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Abstract: - In this work, the case of synchronization between two mutually coupled identical chaotic circuits, 
for use in a secure communication scheme, is studied. The chosen circuit is the well-known Jerk circuit with a 
simple nonlinear function. By using various tools of nonlinear theory, such as phase portraits, Poincaré maps, 
bifurcation diagrams and Lyapunov exponents, the chaotic behavior of this system is confirmed. The 
comparison of the results between the numerical simulation using the MATLAB and circuit’s simulation with 
the MultiSIM verifies that the Jerk circuit presents the expected behavior. Finally, the effectiveness of the 
mutually coupling scheme between two identical Jerk circuits in a secure communication system is presented in 
details. 

Key-Words: - Jerk circuit, chaotic synchronization, bidirectional coupling, Poincaré map, bifurcation analysis, 
Lyapunov exponents, secure communication system. 
 
 
1 Introduction 
Chaos is generally defined as a state that exists 
between definite and “random” state. It is a very 
interesting phenomenon and has been intensively 
studied during the last four decades. The 
characteristics of chaotic systems can be used in 
many practical applications, such as secure 
communications [1-2], chemistry [3], biology [4,5], 
robotic [6], bits generators [7], psychology [8],  
ecology [9-10], economy [11,12], and cryptography 
[13]. 

Pecora and Carroll first demonstrated how 
chaotic systems could be synchronized, using an 
electronic circuit coupled unidirectionally to a 
subsystem made up of components of the parent 

systems [14]. This innovation provided a new 
perspective on chaotic dynamics and inspired many  
 
studies on synchronizing chaotic systems. Cuomo 
and Oppenheim further expanded the area by 
demonstrating how synchronized chaotic systems 
could be used in a scheme for secure 
communication [15]. 

The plan of the paper is as follows. In section 2, 
the details of the proposed autonomous Jerk 
circuit’s simulation using MATLAB 2010 and 
MultiSIM 10.0, are presented. In Section 3, the 
bidirectional coupling method is applied in order to 
synchronize two autonomous Jerk circuits. The 
chaotic masking communication scheme by using 
the above mentioned synchronization technique are 
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presented in Section 4. Finally, in Section 5, the 
concluding remarks are given. 

 
2 Jerk Circuit 
Sprott found the functional form of three-
dimensional dynamical systems which exhibit 
chaos. Jerk equation has a simple nonlinear 
function, which can be implemented with an 
autonomous electronic circuit. In this work, the Jerk 
circuit, which was firstly presented by Sprott in 
2000 [16], is used. This is a three-dimensional 
autonomous nonlinear system that is described by 
the following system of ordinary differential 
equations: 

x y
y z
z az by x 1

=


= 
= − − + − 







               (1) 

This equation has only one nonlinear term in the 
form of absolute value of the variable x. The 
parameters and initial conditions of the Jerk system 
(1) are chosen as: (a, b) = (0.6, 1) and (x0, y0, z0) = 
(0, 0, 0), so that the system shows the expected 
chaotic behavior. 

 
 

2.1 Numerical Simulations Using MATLAB  
In this Section the numerical simulations are carried 
out using MATLAB 2010. The four-order Runge-
Kutta method is used to solve the differential 
equations of system (1). Figs.1(a)-(c) show the 
projections of the phase space orbit on to the x–y 
plane, the y–z plane, the x–z plane, respectively. As 
it is shown, for the chosen set of parameters and 
initial conditions, the Jerk system presents chaotic 
attractors of Rossler type. 

Also, it is known from the nonlinear theory, that 
the spectrum of Lyapunov exponents provides 
additional useful information about system’s 
behavior. In a three dimensional system, like this, 
there has been three Lyapunov exponents                    
(λ1, λ2, λ3). In more details, for a 3D continuous 
dissipative system the values of the Lyapunov 
exponents are useful for distinguishing among the 
various types of orbits. So, the possible spectra of 
attractors, of this class of dynamical systems, can be 
classified in four groups, based on Lyapunov 
exponents [17].    
• (λ1, λ2, λ3) → (–, –, –): a fixed point 
• (λ1, λ2, λ3) → (0, –, –): a limit point 
• (λ1, λ2, λ3) → (0, 0, –): a two-torus 
• (λ1, λ2, λ3) → (+, 0, –): a strange attractor (Fig.1). 

So, from the diagram of Lyapunov exponents of 
Jerk’s system of Fig.2, the expected chaotic 
behavior, from the same set of parameters and initial  
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                                          (c) 
Fig.1. Numerical simulation results using MATLAB 
2010, for a = 0.6, b = 1: (a) x-y plane, (b) y-z plane, 
(c) x-z plane. 

 
conditions, is confirmed. 

Bifurcation theory was originally developed by 
Poincaré. It is used to indicate the qualitative change 
in a system’s behavior, in terms of the number and 
the type of solutions, under the variation of one or 
more parameters on which the system depends [18]. 
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To observe the system dynamics under all the above 
possible bifurcations,  a  bifurcation diagram may be  
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Fig.2. Diagram of Lyapunov exponents of the Jerk 
system, for (a, b) = (0.6, 1). 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Fig.3. Bifurcation diagram of x vs. the control 
parameter a, for b = 1, with MATLAB 2010. 
 
 
constructed, which shows the variation of one of the 
state variables with one of the control parameters. A 
MATLAB program was written to obtain the 
bifurcation diagram for the Jerk circuit of Fig.3. So, 
in this diagram a possible bifurcation diagram for 
system (1), in the range of 0.55 ≤ a ≤ 1, is shown. 
For the chosen value of a = 0.6 the system displays 
the expected chaotic behavior. For 0.6 < a ≤ 0.76, a 
period-2 behavior system and finally for a > 0.76 a 
period-1 behavior system is shown. 

Another useful tool for analyzing the dynamical 
characteristics of a nonlinear system is the Poincaré 

map. In the chaotic state the phase portrait is very 
dense with the traces of the motion.  It  can  be  only  
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       (c) 

Fig.4. A gallery of Poincare maps for system (1) for 
a = 0.6, b = 1, with MATLAB 2010: (a) the maxima 
of x(n + 1) against those of x(n), (b) the maxima of 
y(n + 1) against those of y(n), (c) the maxima of    
z(n + 1) against those of z(n).  
 
indicative of the minima and maxima of the motion. 
Any other characterization of the motion is difficult 
to interpret. One way to capture the qualitative 
features of the strange attractor is to obtain the 
Poincaré map [19]. Figs.4(a)-(c) shows the Poincaré 
section map using MATLAB, for a = 0.6, b = 1. 
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2.2 Analog Simulation Using MultiSIM  
The designed circuitry, realizing system (1), is 
shown in Fig.5. Also the circuit has a basin of 
attraction outside of which the dynamics are 
unbounded, which manifests itself in the saturation 
of the op-amps. If the op-amps saturate, it is 
necessary to restart the circuit. The relationship 
among the resistors R, RA used in the circuit and the 
parameter ‘a’ is given below.  

   A
RR
a

=                            (2)                              
The occurrence of the chaotic attractor can be 

clearly seen in Figs.6(a)-(c). By comparing 
Figs.1(a)-(c) and Figs.6(a)-(c) a good qualitative 
agreement between the numerical integration of (1) 
by using MATLAB 2010, and the circuit’s 
simulation by using MultiSIM 10.0, can be 
concluded. 
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Fig.5.  Schematic of the proposed Jerk circuit using 
MultiSIM 10.0.  
 
 
3 Bidirectional Coupling Between 
Two Identical Jerk Circuits   
For the bidirectional coupling (also called mutual or 
two-way), both drive and response systems are 
connected in such a way that they mutually 
influence each other’s behavior. 

We used TL082CD op-amps, appropriate valued 
resistors, two diode and capacitors for MultiSIM 
simulations. The system of two identical Jerk 
circuits bidirectional or two-way coupled via a 
linear resistor Rc is shown in Fig.7. Chaotic 
synchronization appears for a coupling strength     
Rc ≤ 100 mΩ, as shown in Fig.8(a). For different 
initial conditions or resistance coupling strength     

Rc > 100 mΩ, the synchronization cannot occur as 
shown in Fig.8(b). 

 
(a) 

 

 
(b) 

 

 
 (c) 

 

Fig.6. Various projections of the chaotic attractor 
using MultiSIM 10.0: (a) x-y plane, (b) y-z plane, 
(c) x-z plane. 
 

 
4 Secure Communication Scheme 
In chaos-based secure communication scheme, 
chaos synchronization is the critical issue, because 
two identical chaos generators, in the transmitter 
and the receiver end, need to be synchronized. 
Information signal is added to the chaotic signal at  
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Fig. 7 Schematic of the bidirectional chaotic synchronization of coupled Jerk circuits 

 

 
(a) 

 

 
(b) 

Fig. 8 Synchronization phase portrait of y2 versus 
y1, for (a) Rc = 100 mΩ  and (b) Rc = 1Ω  with 
MultiSIM 10.0. 
 

 
signal. For synchronization of transmitter and 
receiver, bidirectional synchronization method of 
identical coupled Jerk circuits, is used. 

The sinusoidal wave signal of amplitude 1 V and 
frequency 2 kHz is added to the generated chaotic 
signal x and the S(t) = x + i(t) is fed into the 
receiver. The chaotic signal x is regenerated 
allowing a single subtraction to retrieve the 
transmitted signal, [x + i(t)] - xr = i(t), if x = xr. 
Fig.9 shows the MultiSIM 10.0 simulation results 
for the proposed masking signal communication 
scheme. Fig. 10 shows the circuit schematic for 
implementing the Jerk’s circuit chaotic masking 
communication system. 
 

 
5 Conclusion 
In this paper, the chaotic synchronization in coupled 
identical Jerk circuits has been investigated by 
implementing bidirectional synchronization 
technique. We have demonstrated with simulations 
that chaotic circuits can be synchronized and used in 
a secure communication scheme. Chaos 
synchronization and chaos masking were realized 
using MATLAB 2010 and MultiSIM 10.0 programs. 
Furthermore, some comparisons are made with 
some existing results. Finally, the simulation results 
demonstrate the effectiveness of the proposed 
scheme. 
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(a)                                                     (b)                                                          (c) 

Fig.9. MultiSIM 10.0 outputs of Jerk’s circuit masking communication system, for a sinusoidal wave signal of 
amplitude 1 V and frequency 2KHz: (a) Information signal, (b) Chaotic masking transmitted signal,                 
(c) Retrieved signal. 
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Fig. 10 Jerk circuit masking communication circuit. 
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