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Abstract: - Semi-analytical solution of an eddy current testing problem is obtained in the present paper for the
case of a cylindrical flaw in a conducting half-space. The axis of the flaw coincides with the axis of an
excitation coil. It is assumed that the vector potential is zero at a sufficiently large distance from the axis of the
coil. Method of truncated eigenfunction expansions is used in the paper in order to construct the solution of the
Maxwell’s equations. The change in impedance of the coil is calculated for different frequencies of the
excitation current. The model described in the paper can be used in practice for quality testing of spot welds by

eddy current method.
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1 Introduction
Mathematical models of eddy current testing
problems developed in the literature [1]-[3] are
often based on the assumption that a conducting
medium is infinite in one or two spatial dimensions.
The method of integral transforms (such as Fourier
or Hankel integral transforms) can be used in such
cases in order to construct closed-form solutions of
the corresponding equations for the vector potential.
Recently a quasi-analytical approach for the
solution of eddy current testing problems is
suggested in [3]. The authors use the abbreviation
TREE (TRuncated Eigenfuction Expansion)
method. The main idea of the TREE method is that
the vector potential is assumed to be zero at a
sufficiently large radial distance r =b from an eddy
current coil (provided that there are no other sources
of alternating current). Note that for the case of an
unbounded medium the vector potential approaches
zero at infinity. From a physical point of view the
assumption of the TREE method (the vector
potential is equal to zero at a large distance from the
coil) is quite reasonable. Recommendations on the
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selection of the value of b are given in [3].

Thus, a solution of an eddy current problem with
the TREE method is expressed in terms of a series
(rather than integrals). This is the reason the term
“TRuncated Eigenfuction Expansion” is used in
order to describe the method. The main advantage
of the TREE method in comparison with other
analytical methods used for infinite domains is that
with the TREE method one can also construct quasi-
analytical solutions for the cases where a conducting
medium has a finite size. Such models are quite
important for applications since one can also model
the presence of inhomogeneities (flaws) of finite
size in a conducting medium.

In this paper we consider a model which can be
used to test the quality of spot welding [4]-[6] by
eddy current methods. In this case a cast core is
formed as a result of the welding process. The
properties of the core are close to the properties of
the surrounding medium. From a mathematical
point of view we consider a symmetric problem
where a coil with alternating current is located
above a conducting half-space with a flaw in the
form of a circular cylinder whose axis coincides
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with the axis of the coil. Semi-analytical solution of
the problem is found by the TREE method. Results
of numerical calculations of the change in
impedance are discussed.

2 Solution of the Problem
Consider a coil of radius r, located at a distance h

above a conducting half-space carrying an
alternating current with frequency @ = 2af (see

Fig.1).
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Fig.1. A single-turn coil of radius ryabove a
conducting half-space.

The half-space has a flaw in the form of a circular
cylinder with height d,and radius . The distance

of the flaw from the surface is d,. We use the
TREE method to solve the problem. The basic
assumption of the method is that the vector potential
is equal to zero at r =b. Recommendations on the
choice of bare given in [3]. The system of
equations for the components of the vector potential
inregions R,,i =0,1,2,3has the form

a;’} +%%—f'—;+ 8822"2\0 =, 5(r —1,)5(2— h),
2 2 D
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where Ais the solution in region R,,i=0123
(note that o =0, — 0, and o = o, in region
R,where 0 <r <c and ¢ <r <b, respectively).
The boundary conditions are

Al_=0 1=013 A™|_=0, (5)
oAy oA
AO |z:0= A1 |z:O’E |z:0= E |z:0’0 srs b! (6)
. 0 RING
Al = A | o = 5, OSTC,
(7
con a a con
Alg= A" |y D =P, esrsb
8
« OA% )
Az |Z=‘d1‘d2: A3 |Z=—d1—dz’ aAZZ |Z=—d1—d2:67A22 z=—d;-d, ! 0<r< C,
©)
con a con a
A = A g, 222 [ 07'33 l=d,4,, CSTED,
(10)
. a con 8 cc
A;O |r:c: A;C |r:c’ gi |r:c: aA; |r:c * (11)

Here we used the abbreviations *“cc” and “con” in
region R,with the reference to conducting cylinder
(cast core) and homogeneous conducting region,
respectively.

Solution to (1) is obtained by the method of
separation of variables in regions
R ={0<z<h}and Ry, ={z>h}and is given
by (12) and (13), respectively:

Abo(rv 2)= i Dziei}qz‘ll(l.r)

(12)
oy < J1(}%ro) — 4 (h-2)
Y X’ aAn,
Au(r2) = Y Do () 13)

4 :Uolzro i Jl(z/luro) g~ ()
b* = A4 (4b)

where A, are the roots of the equation
J,(4,b) =0.

The general solution to (2) can be written in the
form

A(r,2) =Y (D, + Dye ™), (4)

I, (4r),

(14)
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where p. =2 + joo,u,.

General solution to (3) is

AS(r,z) = i:[Dloiep1iZ +Dye ™13, (pyr),  (19)

i=1
and

w2 [Dadi (@) + DYy (g™ + [Dyd, (Gr)
A= Dy,Y, (q,r)]e ™"

(16)

where p,; = \/qi2 + joo,u, andp,, = v Qi2 + joo,u,.

General solution to (4) which is bounded as
Z — —oois written as follows

A(r.2)= 3 Dy 3, (4r). 1

Using (16) and the last boundary condition in (5)
we obtain the following two equations

J,(q;p) D. —-D J,(a;b) (18)

D; =-Dg v Mo T T i :
@) T T Y(ab)
Using continuity of the functions A*and A™ at

I = ¢ (the first condition in (11)) we
get

Z:':chiep1IZ +Dyye "3, (pyc) =
i

= i{[Dsi‘]l(qic) +DyY,(a,0)]e™* +[Dg J, (q,¢) + Dy Y, (q,0)]e™ ™ }

(19)
The following two relationships are obtained from
(29):

Dyid1 (P2i€) = Dg;J,(g;C) + D, Y, (q50), (20)
D33, (P,i€) = Dgi 3, (0;¢) + Dy;Y; (4;€). (21)

Combining equations (18) and (20) we obtain
Dy = Dgi[3,(0,0)Y; (ab) - 3, (@)Y, (g;0)],
where

By =— Do (22)
J1(p,c)Y,(a;b)

It follows from (18) and (21) that

D,y = Dy[3,(,0)Y, (ab) - 3, (Gb)Y, (aic)],
where

B.—_  Da (23)

3 (PaOYu(ah)
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Solutions (15) and (16) can be written in the form

AS(rz) = iTl(qu)‘]l(pzir)[ﬁﬁiepllz + Ijgie_pl'z]a (24)

i=1
AP (1 2) = 3T, (@1, (P 0)[Dye™ + Bye 71, (25)
i=1

where

Tl(qir) = ‘Jl(qir)Yl(qib) - Jl(qib)Yl(qir)' (26)

Differentiating (24) with respect to r and evaluating
the derivatives at r = C we obtain

oA © . Ao oA o,
%lr:czzp2i‘]1(pZiC)Tl(qu)(Dsiepll + Dye ™), (27)

i=1

a con 0 , ~ S ~ s
| = 2 AT @O (PaOBse™ + By ). (28)
i=1

It follows from (27) and (28) and the second
boundary condition in (11) that

pZi‘]i(pziC)Tl(qu) = qiTll (qic)‘ll(pzic)' (29)

Equation (29) is used to determine the eigenvalues
p,; and the related values ;.

Thus, the solution in regions R,,R;,R,and R;is
given by (12)-(17). The six sets of constants in these
formulas, namely, D,;,D,,D,,, D, D, and D, can

be obtained from the boundary conditions (6) —
(10).
Using (6) we obtain

(30)

= D4' + D /JOIro —Jl(/lj rO) eiljh

D.. o
2 PR %A, 32 (4h)

J

2444 11,3, (A1, )"

(lj+pj)D4j+(/1j_pj)D5j: bZJg(ﬂ,jb)

(31)

where p, = //1§+ng1#0_

Using the first conditions in (6) and (7) we obtain

Z(Dueip‘dl +Dge")J (A1) =
i1

= ZTl(qic)‘]i(pzir)(lﬁsie_ Puch 4 |5siepi‘d])v 0<r<c,
i

(32)
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Z(Dctieip‘dl +Dge" )3, (Ar) =

i=1

iT(q,r)J (pyC)(Dge ™% + DyeP ™), c<r<b,
=1

(33)

In order to determine the coefficients D and D, the

following procedure is used. First, equations (32)
and (33) are combined into one equation where the
right-hand side of the resulting equation is given by
different expressions on the intervals o<r<cand
c<r<b. These expressions are defined by the right-
hand sides of (32) and (33), respectively. Second,
the obtained equation is multiplied by rd, (4;r) and

the resulting equation is integrated with respect to
r from 0to b . Third, we use the orthogonality
condition

0, i+ 2
er (2;1)3,(A,r)dr = 7J ), e (34)
and formulas
=er1
0 (35)
= Cq (’1‘]( ) 0, (g,c) - QiJl(’le)Jz(QiC))
a :TrJl(ijrﬁl(pir)dr :Yl(pib)j r3, (4,13, (p,r)dr
(pbj (4N (pr)d
. bp,J,(2,0)[ 3,(P), (pib)~ 3, (Pb)Y,(pb) |+
o +e2,3,(4,) 3, (PN, (pie)- 3, (pe ) (pib) I+
P +epd ( )[Jz(pC)Y1 pb) (pib)Yz(piC)]
(36)

Formulas (35) and (36) can be found in [7]. The
result is

—-pjd; p;d;
D, " +Dse”

2 37)
~ bIZ(4)b) zll(D""e "%+ Dye™ )y,
where
a; :Tl(qic)aij + Jl(pzic)aij' (38)
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Using the same procedure and applying the
second condition in (7) and in (8) we obtain
(Dzn'efpjd1 - D,;e"" )pj

(39)
Z pll(D6|e Pucs

_ |5 _eplidl a.
" 232 (,1 b) < ae™ )3y

Two additional equations are obtained if the
same procedure is applied to (24), (25) and (17)
using boundary conditions (9) and (10). The
result is shown below

I R
2 2 (40)
= > (Dge ™" + Dge™™)a;,
i=1
oq. D235 (2,b)
pjds 0\""j
PP (41)

N a-Pud 3 pyid
Py (Dgie ™* —Dge™ 3)aijv

M

Il
AN

where d, =d, +d,.
Multiplying (37) by p; and adding with (39) we
obtain

epjdl

D =—
Y pb*Is(4,b)

Z::{((pj +py Dy +(

(42)

— Py kpldlD& |}

Multiplying (37) by (-
obtain

p, ) and adding with (39) we

e*PJd1

D =——
Y pb?IZ(4,b)

g{((pj — oy By + (p + py ™ By |

(43)

Using (31), (40)-(43) we obtain the system of
equations for the unknowns D,,D,. Solving the

system we then calculate D, ;, D,;, D,, from (42), (43)

and (30). The vector potential in each of the regions
R,,i =0.,2,3 is then given by (12)-(17).
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3 The Change in

Numerical Results
The induced change in impedance of the coil is
given by the formula

Impedance and

Jjo

Zind — A{i)nd (rolh)'ZﬂfO’ (44)
where
A (r,z) = i D, J, (41,)e ™", (45)

We consider a numerical example. The following

parameters of the problem are selected:
o, =18.5Ms/m, o, =3Ms/m, c=2.2mm,
r, =4.5mm, h=1.4 mm, d, =0.7mm,

d, =0.3mm, b=55mm.

The change in impedance is computed by means of
(44) for the following seven frequencies:
f =1,2,3,...,7kHz. The results of calculations can

be seen in Fig.2.

Im[=]
*
*

-0.00002
*
-0.00004 .
-0.00005 3
. . ., Be [=]
0.00002 0.00002 0.00004

*

Fig.2. The change in impedance of the coil for seven
frequencies (f =1,2,3,..,7kHz, from top to
bottom).

The upper limit of the summation index in (44) is
fixed at N =62. Comparison of the computational

results obtained for other values of N showed that
the chosen value of 62 is quite satisfactory in terms
of calculation accuracy.

Several computational steps are necessary in
order to calculate the induced change in impedance.

First, the set of eigenvalues A, has to be calculated.

This can easily be done in Mathematica using a
built-in routine BesselZeros. Second, a set of
complex roots of (29) should be computed.
Calculations are based on the method described in
[8]-[10]. Third, several systems of linear equations
have to be solved in order to determine expansion
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coefficients. Finally, the change in impedance is
computed using (44) and (45).

4 Conclusion

The change in impedance of a single-turn coil
located above a conducting half-space with a flaw in
the form of a conducting cylinder whose axis
coincides with the axis of the coil is calculated in
the present paper. The method of truncated
eigenfunction expansions is used to construct a
semi-analytical solution of the problem.

Several generalizations of the method presented
in the paper are possible. Using superposition
principle one can also construct a solution for the
case where a coil with finite dimensions is located
above a conducting half-space with a flaw. In
addition, other important eddy current testing
problems with cylindrical symmetry can be solved
by the method described in the paper. Examples
include surface defects of a cylindrical shape in
plates in order to estimate the effect of corrosion
and internal flaws for quality testing of electrically
conducting materials.
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