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Abstract: We study the international trade model where, in the first stage, the governments maximize competitively
(Nash) or cooperatively (social) welfares; and, in the second stage, firms maximize competitively (Nash) profits.
Let the maximal tariff of a government be such that the other country is unable to export. If the maximal tariffs of
both governments are similar, then the governments face a prisoner’s dilemma; but if the maximal tariffs are too
different then the governments deal with a lose-win dilemma.
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1 Introduction
We consider a usual duopoly international trade model
with complete information, where there are two coun-
tries and a firm in each country that sells in its own
country and exports to the other one (see [1, 2, 4, 5,
11, 12, 13, 15]).

The international trade model has two stages: in
the first stage, the governments simultaneously choose
simultaneously their tariff rates to maximize compet-
itively (Nash) or cooperatively their (social) welfares;
and, in the second stage, the firms observe the tariff
rates and simultaneously choose their quantities for
home consumption and for export to maximize com-
petitively their profits.

We show that there is a social optimum and a
Nash equilibrium. Furthermore, we find only the pris-
oner’s dilemma (PD) and lose-win social strategies
(LW) games outcomes in this model.

2 Strategic tariffs
Let Wi(ti, tj) and Wj(ti, tj) be the welfares of the
countries Xi and Xj depending only upon the tar-
iffs ti and tj imposed by the governments of the two
countries. We are going to interpret Wi(ti, tj) and
Wj(ti, tj) as the utilities of a game where the players
are the governments of the countries and their actions
are the tariffs (ti, tj).

The quantity tBR
i (tj) ≡ tBR

i (tj ;W ) is the best
response of the country Xi for the utility Wi, if for all
tariffs ti,

Wi(t
BR
i (tj), tj) ≥ Wi(ti, tj) .

A pair of tariffs (tNi , tNj ) ≡ (tNi (W ), tNj (W )) is a
Nash equilibrium or a global strategic optimum, if for
all tariffs ti

Wi(t
N
i , tNj ) ≥ Wi(ti, t

N
j )

and for all tariffs tj

Wj(t
N
i , tNj ) ≥ Wi(t

N
i , tj) .

In other words, a pair of tariffs (tNi , tNj ) is a Nash
equilibrium, if

tNi = tBR
i (tNj ) and tNj = tBR

j (tNi ) .

A pair of tariffs (tPi , t
P
j ) ≡ (tPi (W ), tPj (W )) is a

Pareto optimum, if there is no pair (ti, tj) of tariffs
such that

Wi(ti, tj) ≥ Wi(t
P
i , t

P
j ) for all i, j ∈ {1, 2},

and at least for one country Xi, i ∈ {1, 2} gets a
better payoff with (ti, tj) than with (tPi , t

P
j ), i.e.

Wi(ti, tj) > Wi(t
P
i , t

P
j ) .

The social utility uS is given by

WS(ti, tj) = Wi(ti, tj) +Wj(ti, tj) .

The quantity tSRi (tj) ≡ tSRi (tj ;W ) is the social best
response, if for all tariffs ti

WS(t
SR
i (tj), tj) ≥ WS(ti, tj) .
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A pair of tariffs (tSi , t
S
j ) ≡ (tSi (W ), tSj (W )) is a so-

cial optimum, if for all tariffs ti

WS(t
S
i , t

S
j ) ≥ WS(ti, t

S
j ) ,

and for all tariffs tj

WS(t
S
i , t

S
j ) ≥ WS(t

S
i , tj) .

In other words, a pair of tariffs (tSi , t
S
j ) is a social op-

timum, if

tSi = tSRi (tSj ) and tSj = tSRj (tSi ) .

(SE) Social equilibrium: When the social optimum
coincides with the Nash equilibrium

(tSi , t
S
j ) = (tNi , tNj )

and the social optimum is the only Pareto opti-
mum. In this case, the individualist Nash choice
of the tariffs by the governments lead to a social
equilibrium. Hence, a priori there is no need of
a trade agreement between the two governments
of the two countries.

(PD) Prisoner’s dilemma: When the social optimum
(tSi , t

S
j ) is different from the Nash equilibrium

tSi ̸= tNi or tSj ̸= tNj

and both utilities are bigger in the social opti-
mum than in the Nash equilibrium,

Wi(t
S
i , t

S
j ) > Wi(t

N
i , tNj )

and
Wj(t

S
i , t

S
j ) > Wj(t

N
i , tNj ) .

In this case, the game is like the Prisoner’s
dilemma, where the Nash strategy leads to a
lower outcome for both countries than if they
would agree among therein (through a trade
agreement) in opting for the social optimum.

(LW) Lose-win social strategies: When the social op-
timum (tSi , t

S
j ) is different from the Nash equi-

librium

tSi ̸= tNi or tSj ̸= tNj

and one of the utilities is bigger in the social op-
timum and the other utility is bigger in the Nash
equilibrium,

Wi(t
S
i , t

S
j ) < Wi(t

N
i , tNj )

and
Wj(t

S
i , t

S
j ) > Wj(t

N
i , tNj ) .

In this case, the governments can implement an
external mechanism (trade agreement) that will
force them to opt by the social optimum in such
a way that the country with the advantage in its
utility compensates the loss in the utility of the
other country and can also give some extra ben-
efit to persuade the other country to implement
the social optimum.

3 International duopoly model

In this section, we introduce the relevant economic
quantities of the international duopoly model.

The home consumption hi is the quantity pro-
duced by the firm Fi and consumed in its own country
Xi. The export ei is the quantity produced by the firm
Fi and consumed in the country Xj of the other firm
Fj , where i, j ∈ {1, 2} with i ̸= j. The tariff rate
ti is determined by the government of country Xi on
the import quantity ej . The inverse demand pi in the
country Xi is

pi ≡ pi(hi, ej) = α− (hi + ej) ,

where α ≥ 0 is the demand intercept. The payoff πi
of firm Fi is

πi ≡ πi(hi, ei, hj , ej ; ti, tj)
= (pi − ci)hi + (pj − ci)ei − tjei ,

where ci ≥ 0 is the firm Fi’s unitary production cost.
The custom revenue CRi of the country Xi is given
by

CRi ≡ CRi(ej ; ti) = tiej .

The consumer surplus CSi in the country Xi is given
by

CSi ≡ CSi(hi, ej) =
1

2
(hi + ej)

2 .

The welfare Wi of the country Xi is

Wi ≡ Wi(hi, ei, hj , ej ; ti, tj) = CRi + CSi + πi .

4 Second stage Nash equilibrium

In this section, we give a presentation of the Nash
equilibrium of the second subgame in the case of com-
plete information, i.e. when both firms have full infor-
mation on their and others utility functions (see [12]).

Let i, j ∈ {1, 2} with i ̸= j and αi := α−ci. De-
fine the maximal tariffs Ti and Tj of the governments
of countries Xi and Xj , respectively, by

Ti ≡ Ti(αi, αj) = αj − αi/2 ,

Tj ≡ Tj(αi, αj) = αi − αj/2 .
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Assumption (A1): For all i ∈ {1, 2}, Ti > 0 and

0 ≤ ti ≤ Ti .

The best response (hBR
i (ej), e

BR
i (hj ; tj)) of the

firm Fi is the solution of

(hBR
i (ej), e

BR
i (hj ; tj))

= argmax(hi,ei)πi(hi, ei, hj , ej ; ti, tj) .

Hence, 
hBR
i (ej) =

α−ej
2

eBR
i (hj ; tj) =

α−hj−tj
2 .

The Nash equilibrium

(hNi (ti), e
N
i (tj);h

N
j (tj), e

N
j (ti))

is the solution of
(
hNi (ti), e

N
i (tj)

)
=

(
hBR
i (eNj (ti)), e

BR
i (hNj (tj))

)
(
hNj (tj), e

N
j (ti)

)
=

(
hBR
j (eNi (tj)), e

BR
j (hNi (ti))

)
.

Under assumption (A1), for every ti ∈ [0, Ti] and
every tj ∈ [0, Tj ], the home hNi (ti) and export eNi (tj)
quantities for the firms at the Nash equilibrium (see
[12]) are

hNi (ti) ≡ hNi (ci, cj ; ti) =
2Tj + ti

3
,

eNi (tj) ≡ eNi (ci, cj ; tj) =
2(Tj − tj)

3
.

We observe that the export quantity eNi (tj) is positive
if, and only if, assumption (A1) holds.

The price pNi (ti) of the firm Fi is

pNi (ti) ≡ pNi (ci, cj ; ti) =
α+ ci + cj + ti

3
.

The profit πN
i (ti, tj) of the firm Fi is

πN
i (ti, tj) ≡ πN

i (ci, cj ; ti, tj)
= 1

9 [(2Tj + ti)
2 + 4(Tj − tj)

2] .

The custom revenue CRN
i (ti) is

CRN
i (ti) ≡ CRN

i (ci, cj ; ti) =
2ti(Ti − ti)

3
.

The consumer surplus CSN
i (ti) is

CSN
i (ti) ≡ CSN

i (ci, cj ; ti) =

(
2(Ti + Tj)− ti

)2
18

.

5 Nash and social welfares

In this section, we will find which of the three typical
games occurs depending upon the production costs:
social equilibrium (SE), prisoner’s dilemma (PD), or
lose-win social strategies (LW).

Recall that the welfare WN
i (ti, tj) of the country

Xi is

WN
i (ti, tj) = πN

i (ti, tj) + CRN
i (ti) + CSN

i (ti)

= 1
9

[
10T 2

j + 2T 2
i + 4TiTj + (4Ti + 2Tj)ti

− 8Tjtj + 4t2j −
9t2i
2

]
.

The maximum point of the polynomial WN
i (ti, tj) is

AW,i =
2(Tj + 2Ti)

9
.

The social utility WN
S (ti, tj) is

WN
S (ti, tj) = WN

i (ti, tj) +WN
j (ti, tj) .

Hence, if 0.63 . . . Tj < Ti < 1.57 . . . Tj and
0.63 . . . Ti < Tj < 1.57 . . . Ti then the game is of
the type PD, otherwise the game is of the type LW.

6 Conclusion
For every pair of tariffs (ti, tj), we found the Nash
equilibrium for the second subgame, i.e. the home and
export quantities such that the firms maximize strate-
gically their profits. Then, using the Nash equilibrium
for the home and export quantities, we found the tar-
iffs that lead to a Nash equilibria or to a social opti-
mum for the welfares of both countries.

Acknowledgements: We acknowledge the finan-
cial support of LIAAD-INESC TEC through Strate-
gic Project - LA 14 - 2013-2014 with reference PEst-
C/EEI/LA001 4/2013, USP-UP project, IJUP, Centro
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