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Abstract: - In this paper an original approach based on the asymptotic approximation and the system theory was 
used to solve the nonlinear mathematical model of the induction machine. The mathematical model of 
induction machine has several nonlinear equations that cannot be integrated to determine the input/output 
equations or transfer function. The main objective of this paper is to find a method to solve the equations of 
mathematical model. For this reason first contribution was to replace speed with an asymptotic function then 
decupling the feedback loop and replacing it with an equivalent feedback control voltage. The second 
contribution consist in a special arrangement of mathematical model matrix to allow splitting off the 
decomposition model, consisting of forth order transition matrix, in two diagonal second order matrices that 
permit to write a linear state model. This interesting model was simulated and has the same state and output 
variation very close to the consecrated models. This approach permits to determine the solutions of model and 
the transfer matrices on the channels input (voltages), state (fluxes) and output (currents). At the final of the 
paper the theoretically results are validated by simulation using a real induction machine with good results. 
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1  Introduction 
Consider the normal three phase induction machine 
in the normal conditions of electro mechanic and 
electromagnetic parameters. We work in a vector 
space of continuous and derivable functions having 
two orthogonal Clarke coordinates d, q with s, r 
indexes for stator and respectively rotor. 

The notations Ѱij, iij, uij, represents the fluxes, 
currents and voltages, Li, Ri, represent the 
inductances and resistances. The M, Ms, ω, J are the 
torque, load, speed and inertia of drive [3]. 

The well known 10 machine equations from 
which three are nonlinear are given below: 
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This model cannot be integrated due to lack of 
nonlinear equations for the input/output transfer 
function. That is a difficult problem especially in 
control applications which require the identification 
of parameters, the estimation for state or the 
implementation of advanced algorithms [7]. Of 
course there are many solution which use 
approximations by linearization in steady state 
regime, but those are used in limited applications. 

Now first we organize the two order vector 
space. Supply voltage vector on d-coordinate: 

[ ] [ ]Trmsm
T

rdsdda tUtUuuu ⋅⋅−⋅== 00 cos,sin, ωω  

Supply voltage vector on q-coordinate: 

[ ] [ ]Trmsm
T

rqsqqa tUtUuuu ⋅⋅−⋅−== 00 sin,cos, ωω  
Fluxes are two components state vector: 

[ ]Trdsdd ΨΨ=Ψ , , [ ]Trqsqq ΨΨ=Ψ ,  

Currents are two components output vectors: 
[ ]Trdsdd iii ,= , [ ]Trqsqq iii ,=  

Feedback voltage vector on d coordinate: 
[ ]Trqqfq Bu Ψ⋅=⋅Ψ⋅= ωω ,0  
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Feedback voltage vector on q coordinate: 
[ ]Trddfd Bu Ψ⋅=⋅Ψ⋅= ωω ,0  

The matrices used are: 
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Elements of matrix A are: 
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Elements of matrix C are: 
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Constant element’s used are: 
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We write an interesting, compact matrix model 
with two symmetric matrices: 
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=ω     (4) 

Equations (1), (2) look like state model and (3) 
and (4) are scalar depending of the previously terms. 

In Fig.1 is depicted the comprehensive model 
based on equations above. 

 
Fig. 1 The comprehensive induction motor mathematical model 

Fig.2 presents the simulation results for speed, 
torque and feedback voltages. 

Fluxes depend by sine and cosine functions. The 
speed can be approximated more accuratly using 
Berstain polynoms or by asymptotic relation. 

 
 

2  Problem Formulation 
We aproximate the feedback voltages as follows: 

teUu tas
smfd

f ⋅⋅−⋅⋅⋅−= ⋅−
0

0

cos)1( ω
ω
ωα  (5) 

teUu tas
smfq

f ⋅⋅−⋅⋅⋅−= ⋅−
0

0

sin)1( ω
ω
ωα  (6) 

In the equations above
smU , 0ω  are the voltages 

supply parameters, 
sω  is the steady state speed, α  

and 
fa  are the calibration parameters 

The nonlinear block N was replaced by Feedback 
Voltage Generator (FVG) and the mathematically 
model became almost linear, excepting torque 
equation. 

The new simulation results depicted by Fig.2 are 
close to those of nonlinear model.. 
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Fig.2 The nonlinear model and simulation results 

Differences exist only on the start of the machine 
because the nonlinearities influences on start are 
relevant. 

The problem to resolve is to find a solution for 
the matrix equation (1). After this the equations (2), 
(3) and (4) can be solved without difficulty. 

 
Fig.3 The approximated linear model and simulation results 

 
3  Problem Solution 
In this section we propose and solve a mathematical 
model based on transfer matrices for complex 

systems behavioral response. It’s a complex subject 
to solve the linear matrix equations (1).  

The general solution for the equation is depicted 
by the equations below. 
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The used eigenvalues 21, ss  are: 

( ) ( )
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bcdadas +−++
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( ) ( )
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2
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=  

The
1s , 

2s  are the eigenvalues of matrix A, the 

)4,1(),6,1(),6,1(,,,, 0000 === iCiBiADCBA iii
 are 

the constants depending of A matrix elements and 
feedback voltage parameters. 

The )8,1(),8,1( == ii ii αφ depend of
iii CBA ,, . 

The next step is to calculate the torque using the 
relation: 

[ ]sdrqsqrdkM Ψ⋅Ψ−Ψ⋅Ψ⋅=  

The full expression for the torque is presented by 
the following equation 
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536 φφ ⋅⋅= kM  

817 φφ ⋅⋅= kM  

738 φφ ⋅⋅= kM  

819 φφ ⋅⋅= kM  

5410 φφ ⋅⋅= kM  

6211 φφ ⋅⋅= kM  

7412 φφ ⋅⋅= kM  

8213 φφ ⋅⋅= kM  

Analyzing the magnitude of )13,1( =iMi
six 

terms can be neglected without losing the accuracy 
of the result. The final form of the formula to 
express torque is presented below. 

( ) ( )[ ] ( )tastata fff etMtMeMeMMM −−− ⋅−+⋅+−−⋅−⋅−⋅−= 1
6201154010

2
210 cossin ααωααω  (8)
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The speed is determined from the equation: 
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ω , where M is expressed by equation (8). 
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The 
sMM ≈0
for stability of the drive and the 

last three terms are negligible because of the high 
value of 2

0ω from the denominators. The simplified 
form of the speed is: 
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The most important thing is the possibility to 
determine the transfer matrix from voltage to fluxes.  
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Based on the equations above we get the 
following transfer matrix: 
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Each of the )6..1( =iGi
 terms has an expression 

depending of the electric and the mechanic 
parameters.  

The parameters from a real induction motor were 
used for calculating the six terms of the transfer 
matrix. The values of the motor parameters are 
depicted in Fig.3 and the resulting values of transfer 
matrix terms are displayed by the equation set (10). 
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 Based on the parameters and transfer matrix a 
Matlab Simulink simulation model was created in 
order to validate the proposed mathematical model. 

 As can be observed in Fig.4 the curves obtained 
for torque and speed match very accurate the ones 
obtained from the nonlinear model and linear 
approximated model [10].  

This result allows the implementation of the 
mathematical model into an intelligent electric 
inverter and to drive an AC induction motor through 
all functioning regimes to confirm the results. 
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Fig. 4 Induction motor: a) transfer matrices model; b) simulation results. 

 

4  Conclusion 
An original approach based on the asymptotic 
linearization feedback voltages and the system 
theory was developed in this paper in order to solve 
the mathematical model of the induction machine. 

 To ease finding the solution for the proposed 
model, an interesting matrix system was constructed 
in order to accurately approximate the system 
response.  

Then the solution equations were modeled and 
simulated, and the results were compared with the 
ones of the consecrated model with synthesized 
feedback voltages. 

After determining the solutions for field 
components the expressions for torque, speed and 
transfer matrix on channel voltage-field were 
calculated and then implemented into a simulation 
model for results analysis. 

The results are original and very close with the 
ones from the nonlinear model validating the 
method developed here. 

 
 
References: 
[1] Badea A., Pop E., Badea F., VHDL code 

generation based on Hierarchical node 
structure, WSEAS Proceedings, Malta 2012. 

[2] Boldea I., Nasar S.A., Vector Control of AC 
Drive, CRC Press LLC, 1992. 

[3] Constantinescu  S.L., Soal K., Electrische 
Machinen und Antriebssysteme, Springer, 
1999.  

[4] Ionescu V., Varga A., Teoria sistemelor, Ed. 
All, Bucuresti 1994.  

[5] Kelemen A., Sisteme de Reglare cu 
Orientare Dupa Camp, Editura Tehnica 
Bucuresti, 1989. 

[6] Kovacs P., Analiza regimurilor tranzitorii 
ale masinilor electrice, Ed. Tehnica, 
Bucuresti, 1980. 

[7] Leonhard W., Control of Electrical Drives, 
Springer, 1996. 

[8] Mastorakis N., Bulucea C., Nicola D., 
Modeling of Three-Phase Induction Motors 
in Dynamic Regimes According to an 
Ecosystem Pattern, Proceedings of the 13th 
WSEAS International Conference on 
Systems, 2009 

[9] Pop E., Bubatu R., Teoria sistemelor, 
educatie prin E-Learning, Universitas Press, 
Petrosani, 2012. 

[10] Patrascoiu N., Modeling and Simulation of 
Systems (Modelarea si simularea 
sistemelor), Editura FOCUS, Petrosani, 
Romania, ISBN 973-85487-8-0, 2001. 

 

Latest Trends in Applied Computational Science

ISBN: 978-1-61804-171-5 47




