for the approximation of operators of HavriliakNegami type in the time-domain. In particular, we focus on a finite difference approximation scheme and we
present a numerical approach for the efficient and accurate computation of the coefficients in the approximation
scheme.
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Introduction

velopment of methods for their fast and accurate evaluation is therefore a compelling task in order to perform simulations in an efficient way.
This paper is organized as follows. In Section
2 we introduce the Havriliak-Negami model and the
corresponding time-domain operators and, in Section 3, we describe a finite difference approximation
scheme for these operators. The main results of this
paper are in Section 4 where we describe in details a
method for evaluating the coefficients in the finite difference approximation and we discuss the main problems related to take under control the errors in the
computation. Some concluding remarks are discussed
in Section 5.

Different kinds of relaxation processes are observed
in nature and several of them are studied by means of
mathematical models.
In a large variety of phenomena the relaxation
properties can not be described in a satisfactory way
by means of the classic Debye model based on exponential relaxation laws; this is the case, for instance, of
the thermal relaxation in glasses [17] and machining
applications [23], of the dielectric relaxation in complex systems [5] and vegetables [18] and of the mechanical relaxation in viscoelastic rods [22]. For this
reason it is often necessary to introduce more involved
models than the standard Debye model.
The Havriliak-Negami model [11] is obtained by
inserting two stretching parameters into the original
Debye relaxation function; thanks to the flexibility
provided by the multi-parameter nature, it turns out
to be satisfactory for describing a wide range of phenomena.
Recently, a great attention [6, 13, 19, 20] has
been paid to find suitable representations of HavriliakNegami models in the time domain. In [7, 9, 10] an
approach based on fractional differences has been proposed and investigated. This approach, which generalizes Grünwald–Letnikov operators, appears suitable
also for numerical purposes.
The aim of this work is to review the operator described in [7, 9, 10] and discuss in details the main
problems related to the evaluation of the corresponding coefficients. In some applications, as for instance
in computational electromagnetism, it is requested the
evaluation of a very large number of weights; the de-
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2

The Havriliak–Negami model

One of the most interesting applications in which relaxation processes are studied is the description of the
interactions between electric and magnetic fields in
the Maxwell system


 ∇ × H = 0 ∂ E + ∂ P
Ampere’s law
∂t
∂t
∂H

 ∇ × E = −µ0
Faraday’s law
∂t
where 0 and µ0 are the permittivity and the permeability in the vacuum, H the magnetic field, E the
electrical field and P the matter polarization.
The matter is polarized under the influence of the
electric field; the interdependence between the electric
field E and the matter polarization P is described, in
the frequency domain, by a constitutive law
P̂ = 0 (s − ∞ )ˆ
(iω)Ê,
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γ
Dtα0 +λ as the infinite binomial series of derivative
operators of fractional order
∞  
γ X
γ k α(γ−k)
α
D0 + λ =
λ D0
,
(4)
k

where s and ∞ are the static and infinite dielectric constants respectively; the normalized dielectric
permittivity ˆ(iω) is a specific characteristic of the
medium and it is usually determined by matching experimental data into a theoretical model.
In the Debye model a simple rational dielectric
permittivity ˆ(iω) = 1/(1 + iωτ ) allows us to express, in the time domain, the relationship (1) by
means of linear ordinary differential equations.
Several experimental observations have shown
that the Debye model is not always satisfactory, especially in the presence of complex and non standard
materials with anomalous and hereditary properties.
For this reason more involved models have been proposed.
One of the most general functions used in these
cases is the Havriliak-Negami model [11]
ˆ(iω) =

k=0

and this expansion has been recently used in numerical simulations [1] after truncation of the infinite series; the exact determination of the number of terms
necessary to achieve a given accuracy however remains an open problem.
In a similar way it is possible to introduce a fractional pseudo-integral
γ
y(t) = J0α + λ f (t), t ≥ 0,
but also in this case is necessary to provide a formal
γ
definition for J0α + λ . Recently, it has been proγ
posed [6] to represent J0α + λ by means of a convolution integral operator
Z t
y(t) =
hα,γ (t − u; λ)f (u) du
(5)

1
γ
1 + (iωτ )α

which represents a generalization of some simpler
models (Debye, Cole-Cole, Cole-Davidson); for a justification of the Havriliak-Negami model in the memory function formalism we refer to [12]. Here τ > 0
is the relaxation time and α and γ are empirical exponents, usually in the range 0 < α ≤ 1, 0 < αγ ≤ 1
(see [2, 16]), which are determined by fitting ˆ(iω) to
experimental data.
More generally speaking, after writing, for notational convenience, the Havriliak–Negami function in
the Laplace transform domain (s = iω)
Hα,γ (s; λ) =

1
γ ,
sα + λ

0

where the kernel hα,γ (t; λ) is the inverse Laplace
transform of Hα,γ (s; λ) and it can be expressed in
terms of the three parameter Mittag-Leffler function,
also known as the Prabhakar function [21]. This is an
interesting result from the theoretical point of view,
but some problems still remain for its use in practical computation since the difficulty in evaluating the
Prabhakar function, although some methods are now
available [8, 24].

3

(2)

Recently, it has been proposed and investigated
a finite difference approximation for fractional
pseudo-derivatives and fractional pseudo-integrals of
Havriliak-Negami type [7, 9, 10]. In some sense this
method generalizes to Havriliak-Negami operators the
Grünwald-Letnikov scheme which is widely used in
fractional calculus.
The proposed approach is based on the convolution quadrature rules devised by Lubich [14, 15] for
solving integral convolution equations in which only
the knowledge of the Laplace transform of the kernel
is required; it thus appears therefore suitable for (5)
since the Laplace transform of the kernel has a much
more simple representation than the kernel itself.
Given a grid of equispaced point tn = nh, n =
0, 1, . . . , with step–size h > 0, it is possible to provide
an approximation yn of y(tn ) in (5) by means of the
convolution quadrature

the main problem is represented by finding a suitble
representation in the time domain of the frequency domain relationship
Y (s) = Hα,γ (s; λ)F (s),

s ∈ C.

(3)

Usually this is represented in terms of the fractional pseudo-derivative
γ
D0α + λ y(t) = f (t), t ≥ 0,
whose formal characterization is however not wellestablished. In [19]
γ Nigmatullin and Ryabov expressed D0α + λ as the combination of the exponential and the fractional derivative




γ
λt 1−α
λt 1−α
αγ
α
D0 +λ = exp − D0
D0 exp
D
,
α
α 0
thus providing an elegant and robust framework for
studying Havriliak–Negami models under a theoretical point of view. Some other authors [20] expressed
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Finite difference approximations

yn = h

αγ

n
X
j=0
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(γ)

Gn−j f (tj ),

(6)
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(γ)

where the convolution weights Gn are the coefficients in the power series expansion of

 X
∞
1
1−ξ
n
Ĝ(ξ) = αγ Hα,γ
;λ =
G(γ)
n ξ . (7)
h
h

The application of the trapezoidal rule on the equispaced nodes θl = 2πl/L, l = 0, 1, . . . , L − 1, leads
to the approximation

The convolution quadrature (6) is convergent of
the first order as h → 0, i.e. |y(tn ) − yn | = O(h); we
refer again to [14, 15] for a more detailed discussion.

l=0

G(γ,L)
n

n=0

4

(γ)

(γ)

The weights Gn of (6) can be evaluated according to
the recursive procedure described in [7, 9, 10].
For practical computation, and especially for integration over long intervals in which a huge number
N of weights are required, the use of a recursive formula can however be the source of some non negligible problems.
The overall computational cost is indeed proportional to N 2 and a very large number of floating–point
operations usually leads to accumulation of round-off
errors which can severely affect the accuracy of the
weights and, hence, of the final approximation. It is
therefore advisable to use alternative techniques.
To this aim we preliminarily observe, from (7),
(γ)
that the quadrature weights Gn are the coefficients in
the power Taylor expansion of Ĝ(ξ) around the origin
∞
X
ξ n dn
Ĝ(ξ)
n! dξ n

n=0

Theorem 1. Let r such that ρ < r < 1. Then for any
L≥1
(γ,L)
G(γ)
≤
n − Gn

C=

(9)

2
((1 − r) + hα λ)γ
α

.

Proof. Denote a = log(r/ρ) and preliminarily note
that u(ϕ + iθ) is 2π–periodic and analytic in the strip
|θ| < a. Moreover


u(ϕ + iθ) = ρ−n enθ e−inϕ Ĝ ρe−θ eiϕ
and hence

ξ=0

|u(ϕ + iθ)| ≤

ρ−n enθ
γ.
α
(1 − ρe−θ eiϕ ) + hα λ

Observe that 1 − ρe−θ eiϕ , ϕ ∈ [0, 2π), denotes in
the complex plane a circle with center at 1 and radius
ρe−θ ; hence

with C any closed curve encircling once anticlockwise
the origin and not enclosing any singularity of Ĝ(ξ).
(γ)
As proposed in [14, 15], the weights Gn can be
evaluated by numerically integrating the above integral after applying any suitable quadrature rule such
as, for instance, the trapezoidal rule.
Since Ĝ(ξ) has branch point singularities and
possible poles on the line segment [1, +∞), a suitable
choice for the contour C is the circle |ξ| = ρ centered
at the origin and with radius ρ < 1. After the change
of variable ξ = ρeiθ we can write
Z 2π
1
(γ)
u(θ)dθ,
Gn =
2π 0

1
(1 −

α
ρe−θ eiϕ )

+ hα λ

γ

≤

1
((1 −

ρea )α

+ hα λ)γ

.

Since ea = r/ρ, for |θ| < a we have |u(ϕ+iθ)| ≤
M with
ρ−2n rn
M=
((1 − r)α + hα λ)γ
By applying Theorem 4.2 in [25] it is
Z
0

2π

L−1

2π X
4πM
u(θ)dθ −
u e2πil/L ≤ aL
L
e −1
l=0

and

2M
rL ρ−L − 1
from which the proof immediately follows.
(γ,L)
G(γ)
≤
n − Gn

u(θ) = ρ−n e−inθ Ĝ(ρeiθ ).
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ρ−2n rn C
,
rL ρ−L − 1

where C does not depend on n and L and is given by

and therefore their analytic formulation can be expressed in terms of the Cauchy integral
Z
1
(γ)
Gn =
ξ −n−1 Ĝ(ξ)dξ,
2πi C

with

(8)

of the weights Gn , where ξl = ρe2πil/L and the 2πperiodicity of the integrand u(θ) has been used.
For functions with suitable analytical properties
the trapezoidal rule is geometrically accurate [25]; in
particular, for the problem under investigation we can
see that the following result holds.

Evaluation of coefficients

Ĝ(ξ) =

L−1
ρ−n X
=
Ĝ(ξl )e−2πinl/L
L
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The above theorem is useful in order to properly
select both the integration contour |ξ| = ρ and the
number L of nodes with the aim of keeping the error
(γ)
(γ,L)
G n − Gn
under any assigned tolerance.
With a sufficiently high number L of nodes the error provided by the approximation (8) can be virtually
zero or, at least, close to the machine precision.
The above analysis, however, does not include
the effects of round-off errors which, for a very large
number L of nodes, can be exceedingly high.
In order to consider the impact of round-off errors
on the accuracy provided by (8) we observe that the
weights actually evaluated are
Ĝ(γ,L)
=
n

The above equation can not be directly used to
select ρ, since C̄ itself depends on ρ. Although the
expression (11) for C̄ could be used in (12) to select
ρ in a sharp way by solving the corresponding non
linear equation, in our experiments we have observed
that the use of an estimated value for C̄ in the range
50 ∼ 200 is usually adequate to obtain satisfactory
results and we do not advocate a further sophistication
of the procedure for the selection of the radius ρ.
To provide the estimation of the constant C of
Theorem 1, the midpoint of the interval [ρ, 1] is assigned to r. Thus, the number L of grid–points necessary to achieve the assigned tolerance τ is given by



τ + ρ−n r/ρ)n C − C̃

log 
τ − ρ−n C̃
L≥
.
log(r/ρ)

L−1

ρ−n X
Ĝ(ξl )e−2πinl/L 1 + l ,
L
l=0

where the relative errors l ’s in the computed values Ĝ(ξl )e−2πinl/L satisfy |l | ≈ , with  the machine precision. The contribution of round-off errors
is therefore given by
≤ ρ−n C̃,
G(γ,L)
− Ĝ(γ,L)
n
n

Whenever a too small accuracy τ is required, such
that it is not possible to satisfy τ > ρ−n C̃, the round–
off error dominates the global error; in this case, to
prevent from useless computation, it is sufficient to
select L in order to keep analytical and round–off errors at the same level, i.e.

(10)

where
C̃ =

max

l=0,...,L−1

ρ−2n rn C
≈ ρ−n C̄,
rL ρ−L − 1

Ĝ(ξl )e−2πinl/L

and, by proceeding in a similar way as in the proof of
Theorem 1, it is easy to see that
C̃ =

1
((1 − ρ)α + hα λ)γ

from which we obtain


C
log 1 + r/ρ)n
C̃
L≈
,
log(r/ρ)

(11)

The overall error is therefore given by the discretization error of Theorem 1 and the round-off error
(10) according to

and the obtained accuracy will be proportional to the
round-off error ρ−n C̄.
As we can see from Figure 1, where a target tolerance τ = 10−9 (the straight line) has been used,
the above procedure succeeds in achieving the prescribed tolerance. The same happens with τ = 10−12
as shown in Figure 2. In both experiments the parameters α = 0.6 and γ = 0.7 have been used with
step-size h = 0.004 and λ = 2.0.
Although it would be possible to select ρ and L
autonomously for each n in order to involve the minimum amount of computation for each weight, a more
efficient approach is to use an FFT algorithm to compute all weights simultaneously with
 a number of operations proportional to O L log L .
In this case, however, due to the presence of the
factor ρ−n both in the discretization and in the round–
off term of the error, the radius ρ of the integration
contour |ξ| = ρ and the number L of grid–nodes must
be selected with respect to the last weight ωN .

(γ,L)
G(γ)
≤
n − Ĝn

≤
≤

(γ,L)
G(γ)
+ G(γ,L)
− Ĝ(γ,L)
n − Gn
n
n

ρ−2n rn C
+ ρ−n C̄.
rL ρ−L − 1

As we can clearly see, for very large values of n
the accuracy obtained with an high number L of nodes
can be destroyed by the effects of round-off errors becouse the presence of the factor ρ−n . Thus a desired
accuracy τ > 0 can be achieved for all the weights
only when ρ−n C̄ < τ , i.e. for τ > C̃ and with ρ
selected such that
r
n C̄
ρ=
.
(12)
τ
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Figure 1: Errors with respect to the target tolerance
τ = 10−9 .
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Figure 2: Errors with respect to the target tolerance
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Concluding remarks

In this work we have discussed a finite difference approximation of fractional pseudo-operators involved in the time domain representation of HavriliakNegami models.
In particular we have investigated a numerical
technique for the evaluation of the coefficient in the
finite difference scheme. The method is based on
the numerical integration, by means of the trapezoidal
rule, of a Cauchy integral representation of the coefficients.
By means of some numerical experiments we
have shown that the proposed method allows to compute the coefficients within a satisfactory accuracy.
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