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Abstract: - This paper considers a mathematical model describing and modelling steady state heat conduction
in double-layered 2D body consisting of a wall and fin. We analyse the problem when heat transfer includes
processes of boiling, and construct an approximate analytical solution using conservative averaging method for

L-type domains and finite difference method.

Key-Words: - double wall, double fin, L-type domain, temperature fields, stationary problem, boiling boundary
condition, conservative averaging method, finite difference scheme.

1 Introduction

In this article, we continue our research (see, [4],
[9]) on stationary heat transfer in 2D double wall
with double fins when boiling process is present.

As already mentioned in [4], [9], a double wall
with double fins is an element that is made up of a
flat surface which roughness is produced by adding
densely distributed vertical nanowires, and then
covered by some kind of coating, e.g., fluorine
carbon. Such asperity structures are often developed
to control and enhance boiling heat transfer (see,
e.g., [1]-[3]).

Our mathematical models used in this study are
slightly different than those conducted on relatively
simple fin assemblies (see, e.g., [S] - [7], [9]). In this
paper we focus on stationary process when there is
boiling occurring on the fins’ surface. The structure
is 2D and it has constant properties. Just like in the
publications [6], [7], and [9] conservative averaging
method is exploited to construct an approximate
solution for the given problem.
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2 Formulation for 2D Problem

Since the given system can be divided into several
symmetrical L-shaped parts (see Fig.1), it is
sufficient to analyse only one of those parts [4], [9].
We are going to decompose this L-shaped domain
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Fig.: Definition of geometrical parameters for the sample
as a union of five non intersecting rectangular sub
domains C, (see Fig.l) with

conjugation conditions along the lines connecting
two neighbour domains.
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Let V,(x,y) denote the temperature in the domain

C,. And k, and A, represent thermal conductivity

and heat transfer coefficient (for simplicity reasons
we are going to assume that k=4k, and
ky, =k; =k)).
So, the equations governing stationary heat transfer
are

oV, o,

p —+ Gyzl =0, x,yeC,.

X

For this model there are several boundary conditions
that must be met.

It is important to apply the symmetry boundary
conditions along the lines y =0 and y =/;:

o

8n
In the formula above n denotes the exterior unit

normal to the boundary of the domain C, .

=0.

Let’s define a heat flux boundary condition at the
wall surface x =—0':

0
ﬁ =—0,(»).

ox | _ s
From now on, we shall assume that the function

0, (») is constant, that is, O, (y) = Q, .

With boiling occurring on the surface of the upper
layer, it is required to apply non-linear boundary
conditions at those sides of the sample (unlike in our
previous work [9], here we have boiling conditions
imposed on all sides of the fin):

ov,
—+ B V" =
o Jix

—L . But the value of the index m can
1
take on any real number in a closed interval

[3,3 %J (see [9])

At the interface between the connected parts the
conditions of ideal thermal contact (the continuity of
temperature and heat fluxes) are assumed:

where 3 =

Vil._ ,
ov, k aV
ox|_ Kk ox|_

Vi, =V,
ov, k, oV,
|,k oy

V=
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3 Approximate Solution of Problem
As the upper layer is quite thinner than the substrate,
the changes in temperature are considerably smaller
here. What this means is that we can safely assume
that the temperature is uniform across the substrate
thickness. Let’s use conjugation conditions to write
down approximate analytic expressions of the
temperature distribution in the upper layer:

Vy(x,3)=v,(»)=V,(0,), )]
Vi(x,y)=v,(x)=V(x,D), ()
V3(X,J/)=V3(J’)=V(I,J’)- (3)

This assumption simplifies the original problem so
now we have to solve only those equations that are
defined for the basic layer. We seek the

functions V' (x,y), V,(x,y) as solutions of the
following Laplace equations

o'V oV
P + o =0, 4)
o'V, oV
ax20 " ay20 =0 ®

together with a complete set of boundary conditions.
As we know from Section 2,

ov,
= — , 6
x|, O, (6)
Pl o, 2ol —0, @)
8y y=0 8y y=ly
o -0. (8)
oy =0

To derive the boundary conditions at x =0,x=1,

and y=»bh, let’s use appropriate conjugation
conditions and formulae (1) — (3). So, at x =0 we
would have
ov. 1 ov,
2+ BV =—|ky—=2+nV," =0
8 X=¢ kl ax x=0
which can be written as
ov,
( + BV j =0,yeb,). 9
x=0
an
(_+ﬂo j =0,ye(0,6)  (10)
x=l
(a—V BV j =0,xe(0,/) (1)
y=b
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at x=/and y=»b.
And for contact area at x=0 perfect thermal

contact conditions are assumed:

VO x=-0 = x=+0" (12)
A )
ax x=—0 ax x=+0 ‘

Using conservative averaging method (see [7], [9]
etc.), we are going to construct an approximate
solution for the given problem.

3.1 Solution for Boiling on Fin

We propose to use a very simple approximation for
the temperature in the fin where the temperature is
assumed to be constant with respect to y . It gives

v (x) =v(x). (14)
It may seem to be a first rough approximation
pending a more accurate estimate.
Let’s define the average value of the function

V(x,y) over the interval [O,b] :

b
v =p[Vydy. p=b".(15)
0
When integrating equation (4), we get:

2 y=b
d 2v+pa—V =0, xe(0,7).  (16)

dx oy 0

.

Under boundary conditions (11) and (8) the
differential equation (16) can be simplified to

2
I =0, xe00). (7
dx

where
2= pp.
Rewriting the boundary condition (10) in the from

(a—V + B Vj
Ox -

and integrating the last term (see [10] Ch. 4.7.):

b
[V Gy y)| dv=
0

=0,

VN y A y)dy = (v(D)" ™ by(l)

we get a non-linear boundary condition:

V() + By (D))" (1) =0, B = Bab. (18)

O C— >
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3.1.1 Numerical Method for Problem in Fin
Before continuing on our analysis of the model, let
us rewrite the ordinary differential equation (17) as
follows:

d*v

2 -1
> - A w" =0.

(19)
dx
We are going to solve it using a finite difference
scheme and iterations. If we replace the continuous
problem by its discrete approximation, we get
v+

hZ

where v, is a difference approximation to the value

n

vi+1

-2 (V'H )mil v =0, (20)

i

of v(x;) at the mesh point x,, and /_ is the size of
the discrete step:

ho= x —1-in
N

X

i=0,N.

The superscript n denotes the n-th iteration.
Rearranging terms in (20) we obtain (see [8]):
ANV Y B =D

where

1
Fv[n—l — 0, Ain—l — Bin—l :h_z,
Cin—l =Ain—l +Bin—1 _}_212 (Vin—l )m’1 )

To obtain a second order approximation for the
boundary condition (18), the derivative in (18) is
approximated using the differential equation (19)
and it’s approximation (20) (see [8], [9]). So, (18) is
approximated by

; + %“ A (v('fl )mil Ve + 301 (v(')H )”H vy =0

X

n n
Vi =V

or
n-1_n

n _
Vo =X1 Vi-

where the coefficient ¥/ is defined as

-1
—h .
zl’”{l—h{ﬁo‘Jrj‘f](vgl) 1} :

As the functions V,(x,y), V(x,y) satisfy the

conjugation condition (12), for other boundary
condition we can use the following identity given at

the point (0,5)

(22)

vl =V, (0,b). (23)
Taking into account (22), for any given value of n
(21) constitutes a set of N linear equations:

+ 4" i=0,N -1

i+l >

n-1_n

vz‘n = ai+1 vi+l (24)

with
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n—1
an—l _ Bi
i+1 n— n-1 4n-172
C, a A
n—1 pn-1 n—1
ﬂn—l _ Ai ﬁi +E
i+l -1 -1 4n-1
' -a 4!
fori=1,N -1, and
-1 _ . n-1 n-1 __
=x P =0.

You can easily check that 3" =0 for all i = LN.

For the zero-th iteration we can chose a linear

function that satisfies the boundary conditions (6),
(10), for example, let’s take the function:

v(x):QOLI—x+%], xelo,1].

0

3.2 Solution for Wall

Using conservative averaging method (see [4], etc.),
we are going to transform the given mathematical
model into a more usable form.

To obtain the solution for the wall let’s use the
original method of conservative averaging (see [4],
[7] etc.), where the temperature field V,(x,y) is

reduced to the following form:

VO (xa Yy ) =

=g, +le “ ~1)g, ) +(1-e* e, (). 23)
This representation includes three unknown
functions g,,i=0,1,2, that are found by

considering appropriate boundary conditions and
integral equality (for more detailed information, see

[4D:
0
vo(n)=d [V, (x, y)dx, d=5".

-5
If we integrate (25) over the segment (—5 ,0), we

(26)

get

V(1) =gy +(e=2)gi (M +e g, (). @7)
But applying the boundary condition (6) to the
function (25),

egi(¥)+e ' g,(»)=80,(»). (28)
Let’s combine these results (27) and (28) to express
the function g, ( V):

g ()= (go(y) Vo (1) +300,(»)).

Finally, from (28) and (29) we conclude that
formula (25) becomes

(29)
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VO(xay)z

~r 13 )¢ 3=

+ vo(y)[—%(edx - l)+ e’ %(1 —e™ )j
l5(6

5 — 1) +
+0,(») 1 .
+(5€—€2 55}(1 —edx)
Before we continue, let’s divide the wall into two
parts, where the right part of the wall occupies the

domain x € (=5,0), y e (b,1,) but the left one is
for x € (—5,0) , V€ (O,b)‘

(30)

3.2.1 Solution for Right Part of Wall
Upon applying the boundary condition (9) to (30),

we get
1 w1

go()’)(_ad"‘ﬁol(go(J’)) 1 +5dezj

1 1

+Q0(—5—€+5€2j:0.

1
d ——de’
2
We can rewrite this expression as

TV (y)(

g =v,(Ma;™ +0b; ", 31)
where
e d —de*
0 N n— m—1 ’
d-24i(g,” )" - e’
bl = —1-2e+¢é’
a

d-28)g," ()" - de?

From this expression we see that we should use
iteration process to solve the equation for the right
part of the wall as well. Substituting (31) into the
expression (30), reduces it to
VO (x, Yy )=
1
a)” +—(ag’1 —IXe’dx —1)+
=v(»)
+e —(1 a, Xl e’ )
+5(b5”1 + 5)(@"‘” —

1)+
+(&_ez%(5+bgl))(1_edx)

n-1
bO

+0, . (32)
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You can see that now the function V,(x,y)
depends only on one unknown - the function v, (y).

To find that the main differential equation (5) is
integrated in the x direction using (26):
2
dal + d ‘;0
ax x==0 dy
The boundary condition (6) and the definition (32)
allows us to rewrite this identity as an ordinary

differential equation

(1) =10, ve(bil,) (34

=0. (33)

where
P :——d ( Xl

yrl = —%d(bg_ld(ez

lnl
) dpya,

~1)+(1-ef).

But integration of the boundary condition (7,) gives

vo(l,)=0. (35)
The solution of the problem (34), (35) is
n—1
w0 =ele e )= B 6o
with
26",
Hy =€

and ¢, as an unknown constant.

To ensure that the solution of the given problem is
continuous in all the domain, it is necessary for the

temperatures ¥, (x, ), V' (x,») to coincide at the

contact point x =0, y =b between the fin and the
right part of the wall. So, from the condition (23)
and definition (32) we get:

vi =V, (0,b)=a) v, (b)+b; 'O, (b)  (37)
Previously we assumed that the solution in the fin is
constant in the y direction. That means (37) is true

forall y e [O,b] .

3.2.2 Solution for Left Part of Wall
When deriving equation for the left part of the wall,
it is important to remember that for x =0 the
functions V,(x,y), V(x,y) must fulfil the
conjugation conditions (12), (13). So, from (13) and
(24) we get that
ov,
d-—2
ox

L
dx| _.,

x==0

- d[—VN“h I +%/12 () V;} -

X
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:d{“”;l x/12( ') l}v;. (38)
Now, using (37) formula (38) becomes
oV, 3
ox |._,

OCN 1 hx 2 1 \m-1
=d{ " 2 <A ( ) }x
lazv, (B)+ 570, ()]

Before we find the 1D equation, let’s rewrite the last
expression as

v,
ox

=k, +7.70,. (39)

x=—0

Here

ko = agld{—“fz L %mz (ot } ,
yo- . v—1 hx m-1
T =py ld{ p /12( Y }

X

If we now use (33) and conditions (39) and (6), then
integrated equation becomes

d’
dyvO kn 1..n _ n IQO dQO ) (40)
From (7;) we get a boundary condition:
v, (0)=0. 41

So, the solution of the problem (40), (41) is:
for k)™ <0

vo"(y):cl(e KT Ry
(i +a)

Okn 1 QO’
if k™' >0 then

. — " d
ve () =¢ COS( kg IY)_(y/OT_l)Qo- (43)
0

Another possibility when constructing a 1D
equation for the left part of the wall is to use
expression (32) and find the derivative in the
direction of x . In that case
ov,
- :_ldz[A(;lvo(y)"'Bng]a
ox | _, 2

Al =(a; -1)1-¢?),
= (b +5)+2(5e—62%(5+b6’)j.

(42)
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Here we get a linear equation that is also dependent
of iterations:
dv," 1 1
——d*A)v,"(y)==d’B,Q, —dQ, .(44
dy2 > oVo () 5 0 Qo —dQ,.(44)

3.2.3 Conjugation of Solutions
We have just found solution to the given problem.

But we are still left with the unknown constants ¢,

and ¢, in formulae (36) and (42), (43). These are
found from conditions:

v,"(b=0)=v,"(b+0),

ivo”(b -0) :ivo”(b +0).
dy dy

Both constants are iteration-dependent. The iteration
algorithm is organised like this: at first we perform

the first iteration in the fin, finding «; and
constants ¢, ¢, . After that we use (37) and (24) to

get a value for V, (O, b) and calculate temperature in

the fin and in the wall. Afterwards we proceed with
the iteration process.

For that other case when 1D equation for the left
part of the wall is found in a different way, equation
(44) is also solved with iterations. Once again we
find the unknown constants and the mean
temperature in the wall - v, (y). Knowing this we

can use representation (32) to calculate V (0, y).

According to (12) the latter gives vy . So, the

assumption that the temperature in the fin is
constant in the y direction breaks down.

4 Conclusion

We have given a formulation of a problem for
stationary heat conduction in 2D double wall with
double fins when boiling is present on all sides of
the fin. To solve this problem and construct an
approximate analytical solution we have used
conservative averaging method and finite difference
scheme with iterations.

Acknowledgments:

Ex ESF

EIRCPAS SOCIALAIS
FONDS

N LATVIJAS
%% UNIVERSITATE

IEGULDIJUMS TAVA NAKOTNE

ISBN: 978-1-61804-183-8

153

This work has been supported by the European
Social Fund within the project “Support for
Doctoral Studies at University of Latvia”.

References:

[1] H. H. Cho, Plenary lecture 8. Boiling Heat
Transfer Enhancement Using Nano and Micro
Technology. Recent Advances in Fluid
Mechanics and Heat & Mass Transfer,
Florence, Italy, August 23-25, 2011, p. 23.

B.S. Kim, S. Shin, S.J. Shin, K.M. Kim, H.H.
Cho, Control of  Superhydrophilicity/
Superhydrophobicity using Silicon Nanowires
via Electroless Etching Method and Fluorine
Carbon Coatings, Langmuir, Vol.27, No.l6,
2011, pp. 10148-10156.

B.S. Kim, S. Shin, S.J. Shin, K.M. Kim, H.H.
Cho, Micro-nano hybrid structures with
manipulated wettability using a two-step
silicon etching on a large area, Nanoscale
Research Letters, a SpringerOpen Journal,
Vol.6 (ID:333), 2011.

T. Bobinska, M. Buike, A. Buikis, H.H. Cho,
Stationary Heat Transfer in System with
Double Wall and Double Fins, Proc. of the 11"
WSEAS Int. Conf. on Data Networks,
Communications, Computers and the 5
WSEAS Int. Conf. on Materials Science,
Sliema, Malta, WSEAS Press, 2012, pp. 260-
265.

D.Q. Kern, A.D. Kraus, Extended Surface Heat
Transfer, McGraw Hill Book Company, 1972.
M. Buike, Simulation of steady-state heat
process for the rectangular fin-containing
system, Mathematical Modelling and Analysis,
Vol.4, 1999, pp. 33-43.

M. Buike, A. Buikis, Approximate Analytical
Two-Dimensional Solution for a Longitudinal
Fin of Rectangular Profile, Acta Universitatis
Latviensis, Vol.612, 1998, pp. 33-44.

A.A. Samarskii, The Theory of Difference
Schemes (Pure and Applied Mathematics
Vol.240), New York, Marcel Dekker, 2001.

[9] T. Bobinska, M. Buike, A. Buikis, Heat
Transfer with Partial Boiling in System with
Double Wall and Double Fins, This
Proceedings.

[10]G. A. Korn, T. M. Korn. Mathematical

Handbook for Scientists and Engineers.
Definitions, Theorems and Formulas for
Reference and Review. c¢cMGRAW-HILL

BOOK COMPANY, INC. 1961.





