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Abstract: In this paper, we introduce a new iterative sequence which is constructed by using the hybrid projection
method for solving the common solution for a system of generalized equilibrium problems of inverse strongly
monotone mappings and a system of bifunctions satisfying certain the conditions, the common solution for the
families of quasi -¢- asymptotically nonexpansive and uniformly Lipschitz continuous and the common solution
for a variational inequality problem. Strong convergence theorems are proved on approximating a common So-
lution of a system of generalized equilibrium problems, fixed point problems for two countable families and a
variational inequality problem in a uniformly smooth and 2-uniformly convex real Banach space.
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1 Introduction In 2010, Chang et al. [12] discussed the com-
mon solution of a generalized equilibrium problem
The theory of equilibrium problems, the development and a common fixed point problem for two relatively
of an efficient and implementable iterative algorithm nonexpansive mappings, and established a strong con-
is interesting and important. This theory combines vergence theorem on the common solution problem.
theoretical and algorithmic advances with novel do- The frameworks of [10, 11, 12] are the uniformly
main of applications. Analysis of these problems re- smooth and uniformly convex Banach spaces. Chang
quires a blend of techniques from convex analysis, et al.[9] established a strong convergence theorem for
functional analysis and numerical analysis. solving the common fixed point problem for a family
The equilibrium problem theory provides a novel of uniformly quasi -¢- asymptotically nonexpansive
and unified treatment of a wide class of problems and uniformly Lipschitz continuous mapping in a uni-
which arise in economics, finance, image reconstruc- formly smooth and strictly convex Banach space with
tion, ecology, transportation, network, elasticity and the Kadec-Klee property.
optimization, and it has been extended and general-
ized in many directions. In particular, equilibrium In 2011, Qu and Cheng [1] established a strong
problems are related to the problem of finding fixed convergence theorem on solving common solutions
points of nonexpansive mappings. for generalized equilibrium problems and fixed point
In 2008-2009, Takahashi and Zembayashi [10, problems in Banach spaces. Saewan and Kumam [2]
11] introduced iterative sequences for finding a com- established a new modified block iterative algorithm
mon solution of an equilibrium problem and a fixed for finding common element of the set of common
point problem for a relatively nonexpansive mapping, fixed point of an infinite family of closed and uni-
and established some strong and weak convergences formly quasi -¢- asymptotically nonexpansive map-
theorems. pings, the set of the variational inequality for an a-
inverse-strongly monotone mapping and the set of so-
*Corresponding author email: poom.kum@kmutt.ac.th (P. lution of a system of generalized mixed equilibrium
Kumam) problems. Zegeye and Shahzad [18] introduced an it-
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erative process which converges strongly to a common
solution of finite family of variational inequality prob-
lems for y—inverse strongly monotone mappings and
fixed point of two continuous quasi-¢-asymptotically
nonexpansive mapping in Banach spaces. Tan and
Chang [19] introduced a new hybrid iterative scheme
for finding a common element of the set of solutions
for a system of generalized mixed equilibrium prob-
lems, set of common fixed points of a family of quasi-
¢-asymptotically nonexpansive mappings, and null
spaces of finite family of y—inverse strongly mono-
tone mappings in a 2-uniformly convex and uniformly
smooth real Banach space. Kim [20] introduced a
hybrid projection method for finding a common ele-
ment in the fixed point set of an asymptotically quasi-
¢- asymptotically nonexpansive mapping and in the
solution set of an equilibrium problem. Strong con-
vergence theorems of common elements are estab-
lished in a uniformly smooth and strictly convex Ba-
nach space which has the Kadec-Klee property. Liu
[26] proved a strong convergence theorem for finding
a common element of the set of solutions for a gen-
eralized mixed equilibrium problems, the set of fixed
points of infinite family of quasi -¢- asymptotically
nonexpansive mappings in Banach space by using CQ
method. Zhang, Chan and Lee [27] introduced mod-
ified block iterative algorithm for finding a common
element in the intersection of the set of common fixed
points of an infinite family of quasi -¢- asymptotically
nonexpansive and the set of solutions to an equilib-
rium problem and the set of variational inequality, he
proved strong convergence theorems in 2-uniformly
convex and uniformly smooth Banach space. As ap-
plication, he studied the convex feasibility problem
(CEP) and zero point problem of maximal monotone
mappings. In this paper, Motivated and inspired by
the previously mentioned above results, we introduce
a new iterative sequence by the new hybrid projection
method for solving the common solution problem for
a system of generalized equilibrium problems of in-
verse strongly monotone mappings and a system of
bifunctions satisfying certain the conditions, and the
common solution problem for a family of uniformly
quasi -¢- asymptotically nonexpansive and uniformly
Lipschitz continuous and the common solution prob-
lem for a variational inequality problem in a uniformly
smooth and 2-uniformly convex real Banach space.
Then, we prove a strong convergence theorem of the
iterative sequence generated by the conditions. The
results obtained in this paper extend and improve sev-
eral recent results in this area.
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2 Definitions and Notation

Throughout this paper, we assume that R and J are
denoted by the set of real numbers and the set of
{1,2,3,..., M}, respectively, where M is any given
positive integer. Let F be a Banach space with norm
|| - ||, C be a nonempty closed and convex subset of
E and let E* denote by the dual of E. let {Fy}xey :
C x C — Rbe abifunction, and { B }xecy : C — E*
be a monotone mapping. The system of generalized
equilibrium problems, is to find € C such that
Fie(z,y) +(y — 2, Bpx) 20, kel, VyeC.
(2.1)
The set of solutions of (2.1) is denoted by
SGEP(Fy, By), that is

Yy € C,Vk € ].

If J is a singleton, then problem (2.1) reduces to
the generalized equilibrium problems, is to find x € C
such that

F(z,y)+(y —z,Bx) >0, ¥YyeC. (22

The set of solutions of (2.2) is denoted by
GEP(F, B), that is

GEP(F,B)={xe€C: F(z,y)+{y—z,Bzx) >0, }.

vy e C.
If B = 0 the problem (2.2) reduces into the equi-
librium problem for F, denoted by EP(F), is to find

x € C' such that
F(z,y) >0,

vy € C. 2.3)

If ¥ = 0 the problem (2.2) reduces into
variational inequality of Browder type, denoted by
VI(C,B),is to find z € C such that

<y -, B.%‘> > 07

vy € C. 2.4)

Recall that, a mapping S : C — C is said to be

nonexpansive if
1Sz = Syll < flz —yll,  Va,y € C.

Let E be a real Banach space and {x,} be a se-
quence in E. We denote by z,, — x and z,, — x the
strong convergence and weak convergence of {z,},
respectively. The normalized duality mapping J from
E to 27" is defined by
Ju={f € E*: (z,f) = lz|* = If|*}, VzeF.

(2.5)
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By the Hahn-Banach theorem, Jz # () for each = €
E.

A Banach space F is said to be strictly convex if
HxQﬁH < 1forall z,y € E with ||z|| = |ly|| = 1
and x # y. It is said to be uniformly convex if
limy, o0 || Zn, — yn|| = O for any two sequences {zy, }
and {y,} in E such that ||z, || < 1, ||yn| < 1 and

lim =1.
n—o0

Ty + Yn
2.
5 (2.6)

Let Ug = {z € E : ||z|| = 1} be the unit sphere
of E. Then, the Banach space F is said to be smooth
if

t —_
N

0 t @.7)

exists for each x,y € Ug. It is said to be uniformly
smooth if the limit (2.7) is attained uniformly for all
z,y € Ug.

Let E be a Banach space. Then a function pg :
R* — R is said to be the modulus of smoothness of
Eif
lz+yll+llz—yll
2

pEe(t) = sup {

The space E is said to be smooth if pg(t) > 0,
Vvt > 0 and is said to be uniformly smooth if and only
if lim,_, o+ 220 = 0,

The modulus of convexity of F is the function dx :
[0,2] — [0, 1] defined by

r+y
2

5E(d::inf{1—H

A Banach space F is said to be uniformly convex
if and only if 0 (¢) > 0 for all € € (0, 2].

Let a real number p > 1. Then, F is said to be
p — uniformly convex if there exists a constant ¢ > 0
such that 0z (€) > ceP, for all € € [0, 2]. Observe that
every p-uniformly convex space is uniformly convex.
It is well-known for example (see Xu [17]) that

. p-uniformly convex, ifp > 2;

Lp(lp) or Wi, is { 2-uniformly convex,

One should note that no a Banach space is p-
uniformly convex for 1 < p < 2. It is known that
a Hilbert space is uniformly smooth and 2-uniformly
convex.

In the sequel, we shall make use of the following
results.

Remark 2.1. The basic properties below hold (see
Cioranescu [3] and Takahashi [13]).
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Loflell =1, llyl =t}

ifl1<p<2.

1. If E is uniformly smooth Banach space, then J
is uniformly continuous on each bounded subset
of E.

2. If F is a strictly convex reflexive Banach space,
then J~! is hemicontinuous, that is, J~ 1 is
norm-to-weak*-continuous.

3. If E is a smooth and strictly convex reflexive Ba-
nach space, then J is single-valued, one-to-one
and onto.

4. A Banach space E is uniformly smooth if and
only if £* is uniformly convex.

5. A Banach space E is strictly convex if and only
if E* is smooth.

6. A Banach space F is smooth if and only if E* is
strictly convex.

7. If E* is a smooth Banach space, then E is a
strictly convex Banach space.

8. A Banach space E* is a strictly convex Banach
space, then E is a smooth Banach space.

9. Each uniformly convex Banach space E has the
Kadec-Klee property, that is, for any sequence
{z,} C E,if {z,} = 2z € Eand |z, — |z,
then x,, — x.

10. A Banach space F is strictly convex if and only
if J is strictly monotone, that is, (z — y,z* —
y*) >0, wheneverz,y € E, x # yandx* €

|l <1l < 15 o=yl 2 e}, TRV E T
11

. Both uniformly smooth Banach spaces and uni-
formly convex Banach spaces are reflexive.

12. If E* is uniformly convex and J is the dual-
ity mapping of E, then J is uniformly norm-to-
norm continuous on bounded sets of F., i.e., for
a bounded set B of E¥ and £ > 0, there exists
d > O such that ||z —y[| < d = [[Jz — Jy|| <
g, for x,y € B.

Now let ' be a smooth and strictly convex reflex-
ive Banach space. As Alber (see [4]) and Kamimura
and Takahashi (see [5]) did, the Lyapunov functional
¢: E x E— R' is defined by

$(a,y) = |lel* = 2(z, Jy) + |yl*, Va,y € E.

It follows from Kohsaka and Takahashi (see [6])
that ¢(z,y) = 0 if and only if x = y, and that

(lll = lly)? < ¢z, y) < (2l +[ly])* 2.8)
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Further suppose that C' is nonempty closed con-
vex subset of E. The generalized projection (Alber
see [4]) llo : E — C' is defined by for each x € F,

e () = arg ming(z, y).
yeC

A mapping A : C — E* is said to be
d-inverse-strongly monotone, if there exists a constant
0 > 0 such that

<CC*y,Al'*Ay> 26‘|A$7Ay”27 \V/Iaye C.

A mapping S : C' — C'is said to be closed if for
each {z,} C C, =, — = and Sx,, — y imply
St =y.

Example 2.2. Let T is a nonexpansive of C into itself
and I is the identity mapping of a real Banach space
E. Then, amapping A =1 —T'is %—inverse—strongly
monotone mapping.

Example 2.3. Let a mapping A : R — R by Axx =
kx,Vr € Rand k € {1,2,3,...,n}. Then, a mapping
Ar : R — Ris a finite family of %—inverse—strongly
monotone.

A mapping S : C' — (' is said to be quasi -¢-
nonexpansive (relatively quasi-nonexpansive) if

Fixz(S) # 0, and
o(u, Sz) < ¢(u,z), Ve C, u € Fix(9).

A mapping S : C' — C is said to be quasi -
¢- asymptotically nonexpansive (asymptotically rel-
atively nonexpansive) (see Zhou and Gao [7]) if
Fixz(S) # 0, and there exists a sequence {k,} C
[1,00) with k,, — 1 such that

¢(u, S"x) < kpo(u,x), Vo € C, u € Fiz(S), Yn > 1.

c — FE*
then A is

It is easy to see that if A :
is  d-inverse-strongly monotone,
%-Lipschitz continuous.

Remark 2.4. Let E be a uniformly smooth and
strictly convex Banach space and A C E x E* be
a maximal monotone mapping such that its zero set
A~1(0) is nonempty. Then, we get J, = (J+rA)~1J
is closed and quasi -¢- asymptotically nonexpansive
mapping from E onto D(A) and Fixz(J,) = A~1(0).

Remark 2.5. Let II, be the generalized projection
from a smooth, strictly convex and reflexive Banach
space E onto a nonempty closed and convex subset C'
of E. Then, we get 11, is closed and quasi -¢- asymp-
totically nonexpansive mapping from E onto C' with
Fiz(11,) = C.
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Example 2.6. Let C := [, 1] and define 7' : C' —
C by
T oin(l :
_ [ gsin(y), ifz#0;
Tw { x, ifx =0.

Then, T is quasi -¢- asymptotically nonexpansive
mapping.

The class of quasi -¢- asymptotically nonexpan-
sive mappings contains properly the class of relatively
nonexpansive mappings (see Matsushita and Taka-
hashi [21]) as a subclass.

Let E be a smooth, strictly convex and reflexive
Banach space, C be a nonempty closed convex subset
of E, T : C — C be a mapping and Fixz(T) be the
set of fixed points of 7.

A point p € C is said to be an asymptotic fixed
point of T if there exists a sequence {x,,} C C such
that z,, — p and ||, — Tz,| — 0. We denoted the
set of all asymptotic fixed points of 7" by @(T)

A point p € C is said to be a strong asymptotic
fixed point of T, if there exists a sequence {x,,} C C
such that z,, — p and ||z, — Tz, || — 0. We denoted
the set of all strong asymptotic fixed points of 7" by
Fiz(T).

A mapping T : C — C 1is said to be relatively
nonexpansive [21, 22], if Fix(T) # 0, Fiz(T) =
@(T) and

o(p,Tx) < ¢p(p,x), VYo € C, p € Fix(T).

A mapping T' : C — C'is said to be weak rela-
tively nonexpansive [23], if Fix(T) # 0, Fiz(T) =
Fiz(T) and

¢(p, Tx) < (p,x), Yo € C, p € Fix(T).

Remark 2.7. If E is a real Hilbert space H, then
é(x,y) = ||z —y||* and IIc = Pc (the metric projec-
tion of H onto C).

Remark 2.8. From the definition of a mapping. It is
easy to see that

1. Each relatively nonexpansive mapping is closed.

2. Every quasi -¢- nonexpansive mapping is quasi
-¢- asymptotically nonexpansive mapping with
{ky,, = 1}, but the converse is not true.

3. Each weak relatively nonexpansive mapping is a
quasi -¢- nonexpansive mapping (because it does
not require the condition F'iz(T') = Fix(T), but
the converse is not true.

4. Every relatively nonexpansive mapping is a weak
relatively nonexpansive mappings, but the con-
verse is not true.
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5. Every countable family of weak relatively nonex-
pansive mappings is a countable family of of uni-
formly closed and quasi -¢- nonexpansive map-
pings, and so it is a countable family of uni-
formly closed and quasi -¢- asymptotically non-
expansive mappings.

Definition 2.9. (see Chang et al. [9]) Let {S;}°, :
C — C'be a sequence of mappings. {.5;}:°; is said to
be a family of uniformly quasi -¢- asymptotically non-
expansive mappings, if ();-, Fiz(S;) # 0 and there
exists a sequence {k,} C [1,00) with k,, — 1 such
that for each ¢ > 1,

For solving the generalized equilibrium problem,
let us assume that the mapping B : C — E* is §-
inverse-strongly monotone mapping and the bifunc-
tion F' : C x C — R satisfies the following condi-
tions:

(Al) F(z,z) =0, forall x € C,

(A2) F is monotone, ie., F(x,y) + F(y,z) <
0, Vx,yeC,

(A3) limsup F(z+t(z—x),y) < F(z,y), Vx,y,z €

t10

Ok

(A4) for any y € C, the function y — F'(z,y) is con-

oo . .
QS(U,SZLCU) S kngb(u, .’E), Vu € ﬂ FZl‘(Sz), = C, vn 2 1. vex and lower semicontinuous.

=1

Definition 2.10. A mapping S : C' — (' is said to
be uniformly L-Lipschitz continuous, if there exists a
constant L > 0 such that

|S"z — S"y|| < L||lz —y||, Vz,yeC, Vn>1.

Lemma 2.11. (see Alber [4]). Let C be a nonempty
closed and convex subset of a smooth and strictly con-
vex reflexive Banach space I, and let x € E. Then,

o(x, o (y)+o(He(y), y) < ¢(x,y),Ve e C, y € E.

Lemma 2.12. (see Kamimura and Takahashi [5]).
Let C be a nonempty closed and convex subset of a
smooth and strictly convex reflexive Banach space F,
and let x € E and u € C. Then,

u=Il¢(z) & (u—y,Jr —Ju) >0, Yy e C.

We make use of the function V : £ x E* — R
defined by

V(x,z*) = ||z|*—2(z, z*)+|2* ||, Vz € E,Vz* € E*.

Observe that V (z, 2*) = ¢(z, J 'z*) forall z €
E and 2* € E*. The following lemma is well-known.

Lemma 2.13. (see Alber [4]) Let E be a smooth and
strictly convex reflexive Banach space with E*as its
dual, then

Vi, %) +2(J 2" —z,y") < Ve, a* +y),
forallx € E and x*,y* € E*.

Lemma 2.14. (see Kamimura and Takahashi [5]). Let
E be a uniformly convex and smooth real Banach
space and let {x,} and {y,} be two sequences of E.
If o(xn, yn) — 0and either {x,,} or {yn} is bounded,
then ||z, — yn| — 0.
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Lemma 2.15. Let E be a uniformly smooth and
strictly convex Banach space with the Kadec-Klee
property, {x,} and {yn} be two sequences of E, and
p € E. Ifx, — pand ¢(xn,yn) — 0, then y,, — p.

Lemma 2.16. (see Blum and Oettli [15]). Let C be a
nonempty closed and convex subset of a smooth and
strictly convex reflexive Banach space E, and let F
: C x C — R be a bifunction satisfying the follow-
ing conditions (Al) - (A4). Let r > 0 be any given
number and x € E be any point. Then, there exists a
z € C such that

F(z,y)+ %(y —z,Jz—Jx) >0, VyeC. (2.9)
Lemma 2.17. (see Chang et al. [12]) Let C be a
nonempty closed and convex subset of a smooth and
strictly convex reflexive Banach space E, and let B :
C — E* be a d-inverse-strongly monotone mapping
and F : C x C — R be a bifunction satisfying the fol-
lowing conditions (A1)-(A4). Let v > 0 be any given
number and x € E be any point. Then, there exists a
point z € C such that

1
F(z,y)+(y—z, Bz)+—(y—z, Jz—Jz) > 0,

r

vy e C.
(2.10)

Lemma 2.18. (see Chang et al. [12]) Let C be a
nonempty closed and convex subset of a smooth and
strictly convex reflexive Banach space E, and let B :
C — E* be a §-inverse-strongly monotone mapping
and F : C x C' = R be a bifunction satisfying the fol-
lowing conditions (A1)-(A4). Letr > Oand x € FE.
and we define a mapping T, TF : E — C as follows: for
anyz € C,

TFe={2¢€C:F(z,y)+ (y— 2 Bz)

1
—|—;<y—z,Jz—J:v) >0,} VyeC.

Then, the following conclusions hold:
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(1) TF is single-valued,

(2) TTF is a firmly nonexpansive type mapping, i.e.,
(TFx — TFy, JTYx — JTFy) < (TFz —
TrFyaJx - J?J),VCUay €EFE

P

(3) Fiz(TF) = Fixz(TF) = EP;
(4) EP is a closed and convex set of C'

(5) o(p, T\ x) + o(TFz,2) < o(p,x),¥p €
Fiz(TF);

(6) foreachn > 1, r, > d > 0and u, € C with
limy o0 Up, = limp—s00 Iy, Un, = W, we have

F(u,y) +(y —u,Bu) >0, VyeC.

Lemma 2.19. (see Cioranescu [3]) Let C' be a
nonempty closed and convex subset of a real uni-
formly smooth and strictly convex Banach space F
with the Kadec-Klee property, S : C'— C' be a closed
and quasi -¢- asymptotically nonexpansive mapping
with a sequence {k,} C [1,00) and k, — 1. Then,
Fix(S) is closed and convex in C.

Lemma 2.20. (see Chang et al. [9]) Let E be a uni-
Jformly convex Banach space, v > 0 be a positive num-
ber and B,(0) be a closed ball of E. Then, for any
given sequence {x,}>°; C By(0) and for any given
{An}oey € (0,1) with Y07 | Ay = 1, there exists a
continuous, strictly increasing and convex function g
2 10,2r) — [0,00) with g(0) = 0 such that for any
positive integers i, jwith i < j,

o
g AT,
n=1

Lemma 2.21. (see Xu [17]) Let E be a 2-uniformly
convex real Banach space, then for all x,y € E, we
have

2 o
< Aallzall? = Mgl — a5]).
n=1

2
lz =yl < SllJz = Jyl,
where J is the normalized duality mapping of E and
0 <ec<1,and % is called the 2-uniformly convex

constant of E.

We note that every uniformly convex Banach
space has the Kadec-Klee property. For more de-
tails on Kadec-Klee property, the reader is referred to
[3, 13].

Let A be an inverse-strongly monotone mapping
of C'into £* which is said to be hemicontinuous it for
all z,y € C, the mapping F' : [0, 1] — E™*, defined by
F(t) = A(tz + (1 — t)y) is continuous with respect
to the weak™ topology of E*. We define N¢(v) the
normal cone for C at a point v € C, that is,

Ne(w)={z"€ E*: (v—y,z*) >0, VyeC}.
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Lemma 2.22. (see Rockafellar [24]) Let C' be a

nonempty, closed and convex subset of a Banach

space E and A is monotone, hemicontinuous operator

of Cinto E*. Let U C E x E* be an operator defined
as follows:

| Av+ N¢g(v), veC;

Uv= { 0, véC.

Then, U is maximal monotone and U~'(0) =
VI(C, A).

3 Main results

In this section, we show a strong convergence theorem
which solves the problem of finding a common solu-
tion of the system of generalized equilibrium prob-
lems and fixed point problems in Banach spaces.
Now, we remark that, as it is the mentioned in
Zegeye and Shahzad [25] that let C' be a subset of
a real Banach space F and A : C — E* be an in-
verse strongly monotone mapping satisfying || Ax| <
||Az — Ap||, forall z € C and p € VI(C, A), then
VI(C,A) = A10) = {p € C : Ap = 0}. For
example the following the condition is satisfied.

Example 3.1. Let A : R — R by given by

0,
Ax = { Az,

Then, A is i-inverse—strongly monotone mapping
with VI(R, A) = A=1(0) = (—o0,0].

if x <0;
if x > 0.

Before stat our theorem we give an example for
nonlinear mappings to illustrate the theoretical results.

Example 3.2. Let S : R — R be given by S :=
(I +rB)~L, forr > 0, where

z+1, ifze (—oo,—1];
Brx:=1{ 0, ifz e (—1,0],
2z, if x € (0, 00).

Then, we get that J,. := (I +7rB)~! = S is uniformly
L- Lipschitz continuous and quasi -¢- asymptotically

nonexpansive with {k,} = 1 for each n > 1 and
Fix(J;) = B~1(0) = Fiz(S) = [-1,0].

We shall make use of this remark to prove the next
theorem.

Theorem 3.3. Let C be a nonempty, closed and con-
vex subset of a uniformly smooth and 2-uniformly con-
vex real Banach space E. Suppose that
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(Bl) Let B, : C — FE* for each k =
1,2,3, ..., M be a finite family of 0-inverse-strongly
monotone mappings, and let F, : C x C — R be a
bifunction which satisfies conditions (A1)-(A4).

(B2) Let {T;}7°, and {S;}32 : C'— C be count-
able families of uniformly closed and w;, j1j-Lipschitz
continuous and quasi -¢- asymptotically nonexpan-
sive mappings with sequences {kn},{l,} C [1,00)
and k, — 1,1, — 1, respectively.

(B3) Let A, : C — E* foreachn =1,2,3,...., N
be a finite family of ~yy,-inverse strongly monotone
mappings and let v = min{y, :n=1,2,3,..., N}.

(B4)Q = (N2, Fia(T)) N ( (G2 Fiz(S)) N

(N, sGEPF B)) O (), VI(C An)

is a nonempty and bounded in C.

Let {xn};’f:h {ZN}SLO:D {yN}SLozl and {UN}SLOzl be
sequences generated by

xg € C' chosen arbitrary, Cy = C

2z =HoJ ! (J:cn AnAnxy)

g = J N BN T+ 02, B IT
+> 5 1BFZJS”,Z”)

tn = Tt Toad S 12, T, U

Cn+1 - {U € Cn . gb(U, Un) S QS(U,l'n) =+ en}
Tn+1 = ]-_-[Cn+1 (»130), vn 2 O’

3.1
whereTFk E = C k=1,23,...M, is a map-
ping deﬁned by 2.18) with F = F}, and T = Tk, and
it is the solutions to the following system of general-
ized equilibrium problem: Fy(z,y) + (y — 2z, Brz) +
%(y—z,Jz—Jm) >0, WweC, k=1,2,3,.... M,
where 1, € [d,00), for some d > 0, 6, =
supp,eq(max{ky,ln} — 1)é(p, zn), An = An(mod
Apz| < ||Apz — A
p € . Let {A\n} be a sequence in [0,1] such that
0< Ay < 7 , where . = is the 2- umformly convex con-

stant of E. Let {ﬁr%}, {ﬁm } {ij} be sequences in
[0,1] satisfying the following conditions:

1. foreachn > 0, B,%%—Zfil 5,(LQZ)+Z;.21 57(133) =
L;

(2)

liminf, noﬁf”) >0,Vi,j>1,i#j.

2. liminf, nOﬁ > 0 and

Then, the sequence {x,} converges strongly to p* =
HQ (.ro)

ISBN: 978-1-61804-343-6

89

Proof. We shall complete this proof by six steps be-
low.

Step 1. We will show that (2 and C),,; are
closed and convex, for each n > 0.
In fact, It follows from Lemma 2.18(4) and Lemma
2.19 that Fliz(7T;) and Fiz(S;), for any 4,5 > 1 and
SGEP(Fy, By,) are closed and convex subset of C.
Therefore, €2 is closed and convex in C.
Clearly, Cy = C'is closed and convex. Suppose that
C,, is closed and convex for some n > 1. By the as-
sumption, ¢(v, u,) < ¢(v,xy,) + 6y, is equivalent to

”UH2_2<7)7 Jun>+HunH2 < H7)H2_2<U7 an>+‘|an2+9w

So that 2(v, Jxy,) —2(v, Juy) = 2(v, Jo, — Juy) <
lznll? = ||unl* + 6,. Hence, C,,41 is closed and
convex. Therefore, Ilc, ., (z0) and Ilg(xo) are well-
defined.

Step 2. We will show that {x,,} is bounded and
{¢(zn,x0)} is convergent sequence, for all n > 1.
Indeed, it follows from (3.1) and Lemma 2.11 that

¢(n, o) ¢(e,, (20), o)

( p, 0) (p7HC ( ))
o(p,z0), Vn >0, pe Q.

IAIA

This implies that {¢(z,,xo)} is bounded. By the
virtue of (2.8). Then, the sequence {z,} is also
bounded.

By the assumption of C),, we have Cp11 C C,
xn = e, (x0) and z,41 = I, (z0). This implies
that x,,41 € Cr41 C Cy, and

n+1(

¢(mn’x0) < ¢($n+17x0)’ vn > 0.

Therefore, {¢(zn, xo)} is convergent sequence. With-
out loss of generality, we can assume that

lim ¢(zp,x0) =d > 0.

n—o0

Step 3. We will show that () C C,,, for all n >

0.
By taking K7, = T, T/ L T2 TF where j —
1,2,3,...,M and K2 = I foralln > 1. We note
that u,, = K%yn Forn > 0, we have Q C C =
Cp. For any given p € (), then by the equation (3.1),
Lemma 2.12 and Lemma 2.13, we compute

o(p; 2n)
o(p, Mo d Ty — MApzy))
S(p, J (T2 — AnApin))
V(p, Jxn, — MpAnzy)
V(p, (Jxn — MAnzyn) + A\pAnxy)
—2<J_1(an — MAnTn) — P, AnAnxn)

IN

IN
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V(p, Jzn) — 22 (T (T — M Anzyn) — p, Any)
(P, Tn) — 2An(Tn, —p, AnTn)
—2)\n<J_1(an — MApTy) — Ty, Any)
< (P, wn) = 22 (Tn — p, Apn — Anp)
=2\ (Tp — p, Anp)
220 (TN (T zp — MAnzn) — 2, Apzyn). (3.2)

Because p € Q, hence p € VI(C, A,,) and A,, is 7-
inverse strongly monotone mappings, from (3.2), we
get

¢(p, zn) < ¢(p>$n) - 2)\n’7‘|AnfUn —

20l MAntn) — T (T2 ||| Anenl|-
(3.3)

Anp|*+
Yz, -

From (3.3), Lemma 2.21 and the fact that ||A,z| <
2

|Apz—A,pl|, forallz € Candp € Qand A, < S,
we obtain

$(p,2n) < ¢(p, xn) = 22| Anzn — Anp?
D Ay — Aupl?
s+ (= ) Anin — Al
< 6 0) ~ D =) Awanl?
< o(pswn). (3.4)

Therefore, we have ¢(p, z,) < &(p, z,,). From (3.1)
and (3.4), we compute

é(p, un)
= ¢(p ’ TTFMM Tgxy 11'n TTZZZn Tm nyn)
= (p KMyn)
< o(p,yn)
= o(p, J BN Tra + > BLIT
=1
o0 3 '
+3 8185 2))
j=1
= pl® — 2(p, By T + > B I T,
=1
oo 3 .
+3 8075 2)
j=1
BT + 37 BEIT w0 + Y B0 2
i=1 j=1
< pl? - 28000, Jaa) — 23 8P p, IT )
=1
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N

IN

IN

—23" B p, JS) )
j=1

1 = 2 n > 3 n
+B0 Nl + 3 BENT 2l + Y BEISE 20l

i=1 j=1

_5(1) (2) Han_

- nO'BnJg(Han -

) + Zﬂm (p, T )

=1
+ Z 88 d(p, S 2n)

ﬁnO/ang(HJ‘rn JT, {L’n”)
J ST 2nl|)

JT znl))
JSnan)

57(11()@ (p,x

"~ Fn O/BTng(HJ:Bn -

B0, zn) + Y B d(p, T} )

i=1

+> 8% 6(p, S 2n)
j=1

— 808P g(||Twy — IT )
B8P g (T2 — TSP 0)

B, 2n) +kn Y B 6(p, z0)

=1
Y BL16(p, 2n)
j=1
—B08%) g(| Tz — IT 2, ))
B8P g1 T2 — TSP z0)

BSD,20) + k> B G (D, )
=1

1 > B0 (p, )

j=1
—B B (|| T 2y — JT )

ﬁnoﬂmg(Han—JS’-‘an)
max{kn, b }$(p, 20) — B 0B g(| Tn — JT]))
ﬁnoﬂmg(Han—JS”an)
<b(p,rvn)+sup(max{kml }=1Dé(p, )

peEN
8082 g7z — IT 2, ))

BB (1T — TS zal))
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= (p.n) + 00 — BB g (| T2n — TT2,]))
—B08D 91T — TSP 2a)
< é(p,xn) + On.
It follows that

where 0, = sup,cq(max{ky,ln} — 1)¢(p, s). By
the assumptions of {ky, } and {i,,}, and from (2.8), we
obtain

0, = sup(max{k,,l,} —1)o(p, xy,)
peEN
< sup(max{kn, ln} — 1)(||pll + [|zn]))?
peEN
< Sug(max{km In} — 1) (|lpll + M)* —207)
pe

(as n — 00),

where M = sup,,~ ||zn||- So, we get p € Cy,41. This
implies that Q@ C C,, for all n > 0 and the sequence
{zy} is well-defined.

Step 4. We will show that there exists some
point p* € C such that z,, — p*.

Since z, = Ilg,(z0) and z,41 = g, (x0) €
Cr+1 C C,, we have
Cb(xml"o) S ¢($n+17x0)7 (38)

which implies that the sequence {¢(xy,,xo)} is non-
decreasing and bounded, and so lim,, oo {&(zy, o) }
exists. Hence, for any positive integer m, by Lemma
2.11, we have

(b(xn—i-mvxn) = (z)(xn—i—mHC’n («TO)) < ¢(xn+m7$0)_¢(xn Zo), n,0 nzg

(3.9
for all n > 0. Since lim,, oo {P(xn, z0)} exists, we
obtain

&(Tntm,xn) — 0, as n— oo, Vm € N. (3.10)
By Lemma 2.14, we get ||z, 4m — @] — 0, as n —
oo. This implies that the sequence {x,} is a Cauchy
sequence in C. Since C' is a nonempty closed subset
of Banach space F, it is complete. Hence, there exists
a point p* € C such that

Tn =P,

as n — oo. (3.11)

Step 5. We will show that p* € ,
where 2 := (m;’; Fix(]})) N (m;‘;l Fix(Sj)> N
(n,@i . SGEP(F,, Bk)) N (nfj:l VI(C, An)>.
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(5.1) First, we will show that p* € (.2, Fiz(T;).
Since z, 11 € Cpy1 C Cy, by the definition of Cj, 41,
we have

¢(xn+17 un) S ¢(xn+17 xn) + 9n (312)
Again by (3.10) and Lemma 2.14, we get
limy, o0 |[Zn+1 — un|| = 0. Since

lzn — unll < |20 — Tpaa |l + | Tnt1 — unll. (3.13)
Hence,
lim ||z, — uy|| = 0. (3.14)
n—oo

This implies that u,, — p* as n — oo. Since F is
uniformly smooth, This implies that J is uniformly
continuous on bounded subset of ' by remark 2.1(1),
we obtain

Hm || Jz, — Jun|| = 0. (3.15)
n—oo

From (3.5), we have ¢(p,u,) < o(p,zn) + 0, —
8829w — JTPwl) — BB (T2 —
JS}zn|). Hence,  ¢(pyun) < ¢(p,xn) + On —

B8P g (T2 — JTIw,]]) and so

B8P g(|| T — T )

< ¢(pa 1371) - (25(}7, Un) + 0,

=zl = lfunll? + 2(p, Jun — Jz2) + 0

< (laall = lunl) (2l + lunll) + 20p, Jup, — Jan)
+6,,.

From (3.7), (3.14) and (3.15), we get

W32 (| T2y — JT 20 ) — 0, as n — oc.

In the view of condition, liminf,, .., Bn 05(2) > 0,
we see that

g(||Jzn — JT'zy||) — 0, as n— oco. (3.16)
It follows from the property of ¢ that
|Jan — JT'xp|| — 0, as n — oo. (3.17)

Since x;, — p* and J is uniformly continuous, it yield
that Jx,, — Jp*. Hence, from (3.17), we have
JT 'z, — Jp*,

as n—oo, Vi>1. (3.18)

Since E* is uniformly smooth, then .J~! is uniformly

continuous, it follows that
T'zn — p*,

as n — oo, Vi>1. (3.19)
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Furthermore, by the assumption that for each ¢ > 1,
T; is uniformly w;-Lipschitz continuous, so that we
have

|77 2 = T

< TPy — T ||+ 1T 1 — 2
@1 =zl + lon — T 2a||
< (Wit Dz — 2ol + ||Tz‘n+1xn+1
—Tnti| + [lon — T ||
— 0, as n — oo.
Hence,
lim 7", = Tz, = p*. (3.20)
n—oo
That is

lim 72, = lim 7,7z, = lim T;p* = p*.
n—oo n—oo n—oo
(3.21)

In view of (3.19) and the closeness of Tj, it yield that
T;p* = p*, for all i > 1. This implies that

pr e, Fia(Ty). (3.22)
(5.2) Next,
From (3.5), we have ¢(p,un) < ¢(p,zn) + On —
88 (1T — JTPa,]) — B8P g1 T2 —
JSMznl). Hence,  ¢(p,un) < ¢(p,xn) + O —
1 3 n
B88% gl T2 — JSP2a])), and so

we will show that p* €

BB g1 20 — ISP z0l))

< d)(pa wn) - qb(p, Un) + 0,
= [lzall® = llunll® + 2(p, Jun — Jan) + 0,
< (llzall = lunl){lznll + [Junl)
+2(p, Jup, — Jxy,) + 6,
From (3.7), (3.14) and (3.15), we get

57(:()) 7(L3])g(||J:1:n — JSPzp|) — 0, as n — oco.In

the view of condition, lim inf,, .o BY(LI()],BS; > 0, we
see that

gl Jzn — JSF2n|]) = 0, as n—oco. (3.23)
It follows from the property of g that
|J2n — JST 2] — 0, as n— oo. (3.24)

Since x,, — p* and J is uniformly continuous, it yield
Jx, — Jp*. Hence, from (3.24), we have

JSi2n — Jp*, as m— o0, Vj>1. (3.25)
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Since E* is uniformly smooth, then .J~! is uniformly
continuous, it follows that

Sizn —p*, as n— oo, Vj>1. (3.26)
From (3.4), we have
2\ 9
$(p,un) < G(p, @n) + 2An (=5 = )l Anznll”.
3.27)
So that
2\, 9
2Mn(y — CT)HAnan < o(p, ) — H(p, un).
That is,
lim | Az ||* = 0. (3.28)

It follows from (3.1) and (3.28) that we have
lim ||z, — p*||
n—oo
= lim [[Ted ™ (Jan = AnAnzn) = 7|
lim [|J 7' (J2y — AnApzn) — p*|| = 0.

n—oo

IN

Furthermore, by the assumption that for each j > 1,
S; is uniformly p;-Lipschitz continuous, so that

IS+ 20— 5l

= ||S;-L+12n - S;L+1Zn+1|| + HS;LHZnH — Zn+1|
+[2n+1 — 2nl|
+l2n — SJT‘LZTLH
< (4 Dlzss — 2l + 157 2011 = 2ot
+||zn — S}lan
— 0, as n — oo.
Hence,
lim S"Hz, = 872, = p*. (3.29)
n—oo J J
That is

lim S"tz, = lim S;S% 2z, = lim S;p* = p*.
n—oo J n—00 J n—00

(3.30)
In view of (3.19) and the closeness of S}, it yield that

S;p* = p*, forall j > 1. This implies that

>k o . .
P eﬂjlem(SJ). (3.31)
(5.3) Next, we will show that p* €
ML, SGEP(F}, By).
Putting K = T el TR TR and

K? = I forall n € N. For any p € ), we have

d)(KyJLV[ym Kéw_lyn)
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< 9(p, r]L\/[ 13/n) o(p, K%]L\/[yn)

< (P, yn) — ¢(paK Yn)

< ¢(p,zn) + 0 — B(p, Kfzv[yn)

< B(p,xn) + 0n — O(p, un).
It follows from (3.16) that
limy, oo ¢(KMy,, KM~1y.) = 0. Since E is

uniformly smooth and 2-uniformly convex Banach
space and {z,} is bounded, we have
lim [|K3 y — K"yl = 0. (332)
n—oo
Since u,, — p*, and u,, = K,]Lwyn, so that K,]yyn —
p* asn — oo. and

lim || K yn—Ep" " | = lim fun— KT | = 0.
n—oo n—o0

(3.33)
That is KM ~'y,, — p*. By induction, the conclusion
can be obtained. Since J is uniformly continuous on
bounded subset of F, we get

lim | JK g — JK gl =0, (3.34)
n—o0

and from the condition ry, ,, € [d, 0o) for some d > 0,

we have
KM n — KM—I n
tim W En v = TRyl (555
n—0o0 T‘M,n
Consider
¢(umyn)
< ¢(K Yn, Y )
< 6P, yn) — 00, K yn)
= ¢(p,yn) — ¢(p, un)
= |IplI* = 2(p, zn) + l|znl® + 0 — |0l
+2(p, Jun) — HunH2
= |lzall® = llunll® + 6n

+2(p, Jup, — Jxp,)
< (lznll = llual)lznll + lunll) + 62
+2|pl[|Jun — Jan ||

— 0, as n — oo.

Using lemma 2.15, we get y,
Fi (B Yy y) + (y = Ky, BeKy yn) + 55y —
KMy, JKMy, — Jyn) > 0, Wy € Ck =
,2,...,M. By condition (A2), we have (y —
Ky, BeBy yn) + iy — Ky, JE g —
Typ) > —Fe(K) 'yn,y) > Fi(y, K'yn). From

—  p*. Slnce

KMy, — p* and ,, — p*, we have

(y —p*, Bpp®™) > Fi(y,p"), vy € C.
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Forany 0 <t < 1,y € C and setting y;
t)p*, we have y; € C and so

=ty+(1—

<yt _p*kap*> > Fk(ytap*)avy eC.

In view of the convexity of ¢ it yield

t{ys — p*, Brp*) > Fi(w,p*),Vy € C.

It follows from (A1) and (A4) that

0= Fy(yt, yt) tE(ye,y) + (1 — 1) Fi(ye, p*)
F

y
tF (e, y) + (1= )ty

Lett — 0, from the condition (A3), we obtain

<
<

This implies that p* € (L, SGEP(F}, By,).

(5.4) Last, we will show that p* €
NN, VI(C, A,).
From Lemma 2.12, we note that
HeJ Y(Jx, — A\ Apxy) if and only if

Zn ==

Jzp — Jxy,

>
An )20,

vy e C.

(3.36)
Let {n;};>1 C Nbeanincreasing sequence of natural
numbers such that A,,; = A for all j € N. From
(3.36), we get

<y*2na An$n>+<y*2na

M.

J

<y—an,A13§‘nj>+<y_an, > Z O?

(3.37)
Puty, =ty + (1 —¢t)p*forany 0 < ¢t < land y €
C. Consequently, we get that y; € C. From (3.37), it
follows that

(ye — Zn]-7A1yt>

(ye — an,Alyt> — (e
Jzn]. — anj

— Zny, A1y — Arzn;) + (Ut
Jzn; — J:an>

Zn;, X,
J

Y

- an ) Alxnj>

—(yt —

Znjs

= <yt - ZTLj 9 Alznj

—(ye —

By the continuity of A; and the fact that z,,, rn; —
p* and Jzpn;,Jz,, — p* as k — oo, we obtain

Jzn —Jxn .

that Ayz,; — A1xn; — p* and /\73 —p
nj

as k — oo. Since A; is monotone, we also have
(Yt — zn;, A1yt — A12,;) > 0. Hence, it follows that

*

0 < Hm (ys — zn;, A1ye) = (ye — 0", A1ye),
k—o0

93

VyeC k=12, ..,

—p*, Brp®).

M.

vy € C.

— Alxnj>
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and so

(y—p" Aye) 20, VyeC.
Letting ¢t — 0, we obtain

(y—p", Ap") >0, VyeC.

This implies that p* € VI(C, A;). Similarly we ob-
tain that p* € VI(C, A,). forn = 2,3.4,...,N. So
that p* € N)_, VI(C, Ay). From (5.1) to (54), we
can conclude that pt e Q.

Step 6. Finally, we will show that z,, — p* =
HQ(:E[))
Let w = Ilg(xg). Since w € Q C C), and z,, =
I, (zo), we have

&(Tn, z0) < d(w,x0), Vn >0.

This implies that
o(p*, o) = lim P(xyn,x0) < p(w,xp). (3.38)
n—oo

In view of the definition of IIg(xg), from (3.38) we
have p* = w. Therefore, x,, — p* = Ilg(xg). This
completes the proof of Theorem 3.1. O

If we change the condition (B2) in Theorem 3.3
as follows : {7;}7°, and {S;}72, are quasi -¢- non-
expansive mappings. Since every quasi -¢- nonexpan-
sive mappings is quasi -¢- asymptotically nonexpan-
sive mappings. Then, we obtain the following corol-
lary.

Corollary 3.4. Let C be a nonempty, closed and con-
vex subset of a uniformly smooth and 2-uniformly con-
vex real Banach space E. Suppose that

(Cl1) Let By C — FE* for each k =
1,2,3,..., M be a finite family of 0-inverse-strongly
monotone mappings, and let F, : C x C — R be a
bifunction which satisfies conditions (A1)-(A4).

(C2) Let {Ti}32, and {S;}32, : C — C be
countable families of uniformly closed and quasi -¢-
nonexpansive mappings.

(C3) Let A, C — FE* for each n =
1,2,3,..., N be a finite family of ~,-inverse strongly
monotone mappings and let v = min{vy, : n =
1,2,3,...,N}.

(€49 = (N2 Fia(T)) N (M52, Fie(S))) N

( et SGEP(FkaBk)) N (ﬂ L VI(C, Ay) )

a nonempty and bounded in C.
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Let {zn}521, {zn iy, {Un iy and {un}i2, be
sequences generated by
xg € C chosen arbitrary, Cy = C
2n = o YTz, — A Anmn)
yn =" (B( 0T + L3 BT T
+EJ 15 FZJS i %n)

=T Ty T2 TR
Cn+1 ={veCy:od(v,uy) < (v, x,)}
Tpt1 = ch+1($()), Vn >0,

(3.39)
whereTFk E = C k=1,23,...M, is a map-
ping deﬁned by 2.18) with F = F}, ana’ T = Tk, and
it is the solutions to the following system of general—
ized equilibrium problem: Fy(z,y) + (y — z, Bxz) +
Ly—z,J2—Jz) >0, VyeC, k=1,2,3,.., M.
Tkn € |d,00), for some d > 0, A, = Ap(mod N),
|Aa] < | Ana—A
{\} be a sequence in [0,1] such that 0 < \, < <X
where = is the 2-uniformly convex constant of E. Let

{ 57(11())} { ﬁ }, { ﬁf’])} be sequences in [0,1] satisfying
the followmg conditions:

1. foreachn > 0, 5,(:())"1‘2221 @(12@)"'2;21 BS’J) -
1;

2. liminf, ﬂ(loﬁ > 0 and
liminf, .o 6(106 >0,Vi, 5 > 1,1 # 3.

Then, the sequence {x,} converges strongly to p*
g(20).

Proof. Since {T;}7°, and {S;}72, are countable fam-
ilies of uniformly closed and quasi -¢- nonexpansive
mappings, By Remark 2.8 (ii), it is countable fami-
lies of uniformly closed and quasi -¢- asymptotically
nonexpansive mapping with {k,, = 1} and {[,, = 1}.
So On = sup,ecq(max{kn,l,} — 1)¢(p,zn) = 0.
Therefore, the conditions appearing in Theorem 3.3
: “Q) is bounded subset in C. and for each i > 17,
({T} ©,and {55152, - €' — C be countable families
of uniformly closed and wj,pj-Lipschitz continuous
and nonexpansive mappings) are no use here. There-
fore, all conditions in Theorem 3.3 are satisfied. The
conclusion of Corollary 3.4 can be obtained from The-
orem 3.3 immediately. O

If we change the condition (C2) in Corollary 3.4
as follows : {T;}72; and {S;}32, are weak rela-
tively nonexpansive mappings. Since every weak rela-
tively nonexpansive mappings is quasi -¢- nonexpan-
sive mappings and every quasi -¢- nonexpansive map-
pings is quasi -¢- asymptotically nonexpansive map-
pings. Then, we obtain the following corollary.
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Corollary 3.5. Let C be a nonempty, closed and con-
vex subset of a uniformly smooth and 2-uniformly con-
vex real Banach space E. Suppose that

(DI) Let B, : C — FE* for each k =
1,2,3, ..., M be a finite family of §y-inverse-strongly
monotone mappings, and let Fy, : C x C — R be a
bifunction which satisfies conditions (A1)-(A4).

(D2) Let {T;} and {S;}52, : C — C be
countable families of uniformly closed and weak rela-
tively nonexpansive mappings.

(D3) Let A, : C — FE* for each n =
1,2,3, ..., N be a finite family of ~,-inverse strongly
monotone mappings and let v = min{vy, : n =
1,2,3,....,N}.

(DN Q= (N2, Fie(Ty)) N (G2 Pin(S5) N
( iy SGEP(F}, Bk)) N (nﬁLl VI(C, An)> is

a nonempty and bounded in C.

Let {l'N}zO:l? {Zn}zozh {yN}zozl and {UN}?LO:l be
sequences generated by

/

xo € C chosen arbitrary, Cy = C
2n = o YTz, — A Anmn)
Y = J~ (ﬂ( s + 352, B2 I T,
+Z] 1 ﬁn]JS Zn)

= TEJI\[ TTA]IW lln T£2n Tr1 ny”
Cn—i—l ={v e Cy:d(v,un) < d(v,zn)}
{ Znt1 =g, (20), Yn >0,

(3.40)
whereTFk E = C k=1,2,3,...M, is a map-
ping deﬁned by 2.18) with F' = F}, and T =Ty and
it is the solutions to the following system of general-
ized equilibrium problem: Fy(z,y) + (y — z, Bgz) +
Hy—z,Jz—Jz) >0, VyeC, k=1,2,3,.,M.
Tk € [d,00), for some d > 0, A, = Ap(mod N),
[Anz| < [[Anz—A
{\n} be a sequence in [0,1] such that 0 < \, < 5L
where - is the 2-uniformly convex constant of E. Let

{5n,0}a {ﬁm 12 {553} be sequences in [0,1] satisfying

the following conditions:

1. foreachn > 0, ﬁ,(:%"i‘Z?; ﬂgz)"'z;il B'r(ldj) -
1;

2. liminf, o0 BL95%) > 0 and
lim inf o0 B 08Y) > 0,Vi,j > 1,0 # j.
Then, the sequence {x,} converges strongly to p* =

o (xo).

Proof. Since {T;}72; and {S;}72, are countable fam-
ilies of uniformly closed and weak relatively nonex-
pansive mappings, By Remark 2.8 (v) and (ii), it is
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countable families of uniformly closed and quasi -
¢- nonexpansive mappings, and it is countable fam-
ilies of uniformly closed and quasi -¢- asymptotically
nonexpansive mappings. Therefore, all conditions in
Corollary 3.4 are satisfied. The conclusion of Corol-
lary 3.5 can be obtained from Corollary 3.4 and it can
be obtained from Theorem 3.3 immediately. 0

fr =1,5 =S8, F, = F, B, = B and
A, = Awhere Vi,j € N, k = 1,2,3,..., M and
Vn =1,2,3,...,N in Theorem 3.3, then the Theorem
3.3 is reduced to the following corollary.

Corollary 3.6. Let C' be a nonempty, closed and con-
vex subset of a uniformly smooth and 2-uniformly con-
vex real Banach space E. Suppose that

(El) Let B : C — FE* be a -inverse-strongly
monotone mappings, and let F' : C' x C — R be a
bifunction which satisfies conditions (A1)-(A4).

(E2) Let T and S : C — C be two uni-
formly closed and w, u-Lipschitz continuous and quasi
-¢- asymptotically nonexpansive mappings with se-
quences {k,},{ln} C [1,00) and k, — 1,1, — 1,
respectively.

(E3) Let A : C — E* be a y-inverse strongly
monotone mappings.

(E4)Q = Fiz(T) () Fiz(S) GEP(F, B)VI(C, A)

is a nonempty and bounded in C.

Let {zn}52 1, {zn iy, {Untniy and {un}iZ, be
sequences generated by

;

xg € C chosen arbitrary, Cy = C

2n = Mo Y (Jz, — )\A:cn)

o = J B Tz, + 8P IT 2, + BY TS 2,)
Up = TFyn

Cni1={v € Cy 1 p(v,up) < (v, 25) + O}
Tn+1 = HCn+1( 0), Vn >0,

(341
where T,,IZ : B — C, is a mapping defined by (2.18)
and it is the solutions to the following a generalized
equilibrium problem:

1
F(z,y)+{y—=z, Bz>—|—;<y—z, Jz—Jx) >0, VyeC.

rn € |d,x), for some d > 0, 0, =
suppeq(max{ky, b} — 1)¢(p, xn), [|Az|| < ||Az —

a sequence in [0,1] such that 0 < \ < 6227,

where is the 2- unlformly convex constant of E. Let

{ BY }, { e o B } be sequences in [0,1] satisfying

the following conditions:

1. foreachn >0, B” + B2 + 8{¥ = 1;

95
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2. liminf,_e0 85 8% > 0 and
lim inf,,_ e BB > 0

Then, the sequence {x,} converges strongly to p* =
HQ (.CL‘())

If we set 67(11) = 3, and set ﬂ,(f) = 0 in Corollary
3.6, then prJT”ggn = 0 and so 67(13) =1-— (,, thus

the Corollary 3.6 is reduced to the following corollary.

Corollary 3.7. Let C be a nonempty, closed and con-
vex subset of a uniformly smooth and 2-uniformly con-
vex real Banach space E. Suppose that

(Fl) Let B : C — E* be a -inverse-strongly
monotone mappings, and let F' : C' x C — R be a
bifunction which satisfies conditions (A1)-(A4).

(F2) Let S : C — C be closed and uni-
formly u-Lipschitz continuous and uniformly quasi
-¢- asymptotically nonexpansive mappings with se-
quences {l,} C [1,00) and 1, — 1.

(F3) Let A : C' — E* be a ~y-inverse strongly
monotone mappings.

(F4) Q := Fiz(S)(N\GEP(F,B)\VI(C,A)
is a nonempty and bounded in C.

Let {l'N}ZO:l? {Zn}ffzp {yN}zozl and {UN}?LO:l be
sequences generated by

xo € C chosen arbitrary, Cy = C
2n = Mo Y (Jz, — NAzy,)
Yn = J H(Budwn + (1 — Bn)JJS"2,)
=T yn
C’n+1 ={veCy:o(v,uy) < o(v,zy,) + 0}
Tn4+1 = ch+1( ) Vn > 0,

(3.42)
where T+ E — C, is a mapping defined by (2.18)
and it is the solutions to the following a generalized
equilibrium problem:

1
F(z,y)+(y—z,Bz)+—(y—=z,Jz—Jz) >0, VyeC.
T
rn € |[d,o), for some d > 0, 0, =
sup co(max{k,,l,} — 1)¢p(p, xn) |Az|| < || Az —

quence in [0,1] such that 0 < A < %, where 1 = is the
2-uniformly convex constant of E. Let {3, } be a se-
quence in [0,1] such that lim inf,,_, o B,(1—/3,) > 0.
Then, the sequence {x,} converges strongly to p* =
HQ (Z‘())

Taking By, =0, F, = 0, whichk =1,2,3,.... M

in Corollary 3.5, we can obtained the following corol-
lary.
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Corollary 3.8. Let C be a nonempty, closed and con-
vex subset of a uniformly smooth and 2-uniformly con-
vex real Banach space E. Suppose that

(G1) Let By C — FE* for each k =
1,2,3, ..., M be a finite family of 0-inverse-strongly
monotone mappings, and let F, : C x C — R be a
bifunction which satisfies conditions (A1)-(A4).

(G2) Let {T;}2, and {S;}32, : C — C be
countable families of uniformly closed and weak rela-
tively nonexpansive mappings.

(G3) Let A, C — FE* for each n =
1,2,3,..., N be a finite family of ~yy,-inverse strongly
monotone mappings and let v = min{vy, : n =
1,2,3,...,N}.

(G0 Q= (N2, Fie(T)) N (N2 Pia(S) N
(ﬂgzl VI(C, An)> is a nonempty and bounded in
C.

Let {zn }22 1, {zn o2 {yn}02 and {u, }22 | be
sequences generated by
( xg € C chosen arbitrary, Cy = C
2n = HoJ ! (an — AMAnxy)
Yo = T BT + 02, B2 I Ty,
[e%S) 3)
Chy1 = {U €Cy: <Z>(U,yn) < ¢(U7xn)}
Tn+1 = ch+1 (:1;0)7 vn 2 O?
(3.43)
where A, = A Apz|| < ||Anx—App||, for

allz € Candp € Q. Let {A\n} be a sequence in [0,1]
such that 0 < N\, < <X, where L is the 2- umformly

C
convex constant of E. Let {67(117())}, {ﬂm.}, {ﬁw.} be
sequences in [0,1] satisfying the following conditions:

1. foreachn > 0, B,(i()ﬁ-z;)il 5,@‘*2?21 57(133) =
1;

(2)

i and

2. liminf,,_ noﬁ > 0

lim inf,,_eq noﬁfl,]) >0,Vi,j>1,i # J.

Then, the sequence {x,} converges strongly to p* =
HQ (l‘o)

4 Conclusions

In this work we have introduced a new iterative se-
quence by the new hybrid projection method for solv-
ing the common solution problem for a system of
generalized equilibrium problems of inverse strongly
monotone mappings and a system of bifunctions satis-
fying certain the conditions, and the common solution
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problem for a family of uniformly quasi -¢- asymp-
totically nonexpansive and uniformly Lipschitz con-
tinuous and the common solution problem for a vari-
ational inequality problem in a uniformly smooth and
2-uniformly convex real Banach space. Then, we also
obtained a strong convergence theorem of the iterative
sequence generated by the conditions. The results ob-
tained in this paper extend and improve several recent
results in this area in the following remark.

Remark 4.1. Theorem 3.3 and Corollaries 3.4, 3.5,
3.6, 3.7 and 3.8 improve and extend the correspond-
ing results in [1], [2], [9], [10], [11], [12], [14], [18],
[19], [20], [21], [22], [23] in the following aspect:

(a) For the solution of the classical equilibrium
problem to the system of generalized equilibrium
problems.

(b) For the mapping, we extend the mappings
from nonexpansive mappings, quasi -¢- nonexpansive
mappings, relatively nonexpansive mappings, weak
relatively nonexpansive mappings and a closed quasi
-¢- nonexpansive mappings to more general than the
countable families of uniformly closed and quasi -¢-
asymptotically nonexpansive mappings.

(c) For the frame work of the spaces, we extend
the space form a uniformly smooth and uniformly
convex real Banach space or a uniformly smooth and
strictly convex real Banach space with the Kadec-Klee
property to more general than a uniformly smooth and
2-uniformly convex real Banach space.

(d) For the algorithm, we propose a new hybrid it-
erative algorithms which are different from ones given
in above and others.
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