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Abstract: This paper aims to investigate the effect of the silo-bottom design on the dynamic behaviour of granular
flow during discharging process in a varied mass-flow silo. Three different designs of hopper bottom including a
flat-bottomed silo, a cylinder-hopper silo and a silo with double-opening bottom are considered. We assume that
the granular material is an assembly of 10,000 soybeans. Governing equations including the principle of linear
momentum and angular momentum describes the motion of particles. Discrete element method is manipulated for
the solution of the governing equations. The simulation results indicate that Zig-Zag flow occurs in the cylinder-
hopper silo and the silo with double-opening bottom. Comparing with other silos, arching and low pressure occur
in a double-opening bottom silo whereas dead zone and high pressure appear in the flat-bottomed silo.

Key–Words: mathematical modelling, discrete element method, granular flow, flat-bottomed silo, cylinder-hopper
silo, silo with double-opening bottom.

1 Introduction
In soybean industries, there are many problems en-
countered during the filling and discharging pro-
cesses. The problems are mainly the formation of
stable arch formed above the hopper outlet, the pip-
ing or dead zone occurring near the silo wall and the
segregation due to variety of particle sizes. More-
over, a misappropriate design of silo usually causes
silo collapse that brings lots of damage. To overcome
the problem, understanding fully the physics of gran-
ular flow is needed. Over the past two decades, ex-
tensive studies based on experiments and numerical
models have been carried out to study the character-
istic of granular flow in silos. In the experimental
models, pressure distribution in silo have been mea-
sured. Janssen (1895) firstly reported the pressure dis-
tribution at the bottom of the silo [2]. Jenike (1964)
studied the importance of characterising the flow of
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granular material during discharging process of a silo
and investigated its effect on the wall pressure distri-
bution [3]. Thereafter, Aoki and Tsunakawa (1969)
measured wall pressure distribution in a hopper and a
bin-hopper system under stationary and flowing con-
ditions [4]. They found that the material bed near the
outlet becomes loose under gravity flow condition and
the velocity of individual particles rapidly escalated.
Subsequently, the dynamic pressure on the wall con-
tinuously rose. Afterwards, a number of mathematical
models of granular flow in a silo have been proposed
to analyse the effect of relevant factors such as bot-
tom angle and outlet width, inlet flow rate and particle
shape [8, 9, 10, 11, 12, 13, 14, 15]. According to the
curiosity in flow pattern of granular materials in silo,
three well-known methods which are hybrid method,
Discrete Element Method (DEM) and Finite Element
Method (FEM) have been widely applied to inves-
tigate the flow behaviour of granular solids and the
pressure distribution in silos. Masson and Martinez

Latest Advances in Systems Science and Computational Intelligence

ISBN: 978-1-61804-094-7 68



(2002) investigated the effect of particle properties
and silo geometry using DEM [5] . They used a flat-
bottomed silo and a cylinder-hopper silo, containing
10,000 and 8,500 particles in simulation. Their results
showed that both mechanical properties of the granu-
lar solids, namely contact stiffness and friction play
a major role on the force transmission patterns, and
more specifically on arching effects. Li et al. (2004)
studied three-dimensional flow of granular particles in
a rectangular hopper using both experiment and DEM
[6]. In their experiment, the particle flow behaviour,
arching effects and the measurement of particle mass
flow rate at three different hopper openings were taken
into account using high-speed video recording analy-
sis. The results indicated that DEM can be used to
analyse particle packing structure and flow patterns
more thoroughly than the experiment. Afterward, Wu
et al. (2009) performed a multi-scale study of the par-
ticle flow by means of DEM [7]. They investigated the
flow behaviours on the particles diameter distribution
and silo geometry to establish the spatial and statisti-
cal distributions of micro-dynamic variables related to
flow and silo structures. The results showed that the
distribution of particle diameter has higher impacts on
particle flow. The silo geometry has greater effects on
granular flow than particle size distribution and inserts
can improve the flow behaviour of funnel flow type to
mass flow.

The aforementioned studies have influenced on
the basic understanding of granular flow and have ba-
sically guided how to design a suitable silo for each
industry. Nevertheless, the general problems such as
the formation of arching, dead zone and Zig-Zag flow
in the silo have not been clearly understood nor well
controlled. Thus, further study of the filling and dis-
charging processes is still interesting as the develop-
ment of appropriate mathematical models. Besides,
numerical technique becomes an important tool for
the simulation of granular flow and the design of new
silo systems as well as the optimisation of these pro-
cesses.

In this paper, we extend our previous work based
on DEM [1]. It is devoted on the study of granular
flow during discharging process in three different de-
signs of silo bottom including a flat-bottomed silo, a
cylinder-hopper silo and a silo with double-opening
bottom. The mathematical model of granular flow is
illustrated in section 2. In section 3, the effect of the
bottom designs on the flow pattern and pressure dis-
tribution are investigated in the form of numerical ex-
ample, and conclusion is given in section 4.

2 Mathematical Model
Based on the assumption that all physically mechani-
cal properties of granular materials are the same. The
governing equations of particle flow model describing
the translational and rotational motions become the
principle of linear and angular momentums, namely

mi
dvi(t)
dt

= Fi(t) +mig, (1)

Ii
dωi(t)

dt
=Mi(t), (2)

where vi and ωi are the linear and angular velocities
at the centre of the ith particle; mi and Ii respectively
denote the mass and the moment of inertia of the parti-
cle; Fi(t) is the total force due to interaction between
particle-particle and particle-wall. Fi(t) in equation
(1) is the sum of normal force and tangential force
and the Mi in equation (2) is due to tangential torque
causing a particle to rotate. To simulate the granu-
lar flow during discharging process, we introduce two
new variables:

vi =
dri(t)
dt

, (3)

ωi =
dθi(t)

dt
. (4)

where ri and θi are the position and the rotation vec-
tors such that

ri(t) = [r1(t), r2(t), . . . , rN (t)]T ,

θi(t) = [θ1(t), θ2(t), . . . , θN (t)]T .

Assembling the equation of all particle motions yields
a system of 8N first order differential equations in 2-
D case, namely

ż(t) = w(t), (5)
ẇ(t) = P(t), (6)

where

z(t) = [r1(t),θ1(t), ..., rN (t),θN (t)]T ,

w(t) = [v1(t),ω1(t), ..., vN (t),ωN (t)]T ,

P =

[
F1

m1
+ g,

M1

I1
, ...,

FN

mN
+ g,

MN

IN

]T
.

3 Numerical Example
From section 2, we have presented the mathematical
model based on the DEM and numerical scheme. A
numerical study has been conducted to analyse the ef-
fects of the hopper bottom on the flow behaviour in the
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dynamic process of material discharging of a silo. In
our experiment, the examples under consideration in-
clude a flat-bottomed silo, a cylinder-hopper silo and a
silo with double-opening bottom. Each silo is made of
a steel-sheet with the height of 1.3m and the width of
0.4m. As can be seen in Figure 1, the three different
geometries of silo are designed and are then used as
the computational region. The flat-bottomed silo and
the cylinder-hopper silo have the same outlet width of
0.08m whilst a silo with double-opening bottom has
0.04m of the left and the right outlets width. The
hopper angles (α) of the flat-bottomed silo, cylinder-
hopper silo and silo with double-opening bottom are
0◦, 45◦ and 45◦, respectively. Granular materials are
assumed to be two different sizes of spherical particles
which are 0.006m and 0.0075m.

(a) (b) (c)

Figure 1: Geometries of the silo including (a) flat-
bottomed silo; (b) silo with a double-opening bottom
and (c) cylinder-hopper silo.

(a)

(b)

(c)

Figure 2: Wall segments of the silo bottom: (a) flat-
bottomed silo; (b) silo with a double-opening bottom
and (c) cylinder-hopper silo.

Table 1 shows the model parameters used to the deter-
mine the velocity field and pressure field throughout
the simulation and Table 2 shows properties of parti-
cle including normal contact stiffness, tangential con-
tact stiffness, normal damping constant and frictional
coefficient.

Figure 3: The variation of the normal pressure with
time along five hopper-wall segments in the flat-
bottomed silo.

Figure 4: The variation of the normal pressure with
time along five hopper-wall segments in the silo with
double-opening bottom.

To study the dynamic process of granular flow
during discharging process in a varied mass-flow silo,
the assembly of 10, 000 particles are allowed to flow
out of the silo under gravitational force at the begin-
ning time t = 0 s. To investigate pressure distribu-
tion on the hopper bottom, we have recorded the pres-
sure distribution on the hopper bottom at 10 segments
as displayed in Figure 2. The investigated variation
of normal pressure acting on five segments of those
hopper-bottomed designs are shown in Figures 3, 4
and 5. It is found that the high pressure occurs in the
segments close to outlets.
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Table 1: Parameter values used in simulation
Parameters Values

particle diameter, (mm) 6 and 7.5
particle density, ρ (kg/m3) 1, 033
number of particles with size of 6mm 3, 500
number of particles with size of 7.5mm 4, 000
silo height, h (m) 1.3
silo width, w (m) 0.4
simulation time step, △t (s) 5.2711× 10−6

Table 2: Properties of particle
Properties Particle-particle Particle-wall

normal contact stiffness, kn (N/m) 2.8322× 104 5.6645× 104

tangential contact stiffness, ks (N/m) 2.5740× 104 4.5314× 104

normal damping constant, ηn (N/m) 1.3048× 102 1.3962× 102

frictional coefficient, µ 0.33 0.35

Figure 5: The variation of the normal pressure with
time along five hopper-wall segments in the cylinder-
hopper silo.

In order to investigate the flow pattern in silos, the par-
ticles are coloured into layers using two colours. The
three different computational regions have been used
in computation for investigating the flow pattern, the
deformation of the interfaces and the wall pressure in
silos. Figures 6, 7 , 8 and 9 present the computed
flow pattern, the arching, the velocity field, and the
wall pressure, respectively. The results indicate that
Zig-Zag flow occurs in the cylinder-hopper silo and
the silo with double-opening bottom. It is remarkable
that the flow rate of particles in a flat-bottomed silo
is the highest, but dead zones gradually form around
its corners. Eclectically, arching occurs in both of the
left and the right outlets of a double-opening bottom
silo. At time t = 4.7 s, the arching occurs above the

(a) (b) (c)

Figure 6: Effect of the hopper shape on discharge pat-
tern at t = 75 s: (a) a flat-bottomed silo; (b) a silo with
double-opening bottom and (c) a cylinder-hopper silo.

right outlet and block the flow of the particles, until it
cannot block the flow at time t = 13 s and particles
start to flow out from the right outlet again. After that,
the stable arch is formed over the left outlet at time
t = 18 s. Finally, the stable arch is formed over the
right outlet at time t = 100 s. Alternatively, forma-
tion of arching switches between the left and the right
outlets during the simulation. This formation causes
the delay in discharging process.
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(a) t = 5 s (b) t = 10 s (c) t = 15 s (d) t = 20 s (e) t = 105 s

Figure 8: The formation of arching above the outlet in a silo with double-opening bottom at different times.

(a) (b) (c)

Figure 7: Velocity field of granular materials in silo
with three different designs of hopper bottom at t =
75 s: (a) a flat-bottomed silo; (b) a silo with double-
opening bottom and (c) a cylinder-hopper silo.

Figure 9: Average normal pressure along the bottom
wall (from point A to B in Figure 1) during the first
70 s of discharge process under the three different
shapes of the hopper.

The influence of the three different shapes of the
hopper on the bottom wall pressure is investigated for
the varied mass-flow silo. The comparison of com-
puted average normal wall pressure for three different
shapes of the hopper is shown in Figure 9. The results
show that the average normal wall pressures in those
three silos seem to linearly increase. The maxima of
the average normal wall pressure occurs in the flat-
bottomed silo whilst the minima appears in the silo
with double-opening bottom.

4 Conclusion
The dynamic behaviour of granular materials drain-
ing inside three types of silo are studied via mathe-
matical model using DEM and numerical simulation.
The marked differences among silo geometries affect
the flow pattern of granular materials and pressure on
the silo bottom. That is, Zig-Zag flow happens in the
cylinder-hopper silo and the silo with double-opening
bottom, and arching forms in the double-opening bot-
tom silo. The average normal wall pressure in the
double-opening bottom silo is the lowest whilst the
pressure in the flat-bottom is the highest. Still, it is
clear that further work is also needed to develop the
appropriate silo for each industry.
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